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One  of  the  two  "  clinometers  "  in  we  in  the  Testing  Laboratory  of  the  Collece  of  CSvil  En^- 
neering  at  Ckimell  University  (see  p.  241).  The  main  barrel  or  sleeve  of  the  instrument  encircles 
the  horizontal  shaft  or  rod  (in  testing  machine)  whose  angle  of  torsion  is  to  be  obtained,  near 
one  extremity  of  the  same.  At  each  end  of  the  barrel  are  four  brass  screws  having  smooth 
rounded  ends  where  they  bear  on  the  shaft.  These  are  used  for  centering  the  barrel  on  the 
shaft,  but  do  not  grio  it.  The  four  steel  "  gripping  screws,"  at  the  middle  of  the  barrel,  are 
thumb-screws  with  fiat  heads  and  hardened  sharp  points.  They  serve  to  gnp  the  shaft  after 
the  centering  ig  completed.  After  the  shaft  has  thus  been  gripped  at  a  certain  trans\'erse 
section,  the  collar  carrying  the  graduated  arc  is  clamped  upon  the  barrel,  the  plane  of  the  arc 
and  its  vernier  arm  being  that  of  the  points  of  the  gripping  screws.  By  taking  a  reading  of  the 
vernier  on  the  arc  at  any  stage  of  the  test  (the  vemier-arm  being  adjusted  each  time  so  that  the 
bubble  of  the  spirit  level  carried  by  this  arm  is  brought  to  the  center  ot  its  scale)  and  subtract- 
ing its  initial  reading,  the  angle  through  which  the  trnn?verse  section  has  turned  from  its  initial 
position  becomes  known.  The  second  clinometer  is  placed  at  another  transverse  section,  near 
the  other  end  of  the  shaft,  and  spr\'ep  to  mea-t^ure  its  turning  movement.  The  difference  of 
these  movements  is  the  angle  of  torsion.  The  verniers  read  to  single  minutes.  (The  shaft  in 
above  figure  is  H  in-  in  diameter). 
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PREFACE 


In  presenting  a  revised  edition  of  Parts  I,  II,  and  III,  of  his  "Mechanics 
of  Engineering,"  the  writer  would  call  attention  to  the  principal  changes 
that  have  been  made;  omissions  as  well  as  additions. 

The  chapter  on  "Continuous  Girders  by  Graphics"  has  been  omitted 
in  its  entirety,  while  the  graphic  treatment  of  the  horizontal  straight 
girder  formerly  a  part  of  the  chapter  on  "Arch  Ribs,"  has  been  removed 
to  the  Appendix,  in  which  will  also  be  found  various  paragraphs  involving 
special  problems  in  flexure,  once  located  in  the  body  of  the  book.  Former 
chapters  V  and  VI  in  Part  III,  on  beams  under  oblique  forces  and  on 
columns,  respectively,  have  been  merged  in  one  (Chapter  VI),  the  matter 
having  been  largely  rewritten  and  more  fully  illustrated,  with  introduction 
of  the  more  modem  formulae  for  columns  and  some  treatment  of  the  problem 
of  eccentric  loading. 

Chapter  V  in  Part  III  of  the  revised  book,  on  "Flexure  of  Reinforced 
Concrete  Beams,"  is  entirely  new  and  presents  both  theory  and  numerical 
illustrations;  as  also  diagrams  aiding  in  practical  design.  New  matter 
will  also  be  found  in  an  analytical  treatment  of  "Circular  Ribs  and  Hoops," 
placed  at  the  end  of  the  chapter  on  "Arch  Ribs.''  Two  other  new  chapters 
in  Part  III,  are  XII,  on  the  flexure  of  beams  treated  by  a  geometrical  method 
(which,  however,  does  not  call  for  the  use  of  drafting  instruments)  leading 
to  a  very  simple  and  available  form  of  the  Theorem  of  Three  Moments; 
and  XIII,  which  gives  the  analysis  of  stresses  in  thick  hollow  cylinders  and 
spheres.  A  few  pages  on  the  strength  of  plates  have  also  been  added  in 
Chapter  III. 

Grateful  acknowledgment  is  again  due  to  Dr.  H.  T.  Eddy  for  the  use 
of  his  methods  *  in  treating  arch  ribs. 

In  Parts  I  and  II  numerous  additional  examples  and  illustrations  are 
introduced,  while  many  pages  have  been  rewritten  throughout  the  book, 
aside  from  the  new  chapters  already  referred  to.  Tables  of  logarithms, 
trigonometric  functions,  and  hyperbohc  sines  and  cosines,  will  be  found  in 
the  Appendix. 

CoENBiiL,  University,  Ithaca,  N.  Y. 
,  May,  1911. 


Note. — Additional  matter  involving  many  examples  and  forming  an 
appendix  to  the  present  work,  but  too  bulky  to  be  incorporated  with  it, 
was  issued  in  a  separate  volume  in  1892  and  entitled  "Notes  and  Examples 
in  Mechanics."  A  second  edition,  revised  and  enlarged,  was  published 
xn  1897^ 

*  See  pp.  14  and  25  of  "Researches  in  Graphical  Statics,"  by  Prof.  H.  T.  Eddy,  C.E., 
Ph.D.,  published  by  D.  Van  Nostrand,  New  York,  1878,  reprinted  from  Van  Nostrand's 
Magazine  for  1877;  or  the  German  translation  of  the  same,  "Neue  Constructionen  aus  der 
Graphischm  Statik,"  published  by  Teubner  u.  Cie.,  Leipsic,  1880. 


INTRODUCTORY  NOTES. 


Preparation. — Prior  to  the  use  of  this  book  the  student  is  supposed  to  have 
had  the  usual  training  given  in  technical  schools  in  analytical  geometry  and 
in  the  differential  and  integral  calculus ;    and  also  a  year  of  college  physics. 

Gravitation  Measure  of  a  Force.  Mass  and  Weight. — Since  the  gravitation 
measure  of  a  force  is  the  one  almost  exclusively  used  by  engineers,  a  brief  rfcuml 
of  its  nature  is  here  given,  aside  from  the  paragraph  of  p.  835,  Appendix. 

The  amount  of  matter  in  a  certain  piece  of  platinum,  kept  by  the  British 
government,  is  called  by  the  physicist  a  pound  of  mass,  but  the  engineer 
understands  by  the  word  "pound"  the  force  of  gravitation,  or  weight,  exerted 
by  the  earth  on  this  piece  of  metal  at  London;  and  if  this  piece  of  metal 
be  supported,  at  London,  by  a  spring  balance,  the  scale  of  which  is  so  grad- 
uated that  the  pointer  now  stands  at  unity,  such  a  balance  constitutes  a 
standard  instrument  with  which  to  measure  forces  for  the  purposes  of  the 
engineer.  According  to  the  indications  of  such  an  instrument  the  same 
piece  of  metal,  if  suspended  on  the  same  balance  at  the  equator,  at  sea-level, 
would  be  found  to  weigh  only  0.997  lbs.  (force)  on  account  of  the  diminished 
intensity  of  gravitation;  the  difference,  however,  being  only  about  three 
parts  in  a  thousand,  or  one-third  of  one  per  cent.  For  ordinary  engineering 
problems  involving  the  strength  of  structures,  this  difference  is  of  no  prac- 
tical importance. 

A  unit  of  force  based  on  this  gravitation  method  is  called  a  gravitation 
measure  of  force.  The  mass  of  the  piece  of  platinum,  has,  of  course,  suffered 
no  change  in  the  transit  from  London  to  the  equator,  and  since  the  fraction 
obtained  by  dividing  the  weight  (obtained  from  the  spring  balance)  by  the 
acceleration  of  gravity,  g,  is  constant,  regardless  of  the  place  where  the  two 
quantities  are  measured,  it  is  convenient  (though  not  essential)  for  the 
engineer  to  give  the  name  "mass"  to  this  fraction  when  it  occurs  in  the 
equations  of  kinetics.     For  instance,  since  g  (for  foot  and  second)  =  .32.18  at 

London,  and  32.09  at  the  equator  (at  sea-level),  we  note  that  „_    „  =  „-    „ 

=0.03108. 

Arithmetic. — ^In  arithmetical  operations  the  student  should  remember 
that  the  degree  of  refinement  attained  or  employed  does  not  depend  on  the 
number  of  decimal  places  used,  but  upon  the  number  of  significant  figures. 
Thus,  each  of  the  quantities  0.0003674  and  510.4  contains  four  significant 
figures.  For  instance,  let  us  suppose  that  the  value  of  x  is  to  be  obtained 
from  the  relation  x=a—b,  where  a  =  0.0000568  and  6  =  0.0000421.  Should 
the  student  conclude  that  five  decimal  places  would  be  accurate  enough  and 
thus  write  0.00005  for  a,  and  0.00004  for  6,  he  would  obtain  x  =  0.00001,  con- 
taining only  one  significant  figure;  whereas  the  true  result  is  a;  =  0.0000147. 
Hence  the  former  result  is  seen  to  be  in  error  to  the  extent  of  47  parts  in 
147,  or  32  parts  in  100,  i.e.,  32  per  cent.;  which  is  a  very  gross  and  totally 
unnecessary  error.  Values  obtained  from  the  ordinary  10-inch  slide  rule 
usually  contain  only  three  significant  figures  (four  if  near  left  of  scale). 

Logarithms. — The  following  facts  and  operations  are  not  usually  fresh  in 
the  student's  mind.  The  logarithm  of  a  number  less  than  unity  is  a  negative 
quantity  but  is  usually  expressed  as  the  algebraic  sum  of  a  positive  mantissa 
(or  decimal  part)  and  a  negative  characteristic  which  is  a  whole  number; 
thus,  the  common  logarithm  of  0.20  is  f.301030  .  .  .  ,  that  is,  log.  0  20  = 
+  0.301030-1.000000  (or,  -1-9.301030-10).  This  should  be  borne  in  mind 
in  raising  such  a  number  to  any  power.     For  example:  required  the  value  of 


-iW"- 


Solution.— :^=0M61    and   log.  0.8461  =  1.9274,    i.e.,    =0.9274-1.0000. 

Hence      0.71Xlog.  0.8461  =  0.71(0.9274-1.0000),  =  0.6584-0.7100, 
= -0.0516  =  1.9484=log.  0.8880;  therefore  a:  =  0.8880. 
Note  that,  according   to    the  definition  of  a,  logarithm,  the  statement 
«n=m  is  equivalent  to  the  statement  n  =  loge  m. 

iv 


MATHEMATICAL  DATA. 


Trigonometry,    cos' A  +  sin^'A  =  1 . 

cos' A  —  sin'A  =  cos  2A 
sin  2A  =  2  sin  A  cos  A 
cos  2A  =cos'A  —  sin'A 
sin  A 
1  —  cos  A 
Solution  of  Oblique  Triangles,  etc. 

B 


2sin'A  =  l-cos  2A. 
2cos'A  =  l  +  cos2A. 

tan  A 1 

Vl  +  tan'A     cosee  Ji 


cot  ^A  = 


sin  A  = 
cos  A  = 


Bin  A  = 

tan  A  = 


Vl+tan'A     sec  A 

sin  A     sin  B_ein  C 
a  b  c    ' 

d=asinC  c2=c  sin  ^ 

m=c  cos  A  n—acoaG- 

<2=nitanA  <I='n  tan  0 

a  sin  B 


b 
a  sinC 


cos  C 


b  —  acoaC 
c'  =  a»  +  6'-2a6cosC 
a'  +  b'-c^ 


2ab 


Mensuration.    Area  of    a  circle =ar'; 
f  circumference  =  2;rr.       Area      of      sector 

7^    4BC0A  =(3y.r^■    =(|).r»;     (the 

latter   a  in  radians).     Vol.   of  sphere™ 

4 

^Ttr".     Area  of  the  segment,  ABC  DA,  of 

a   circle, 

=  (area   of   sector   ABCOA)- (area  of  triangle  ACO). 

Area  of  rightsegment  of  a  ■parabola— t^o- 

thirds    that  of   circumscribing  rectangle, 

=  f(2/!,a).      Equation    to    curve    OA   is 

v'     X  — 

Yi  =  --    Distance  OC,  of  center  of  gravity, 

h      a 

3 
is  a;  =  pa,  from  vertex  0. 


VI 


MATHEMATICAL   DATA. 


Integral  Fonni. — (Each  integral  to  be  taken  between  limits,  or  to  have 
a  constant  added  and  determined).     (See  also  p.  480.) 


n  +  1 
cossdz  =  sin  x; 


sin  X  dx=  — 


f    dx  1  's/ab  +  hx      f   xdx 


dx 
1+^ 


cos  x\ 

tan— la;; 
dx 


Xexdx^e*; 

r  dx 
J' 

\ 


cos's 
dx 


=  tan  x; 

=  =  vers  sin— la; 


+  bx  —  ex*     \/~c 


—-sin- If 


2cx-6  \ 


i'"°~2b'°^*^"~''^'^' 


Numerical  Constants. — The  acceleration  of  gravity,  g,  (for  the  English 
foot  and  second)  is  32.16  for  the  latitude  of  Philadelphia  at  sea-level,  and 
for  any  latitude  ^,  and  elevation  h  above  sea-level,  is 

32.1723-0.0833  cos  2^-0.000003^. 
For  ordinary  problems  in  mechanics,  however,  in  the  northern  United 
States  g  may  be  taken  as  32.2,  for  which  value  we  have 

V2j=8.025;     -  =  0.03105;     and     ;^  =  0.01653. 


2? 


22 


The  ratio  r  =  3.141592,  or  approx.  Z\,  i.e.,  y; 


-=0.31831;     !r'=9.86960;    ^=0.10132;    Vtt  =  1 .77245. 

1°  =  0.01745  radians.     One  radian  =  57°  17' 44.8". 
If  n  denotfi  any  number,  then 

Log,„  (n)  =0.43429 Xloge  (») ;    and    log^  (n)  =  2.30258  X log,,  (w). 
Base  of  nat.  lo'gs.  =  e,  =2.71828;   base  of  Briggs  system  =  10. 


GREEK  ALPHABET. 


tettef^, 

Names. 

A  a 

Alpha 

B  p 

Beta 

ry 

Gamma 

A  S 

Delta 

E  e 

Epeilon 

z  c 

Zgta 

H   Tf 

EU 

996 

Tfagtft 

I    t 

Idta 

Kk 

Kappa 

J  xl 

Lambda 

Mm 

Mu 

Letters. 

Nam«» 

A"  y 

Nu 

s  s 

Xi 

0  0 

Omicroa 

nn 

Pi 

Pp 

Rho 

2  (T  s 

Sigma 

T  r 

Tan 

Tv 

Upsilon 

*^ 

Phi 

Xx 

Chi 

ri^ 

P.i 

D  at 

Om«g» 
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PSELIMINARY  CHAPTER. 

1.  Mechanics  treats  of  the  mutual  actions  and  relative  mo- 
tions of  material  bodies,  solid,  liquid,  and  gaseous;  and  by 
Mechanics  of  Engineering  is  meant  a  presentment  of  those 

principles  of  pure  meclianics,  and  their  applications,  which  are 

of  special  service  in  engineering  problems. 

2.  Kinds  of  Quantity. — Mechanics  involves  the  following 
fundamental  kinds  of  quantity :  Space,  of  one,  two,  or  three 
dimensions,  i.e.,  length,  surface,  or  volume,  respectively ;  time, 
which  needs  no  definition  here;  force  and  mass,  as  defined  be- 
low; and  abstract  numbers,  whose  values  are  independent  of 
arbitrary  units,  as,  for  example,  a  ratio. 

3.  Force. — A  force  is  one  of  a  pair  of  equal,  opposite,  and 
simultaneous  actions  between  two  bodies,  by  which  the  state* 
of  their  motions  is  altered  or  a  change  of  form  in  the  bodies 
themselves  is  effected.  Pressure,  attraction,  repulsion,  and 
traction  are  instances  in  point.  Muscular  sensation  conveys 
the  idea  of  force,  while  a  spring-balance  gives  an  absolute 
measure  of  it,  a  beam-balance  only  a  relative  measure.  In 
accordance  with  Newton's  third  law  of  motion,  that  action  and 
reaction  are  equal,  opposite,  and  simultaneous,  forces  always 
occur  in  pairs;  thus,  if  a  pressure  of  40  lbs.  exists  between 
bodies  A  and  B,  if  A  is  considered  by  itself  (i.e.,  "free"), 
apart  from  all  otlier  bodies  whose  actions  upon  it  are  called 
forces,  among  these  forces  will  be  one  of  40  lbs.  directed  from 
B  toward  A.     Similarly,  if  B  is  under  consideration,  a  force 

*  The  state  of  motion  of  a  small  body  under  the  action  of  no  force,  or  of 
balanced  forces,  is  either  absolute  rest,  or  uniform  motion  in  a  right  line. 
If  the  motion  is  different  from  this,  the  fact  is  due  to  the  action  of  an  un- 
balanced force  (§  54V 
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of  40  lbs.  directed  from  A  toward  B  takes  its  place  among  the 
forces  acting  on  B.  This  is  the  interpretation  of  Newton's 
third  law. 

[NoTB. — In  Bome  common  phrases,  such  as  "  The  tremendous  force  "  o.  a  heavy  body  ip 
rapid  motion,  the  word  force  is  not  used  in  a  technical  sense,  Imt  signifies  energy  (as  ex- 
plained in  Chap.  VI.).  The  mere  fact  that  a  body  ia  in  motion,  whatever  its  mans  an* 
velocity,  does  not  imply  that  it  is  under  the  action  of  any  force,  necessarily.  For  instance, 
at  any  point  in  the  path  of  a  cannon  ball  through  the  air,  the  only  forces  acting  on  it  are 
the  resistance  of  the  air  and  the  attraction  of  the  earth,  the  latter  having  a  vertica  tnd 
downward  direction.] 

4.  Mass  is  the  quantity  of  matter  in  a  body.  The  masses  of 
several  bodies  being  proportional  to  their  weights  at  the  same 
locality  on  the  earth's  surface,  in  physics  the  weight  is  taken 
as  the  mass,  but  in  practical  engineering  another  mode  is  used 
for  measuring  it  (as  explained  in  a  subsequent  chapter),  viz.; 
the  mass  of  a  body  is  equal  to  its  weight  divided  by  the  ac- 
celeration of  gravity  in  the  locality  where  the  weight  is  taken, 
or,  symbolically,  M^^  G -=r  g.  This  quotient  is  a  constant 
quantity,  as  it  should  be,  since  the  mass  of  a  body  is  invariable 
wherever  the  body  be  carried. 

5.  Derived  Quantities. — All  kinds  of  quantity  besides  the 
fundamental  ones  just  mentioned  are  compounds  of  the  latter, 
formed  by  multiplication  or  division,  such  as  velocity,  accele- 
ration, momentum,  work,  energy,  moment,  power,  and  force- 
distribution.  Some  of  these  are  merely  names  given  for 
convenience  to  certain  combinations  of  factors  which  come 
together  not  in  dealing  with  iirst  principles,  but  as  a  result  of 
common  algebraic  transformations. 

6.  Homogeneous  Equations  are  those  of  such  a  form  that  they 
are  true  for  any  arbitrary  system  of  units,  and  in  which  all 
terms  combined  by  algebraic  addition  are  of  the  same  kind. 

Thus,  the  equation  «  =  "o"  ('^  which  g  =  the  acceleration  of 

gravity  and  t  the  time  of  vertical  fall  of  a  body  in  vacuo, 
from  rest)  will  give  the  distance  fallen  through,  »,  whatevei 
units  be  adopted  for  measuring  time  and  distance.     But  if  foi 
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ff  we  write  the  numerical  value  32.2,  which  it  assumes  when 
time  is  measured  in  seconds  and  distance  in  feet,  the  equation 
g  =  16.1^'  is  true  for  those  units  alone,  and  the  equation  is  not 
of  homogeneous  form.  Algebraic  combination  of  homogeneous 
equations  should  always  produce  homogeneous  equations  ;  if 
not,  some  error  has  been  made  in  the  algebraic  work.  If  any 
equation  derived  or  proposed  for  practical  use  is  not  homogene 
ous,  an  explicit  statement  should  be  made  in  the  context  as  to 
the  proper  units  to  be  employed. 

7.  Heaviness. — By  heaviness  of  a  substance  is  meant  the 
weight  of  a  cubic  unit  of  the  substance.  E.g.  the  heaviness  of 
fresh  water  is  62.5,  in  case  the  unit  of  force  is  the  pound, 
and  the  foot  the  unit  of  space;  i.e.,  a  cubic  foot  of  fresh 
water  weighs  62. 5  lbs.*  Incase  the  substance  is  not  uniform 
in  composition,  the  heaviness  varies  from  point  to  point.  If 
the  weight  of  a  homogeneous  body  be  denoted  by  (?,  its  volume 
by  V,  and  the  heaviness  of  its  substance  by  y,  then  6f  =  Vy. 

Weight  in  PoirNDS  of  a  Ctjbic  Foot  (i.e.,  the  heaviness)  or  vabious 

Matbkial& 

Masonry,  dry  rubble 138 

"  dressed     grauite     or 

limestone 165 

Mortar 100 

Petroleum 55  ■ 

Suow 7 

"    wet 15  to    50 

Steel 490 

Timber 25  to    60 

Water,  fresh 62.5 

sea 64.0 


A.nthTacite,  solid 100 

"          broken 57 

Brick,  common  hard 125 

"       soft 100 

Brick-work,  common 112 

Concrete 125 

Earth,  loose  73 

as  mud 103 

Granite 164  to  172 

Ice 58 

Iron,  cast 450 

' ' '     wrought 480 


8.  Specific  Gravity  is  the  ratio  of  the  heaviness  of  a  material 
to  that  of  water,  and  is  therefore  an  abstract  number. 

9.  A  Material  Point  is  a  solid  body,  or  small  particle,  whose 
dimensions  are  practically  nothing,  compared  with  its  range  of 
m  otion^ 

*0r,  we  may  write  62.5  Ibs./oub.  ft.;  or  62.5  Ibs./ft.^ 
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10.  A  Bigid  Body  is  a  solid,  whose  distortion  or  change  of 
form  under  any  system  of  forces  to  be  brought  upon  it  in 
practice  is,  for  certain  purposes,  insensible. 

11.  Equilibrium. — When  a  system  of  forces  applied  to  a 
body  produces  the  same  effect  as  if  no  force  acted,  so  far  as 
the  state  of  motion  of  the  body  is  concerned,  they  are  said  to 
be  balanced,  or  to  be  in  equilibrium.  [If  no  force  acts  on  a 
material  point  it  remains  at  rest  if  already  at  rest ;  but  if 
already  in  motion  it  continues  in  motion,  and  uniformly 
(equal  spaces  in  equal  timeb),  in  a  right  line  in  direction 
of  its  original  motion.     See  §  54.] 

12.  Division  of  the  Subject. — Statics  will  treat  of  bodies  at 
rest,  i.e.,  of  balanced  forces  or  equilibrium;  kinetics,  of 
bodies  in  motion  ;  strength  of  materials  will  treat  of  the  effect 
of  forces  in  distorting  bodies  ;  hydraulics,  of  the  mechanics 
of  liquids  and  gases  (thus  mfAwAvag pneumatics). 

13.  Parallelogram  of  Forces. — Duchayla's  Proof.  To  fully 
determine  a  force  we  must  iiave  given  its  amount,  its  direc- 
tion, and  its  point  of  application  in  the  body.  It  is  generally 
denoted  in  diagrams  by  an  arrow.  It  is  a  matter  of  experience 
that  besides  the  point  of  application  already  spoken  of  any 
other  may  he  chosen  in  the  line  of  action  of  the  force.  This 
is  called  the  transmissibility  of  force;  i.e.,  so  far  as  the  state  of 
motion  of  the  body  is  concerned,  a  force  may  be  applied  any- 
where in  its  line  of  action. 

The  Resultant  of  two  forces  (called  its  components)  :ipplied 
at  a  point  of  a  body  is  a  single  force  applied  at  the  same  point, 
which  will  replace  them.  To  prove  that  this  resultant  is  given 
in  amount  and  position  by  the  diagonal  of  the  parallelogram 
formed  on  the  two  given  forces  (conceived  as  laid  off  to  some 
scale,  so  many  pounds  to  the  inch,  say),  Duchayla's  method 
requires  four  postulates,  viz. :  (1)  the  resultant  of  two  forces 
must  lie  in  the  same  plane  with  them ;  (2)  the  resultant  of  two 
equal  forces  must  bisect  the  angle  between  them ;  (3)  if  one  of 
the  two  forces  be  increased,  the  angle  between  the  other  force 
and  the  resultant  will  be  greater  than  before ;  and  (4)  the  trans^ 
missibility  of  force,  already  mentioned.  Granting  these,  wp 
proceed  as  follows  (Fig.  1) :  Given  the  two  forces  P  and  Q  = 
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p,  _|_  pt,  ^p/  j^jjd  P"  being  each  equal  to  P,  so  that  Q  =  2P), 
applied  at  0.  Transmit  JP"  to  A.  Draw  the  parallelograms 
0£  and  AD;  OD  will  also  be  a  parallelogram.  By  postulate 
(2),  since  0£  is  a  rhombus,  P  and  J"  at  0  may  be  replaced  by 
■  a  single  force  R'  acting  through  £.  Transmit  H'  to  D  and 
replace  it  by  P  and  P'.  Transmit  P  from  B  to  J.,  P'  from 
P  to  P.  Similarly  P  and  P",  at  A,  may  be  replaced  by  a 
single  force  P"  passing  tlirough  P;  transmit  it  there  and  re- 
solve it  into  P  and  P".  P'  is  already  at  D.  Hence  P  and 
P'  +  P",  acting  at  J),  are  equivalent  to  P  and  P'  +  P"  act- 
ing at  O,  in  their  respective  directions.  Therefore  the  result- 
ant of  P  and  P'  -j-  P"  must  lie  in  the  line  OD,  the  diagonal 
of  the  parallelogram  formed  on  P  and  Q  =  2P  at  0.  Similarly 


this  may  be  proved  (that  the  diagonal  gives  the  direction  of 
the  resultant)  for  any  two  forces  P  and  mP ;  and  for  any  two 
forces  nP  and  mP,  m  and  n  being  any  two  whole  numbers, 
i.e.,  for  any  two  commensurable  forces.  When  the  forces  are 
incommensurable  (Fig.  2),  P  and  Q  being  the  given  forces, 
we  may  use  a  reductio  ad  absurdum,  thus :  Form  the  parallelo- 
gram OD  on  P  and  Q  applied  at  0.  Suppose  for  an  instant 
that  R  the  resultant  of  P  and  Q  does  not  follow  the  diagonal 
OD,  but  some  other  direction,  as  OD'.  Note  the  intersection 
H,  and  draw  EC  parallel  to  DB.  Divide  P  into  equal  parts, 
each  less  than  HD  ;  then  in  laying  o£E  parts  equal  to  tliese  from 
0  alone  OB,  a  point  of  division  will  come  at  some  point  F 
between  C  and  B.  Complete  the  parallelogram  OFJEO.  The 
force  Q"  =  OF  is  commensurable  with  P,  and  hence  their 
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resultant  acts  along  OE.  Now  Q  is  greater  than  Q" ,  while  R 
makes  a  less  angle  with  P  than  OE,  which  is  contrary  to  pos- 
tulate (3);  therefore  R  cannot  lie  outside  of  the  line  OD. 
Q.  E.  D. 

It  still  remains  to  prove  that  the  resultant  is  represented  in 

amiount,  as  well  as  position,  by  the  diagonal.     OD  (Fig.  3)  is 

-./'o'  the  direction  of  R  the  resultant  of  P  and 

/F  X  Q ;  required  its  amount.     If  R'  be  a  force 

^- -^ ^  equal  and  opposite  to  R  it  will  balance  P 

"""■\    /C      '"--.,p/      and   Q ;  i.e,  the  resultant   of  R'  and   P 

P         ^^     must  lie  in  the  line  QO  prolonged  (besides 

^''-  *•  being  equal  to  Q).     We  can  therefore  de- 

termine R'  by  drawing  £A  parallel  to  DO  to  intersect  QO 
prolonged  in  A  ;  and  then  complete  the  parallelogram  BF  on  BO 
and  BA  as  sides.     Since  OFAB  and  AODB  are  parallelograms, 

0-F  mast  =  BA  and  SA  must  =  0i^.  Hence  OF  and  OD  are 
equal  and  lie  on  the  same  right  line.  Evidently  if  R'  were 
any  shorter  or  any  longer  than  OF  the  resultant  of  it  and 
OB{  =  P)  would  not  take  the  direction  QOA.     Hence  R'  must 

=0F,  i.e.,  —OD ;  and  hence  R=OD  in  amount.    Q.  E.  D. 

Corollary. — Tiie  resultant  of  three  forces  applied  at  the  same 
point  is  the  diagonal  of  the  parallelepiped  formed  on  the  three 
forces. 

14.  Concurrent  forces  are  those  whose  lines  of  action  intersect 
in  a  common  point,  while  non-concurrent  forces  are  those  which 
do  not  so  intersect ;  results  obtained  for  a  system  of  concurrent 
forces  are  really  derivable,  as  particular  cases,  from  those  per- 
taining to  a  system  of  non-concurrent  forces. 

15.  Eesultant. — A  single  force,  the  action  of  which,  as  re- 
gards the  state  of  motion  of  the  body  acted  on,  is  equivalent  to 
that  of  a  number  of  forces  forming  a  system,  is  said  to  be  the 
Eesultant  of  that  system,  and  may  replace  the  system  ;  and  con- 
versely a  force  which  is  equal  and  opposite  to  the  resultant  of 
a  system  will  balance  that  system,  or,  in  other  words,  when  it 
is  combined  with  that  system  there  will  result  a  new  system  in 
equilibrium  ;  this  (ideal)  force  is  called  the  Anti-resultant. 

In  general,  as  will  be  seen,  a  given  system  of  forces  can  aU 
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ways  De  replaced  by  two  single  forces,  but  these  two  can  be 
eoinbined  into  a  single  resultant  only  in  particular  c;ises. 

15a.  Equivalent  Systems  are  those  which  may  be  replaced  by 
the  same  set  of  two  single  forces — or,  in  otlier  v  or<is.  those 
which  have  the  same  effect,  as  to  state  of  motion,  upon  the 
given  body. 

15b.  Formulae. — If  in  Pig.  3  the  forces  P  and  Q  and  the  angle  a  = 
PO  Q  are  given,  we  have,  for  the  resultant, 


(If  a  is  >  !10°  its  cosine  is  negative.)  In  general,  given  any  three  parts 
of  eitber  plane  triangle  0  D  Q,  or  0  D  B,  the  other  three  may  be  obtained 
by  ordinary  trigonometry.  Evidently  if  a  =  0,  R  =  P  +  Q;  it  a  = 
180',  i?  =  P-  g  ;  and  if  a  =  90°,  iJ=  V  -P'  +  Q^- 

15c.  VarietieB  of  Forces. — G-reat  care  should  be  used  in  deciding 
what  may  properly  be  called  forces.  The  latter  may  be  divided  into  ac- 
tions iy  cotuaci,  and  actions  at  a  distance.  If  pressure  exists  between  two 
bodies  and  they  are  perfectly  smooth  at  the  surface  of  contact,  the  pressure 
(or  thrust,  or  compressive  action),  of  one  against  the  other  constitutes  a  force, 
whose  direction  is  normal  to  the  tangent  plane  at  any  point  of  contact  (a 
matter  of  experience). ;  while  if  those  surfaces  are  not  smooth  there  may  also 
exist  mutual  tangential  actions  or  friction.  (If  the  bodies  really  form  a 
continuous  substance  at  the  surface  considered,  these  tangential  actions  are 
called  shearing  forces.)  Again,  when  a  rod  or  wire  is  subjected  to  tension, 
any  portion  of  it  is  said  to  exert  a  pull  or  tensile  force  upon  the  remainder  ; 
the  ability  to  do  this  depends  on  the  property  of  cohesion.  The  foregoing 
are  examples  of  actions  by  contact. 

Actions  at  a  distance  are  exemplified  in  the  mysterious  attractions,  or  re- 
pulsions, observable  in  the  phenomena  of  gravitation,  electricity,  and  mag- 
netism, where  the  bodies  concerned  are  not  necessarily  in  contact.  By  the 
term  weight  we  shall  always  mean  the  force  of  the  earth's  attraction  on  the 
body  in  question,  and  not  the  amount  of  matter  in  it. 

15d.  Example  1. — li  OD,  =  R,  is  given,  =40  lbs.,  while  the  angle  BOD 
is  110°  and  QOD=40"  (also  =  ODB),  find  the  components  P  and  Q. 
Solution. — From  the  triangle  BOD,  OB.OD: -.sin  40°: sin  30°;  whence 

P,  or  OB,  =  (40X0.6428)  ^  0.5000  =  51.42  lbs. 
Similarly,  from  triangle  BOD,  we  have  BD.OD: -.sin  110° :sm  30°, 

.-.  Q,  or  SD,  =  (40X0.9397)  -^0.05000  =  75.17  lbs. 
Example  2.— Given  P  =  20  lbs.,  Q  =  30  lbs.,  and  angle  ai  =  POQ),  =115", 
find  the  resultant  R  in  amount  and  direction.     As  to  amount 

P=\/(20)^+(30)  +2X20X30 X( -0.4226)  =V792.88  =  28.16  lbs. 
As  to  direction,  let  /?  denote  the  angle  ODB,=QOD;  we  then  have, 
from  triangle  OBD,  20:28.16: :  sin  /9:sin  65°;   whence,  solving, 

sin  /3  =  (20  X  0.9063)  -H  28. 16  =  0.6437 ;  i.e.,  angle  ;9  =  40°  4'. 


PART  1.-STATICS. 


CHAPTER  I. 

STATICS  OF  A  MATERIAL  POINT. 

i6.  Composition  of  Concurrent  Forces. — A  system  of  forces 
acting  on  a  material  point  is  necessarily  composed  of  concurrent 
forces. 

Case   I. — All  the  forces  in   One  Plane.      Let   0  be   the 
material  point,  the  common  poinc  of  application  of  all  the 
forces ;  /*„  P^,  etc.,  tlie  given  forces,  making 
—7*1  angles  or,,  «„  etc.,  with  the  axis  X.     By  the 

-/-■^ — — ^ffP,      parallelogram  of  forces  P^  may  be  resolved 
H^^fi^  j        into  and  replaced  by  its  components,  P,  cob  a, 
— ♦'— ^ — »— ^  acting  along  X,   and  P^   sin   a,   along    Y. 
'^'^-  *■  Similarly  all  the  remaining  forces  may  be  re- 

placed by  their  ^and  Y  components.  We  have  now  a  new 
system,  tlie  equivalent  of  that  first  given,  consisting  of  a  set  of 
^forces,  having  the  same  line  of  application  (axis  X),  and  a 
set  of  Y  forces,  all  acting  in  the  line  Y.  The  resultant  of  the 
X  forces  being  their  algebraic  sum  (denoted  by  2X)  (since 
they  have  the  same  line  of  application)  we  have 

2X  =  P,  cos  a,  4-  P,  COS  a,  -)-  etc.  =  2{P  cos  a), 

and  similarly 

2Y=P,  sin  a.  +  P,  sin  a,  +  etc.  =  .2(Psin  a). 

These  two  forces,  2X  and  2  Y,  may  be  combined  by  the 

parallelogram  of  forces,  giving  P  =  V(2X)*  -4-  (2Y)'  ^  t^e 

single  resultant  of  the  whole  system,  and  its  direction  is  deter- 

2Y 
mined  by  the  angle  a;  thus,  tan  a  =  ^-p-;  see  Fig.  5.     For 

equilibrium  to  exist,  P  must  =  0,  which  requires,  separately, 
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2X=  0,  and  2Y=0  (for  tlie  two  squares  {^JS^)'  and 
{2T^*  can  neither   of  tliem  be  negative  quantities). 

Case  II. — The  forces  having  any  directions  in  space, 
but  all  applied  at  0,  the  material  point.  Let  /*„  ^„ 
etc.,  be  the  given  forces,  /*,  making  the  angles  «„  /?„  and  y^, 
respectively,  with  tliree  arbitrary  axes,  X,  Y,  and  Z  (Fig.  6), 
at  right  angles  to  each  other  and  intersecting  at  0,  the  origin. 
Similarly  let  a„  /3„  y„  be  the  angles  made  by  P^  with  these 
axes,  and  so  on  for  all  the  forces.  By  the  parallelopiped  of 
forces,  P,  may  be  replaced  by  its  components, 

X,  =  P,  cos  a„  Z,  =  P,  cos  /S„  and  Z,  =  P,  cos  y^ ;  and 


2Y-' 
0 


-^■ 


-•'SY 


Fio.  6. 


Fio.  6. 


Fio,  7. 


similarly  for  all  the  forces,  so  that  the  entire  system  is  now 
replaced  by  the  three  forces, 

2X  —  P,  cos  a,  +  -^3  cos  a,  +  etc ; 
2Y=^P,  cos  yS,  -f  P,  cos  A  +  etc ; 
:§'Z  =  P,  cos  ;/,  +  P,  cos  y,  -f  etc ; 

and  finally  by  the  single  resultant 

P  =  V{2Xy  +  (2  r )'  +  {2zy. 

Therefore,  for  equilibrium  we  must  have  separately, 
2X=  0,  2Y=  0,  and  2Z  =  0. 
S'b  position  may  be  determined  by  its  direction  cosines,  viz., 


cos  a  = 


2X 


:sY 


2Z 


cos  /J  =  -w- ;  cos  y  =  —^ 


17.  Conditions  of  Equilibrium. — Evidently,  in  dealing  with 
»  system  of  concurrent  forces,  it  would  be  a  simple  matter  to 
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replace  any  two  of  the  forces  by  their  resultant  (diagonal 
formed  on  them),  then  to  combine  this  resultant  with  a  third 
force,  and  so  on  until  all  the  forces  had  been  combined,  the 
last  resultant  being  the  resultant  of  the  whole  system.  The 
foregoing  treatment,  however,  is  useful  in  showing  that  for 
equilibrium  of  concurrent  forces  in  a  plane  only  two  couditions 
are  necessary,  viz.,  2X  —  0  and  2Y=^0;  while  in  space 
there  are  three,  2X  =  0,  -2  F  =  0,  and  :SZ  =  0.  In  Case  I., 
then,  we  have  conditions  enough  for  determining  two  unknown 
quantities ;  in  Case  II.,  three. 

18.  Problems  involving  equilibrium  of  concurrent  forces. 
(A  rigid  body  in  equilibrium  under  no  more  than  three  forces 
may  be  treated  as  a  material  point,  since  the  (two  or)  three 
forces  are  necessarily  concurrent.)* 

Peoblbm  1. — A  body  weighing  G  lbs.  rests  on  a  horizontal 

table :  required  the  pressure  between  it  and  the  table.     Fig.  8. 

Consider  the  body  free,  i.e.,  conceive  all  other  bodies  removed 

,  (the  table  in  tliis  instance),  being  replaced  by  tlie 

forces  which  they  exert  on  the  iirst  body.     Taking 


i 


©I- 


the  axis  J^  vertical  and  positive  upward,  and  not 
+X  assuming  in  advance  either  the  amount  or  direc- 
ts tion  of  JV,  the  pressure  of  the  table  against  the 
I  body,  but  knowing  that  O,  the  action  of  the  earth 
^^°-  *■  on  the  body,  is  vertical  and  downward,  we  have 
here  a  system  of  concurrent  forces  in  equilibrium,  in  which 
the  JT  and  Y  components  of  G  are  known  (being  0  and  — 
G  respectively),  while  those,  iVj  and  JV^,  of  iV  are  unknown. 
Putting  -S'X  =  0,  we  have  J!f-^  -f-  0  =  0 ;  i.e.,  iT  has  no  hori- 
zontal component,  .•.  i\^  is  vertical.  Putting  2Y=0,  we 
have  iVr  —  6^  =  0,  .*.  iV^^  =  +  ^  j  or  tlie  vertical  component 
of  JV,  i.e..  iV  itself,  is  positive  (upward  in  this  case),  and  is 
numerically  equal  to  G. 

Problem  2. — Fig.  9.  A  body  of  weight  G  (lbs.)  is  moving 
in  a  straigiit  line  over  a  rough  horizontal  table  with  a  uniform 
velocity  v  (feet  per  second)  to  the  right.  The  tension  in  an 
oblique  cord  by  which  it  is  pulled  is  given,  and  =  P  (lbs.), 

*  Three  parallel  forces  form  an  exception  ;  see  §|  30,  21,  etr 
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which  remains  constant,  the  cord  making  a  given  angle  of 
elevation,  a,  with  the  path  of  the  body.  Required  the  vertical 
pressure  N  (lbs.)  of  the  table,  and  also  its 
horizontal  action  F  (friction)  (lbs.)  against 
the  body 

Referring  by  anticipation  to  Newton's  first 
law  of  motion,  viz.,  a  material  point  acted 
on  by  no  force  or  by  balanced  forces  is  either  ^™-  ^■ 

at  rest  or  moving  uniformly  in  a  straight  line,  we  see  that  this 
problem  is  a  case  of  balanced  forces,  i.e.,  of  equilibrium.  Since 
there  are  only  two  unknown  quantities.  If  and  F,  we  may 
determine  them  by  the  two  equations  of  Case  I.,  taking  the 
axes  X  and  Y  as  before.  Here  let  us  leave  the  direction  of 
W  as  well  as  its  amount  to  be  determined  by  the  analysis.  As 
^must  evidently  point  toward  tlie  left,  treat  it  as  negative  in 
summing  the  X  components ;  the  analysis,  therefore,  can  be 
expected  to  give  only  its  numerical  value. 
2X  =  0  gives  P  cos  a  —  F=  0.  .-.  F  —  P  cos  a. 

.2r"=0givesir+Psina—  Q  =  ()..•.  N  ^  G  —  Psin  a. 
.".  N  is  upward  or  downward  according  as  G'  is  >  or  <  P 
sin  a.  For  iT  to  be  a  downward  pressure  upon  the  body  would 
require  the  surface  of  the  table  to  be  above  it.  The  ratio  of  the 
friction  F  to  the  pressure  N  which  produces  it  can  now  be 
obtained,  and  is  called  the  "  coefficient  of  friction."  It  may 
vary  somewhat  with  the  velocity.     (See  p.  168.) 

This  problem  may  be  looked  upon  as  arising  from  an  experi- 
ment made  to  determine  the  coefiicient  of  friction  between  the 
given  surfaces  at  the  given  uniform  velocity. 

19.  The  free-Body  Method.  — The  foregoing  rather  labored  so- 
lutions of  very  simple  problems  have  been  made  such  to  illus- 
trate what  may  be  called  the  "frea-body  method"  of  treating  any 
problem  involving  a  body  acted  on  by  a  system  of  forces.  It 
consists  in  conceiving  the  body  isolated  from  all  others  which 
act  *  on  it  in  any  way,  those  actions  being  introdnced  as  so  many 
forces  known  or  unknown,  in  amount  and  position.  The  sys- 
tem of  forces  thus  formed  may  be  made  to  yield  certain  equa- 
tions, whose  character  and  number  depend  on  circumstances,  such 
as  the  behavior  of  the  body,  whether  the  forces  are  confined  to 
*  That  is,  in  any  "  force-ahle"  way. 
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a  plane  or  not,  etc. ,  and  which  are  therefore  theoretically  avail- 
able for  determining  an  equal  number  of  unknown  quantities. 

H'a.  Examples. — 1.  A  cast-iron  cylinder,  with  axis  horizontal,  rests 
against  two  smooth  inclined  surfaces,  as  shown  in  Fig.  9a.  Its  length, 
I,  is  4  ft.,  diameter,  d,  is  10  in.,  and  "heaviness"  (p.  3)  480  Ibs./cub.  ft. 
Required  the  pressures  (or  "reactions,"  or  "supporting  forces"),  P  and 
Q  at  the  two  points  of  contact  A  and  B.  (Points,  in  the  end  view.) 
These  pressures  on  the  cylinder  are  shown  pointing  normal  to  the  sur- 
faces (smooth  surfaces)  and  hence  pass  through  the  center  of  the  body. 


it! 

■v.  iT-R-.v.'.'-.'ioV^  ^firiiiff--   *  ( 


■~,;':^sron» 


■  Ans. 


FiQ.  9o.  Fig.  96. 

C,  where  we  may  consider  the  resultant  weight,  G,  of  the  body  to  act. 
These  three  forces,  then,  form  a  concurrent  system,  and  the  body  is 
in  equilibrium  under  their  action. 

Solution.— The  weight  G  =  ^V=t(t5)^X4x480=1047.6  lbs. 

JX-O  gives:       -t-Pcos  40°-Q  cos  20°  +  0  =  0; (1) 

IY  =  0     "  -I-Psin40°-I-Q  sin  20°-G  =  0; (2) 

that  is,  numerically,  0.7660P-0.9396Q  =  0; (3) 

and  0.6428P  +  0.3420Q=  1047.6  lbs (4) 

From  (3)  we  have  P=1.227Q,  which  in  (4)  gives 

(0.7887 +  0.3420)Q  =  1047.6  lbs.;    and  hence    Q  =  926.4  lbs. 
Therefore  P,  =1.227Q,  =  1136.8  lbs. 

Example  2. — Fig.  96.  The  4-ton  weight  is  suspended  on  the  bolt  C, 
which  passes  through  the  ends  of  boom  OC  and  tie-rod  DC.  Bolt  C 
is  also  subjected  to  a  horizontal  pull  toward  the  left,  due  to  the  2-ton 
weight,  suspended  as  shown.  Find  the  pull  P  in  the  tie  and  the  thrust 
0  in  the  boom.  Note  that  the  boom  is  pivoted  at  both  ends  and  hence 
(if  we  neglect  its  weight)  is  under  only  two  pressures;  both  of  which, 
therefore  (for  the  equilibrium  of  the  boom),  must  point  along  its  length. 
Hence  the  thrust  Q  on  bolt  C  makes  an  angle  of  41°  with  the  horizontal. 
Similarly,  P,  the  action  of  tie-rod  on  C,  is  at  15°. 

Solution. — At  (6)  we  see  the  bolt  as  a  "free  body";  in  equilibrium 
under  the  four  concurrent  forces. 

2'X  =  0 Qcos41°-Pcosl5°-G-0=0; (5) 

iT  =  0 Q  sin41°-P8in  15°-G,-0=0; (6) 

or,  numerically,  0.7547Q-0.9659P-2=0,        (7) 

and  0.6560Q-0.2588P-4  =  0 (8) 

From  (7),  Q  =  2.651-t-1.279P,  which  in  (8)  gives 

0.6560(2.651  -I-  1.279P)  -  0.2588P=  4 ; 
that  is,  1.740  +  0.8390P-0.2588P  =  4;  and  hence,  finally, 

P  =  2.260H-0.5802  =  3.896  tons,      and      .-..  Q  =  7.633  tons.     Ana. 
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CHAPTEE  II. 

PARALLEL  FORCES  AND  THE  CENTRE  OF  GRAVITY. 

20.  Preliminary  Remarks. — Although  by  its  title  this  section 
sliould  be  restricted  to  a  treatment  of  the  equilibrium  of  forces, 
certain  propositions  involving  the  composition  and  resolution 
of  forces,  without  reference  to  the  behavior  of  the  body  under 
their  action,  will  be  found  necessary  as  preliminary  to  the  prin- 
cipal object  in  view. 

As  a  rigid  body  possesses  extension  in  three  dimensions,  to 
deal  with  a  system  of  forces  acting  on  it  we  require  three  co- 
ordinate axes :  in  other  words,  the  system  consists  of  "  forces 
in  space,"  and  in  general  the  forces  are  non-conmirrent.  In 
most  problems  in  statics,  however,  the  forces  acting  are  in  one 
plane:  we  accordingly  begin  by  considering  non-concurrent 
forces  in  a  plane,  of  which  the  simplest  case  is  that  of  two 
parallel  forces.  For  the  present  the  body  on  which  the  forces 
act  will  not  be  shown  in  the  figure,  but  must  be  understood  to 
be  there  (since  we  have  no  conception  of  forces  independently 
of  material  bodies).  The  device  will  frequently  be  adopted  of 
introducing  into  the  given  system  two  opposite  and  equal  forces 
acting  in  the  same  line :  evidently  this  will  not  alter  the  effect 
of  the  given  system,  as  regards  the  rest  or  motion  of  the  body. 

21.  Resultant    of    two     Parallel        i  \ 
Forces.  ,     i   \ 

Case   I. — The   two   forces   have  J^ 


_,.  OS     A\ 

the     same    mrecUon.       Fig.     10. 

Let  P  and  Q  be  the  given  forces, 

and  AS   a    line    perpendicular   to 

them  {P  and  Q  are  supposed  to  have  s 

been  transferred  to  the  intersections  ^"'- 1"- 

A  and  B).     Put  in    at  A   and  B   two  equal   and   opposite 

forces  8  and  S,  combining  them  with  P  and  Q  to  form  P' 


/B     S 


-^S 
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and  Q'.  Transfer  JP'  and  Q'  to  tlieir  intersection  at  C,  and  there 
I'esolve  thein  again  into  S  and  J*.  <S:ind  Q.  S  and  S  annnl  each 
otiier  at  C;  therefore  J*  and  Q,  acting  along  a  conimon  line  CD, 
repla>je  the  P  and  Q  first  given  ;  i.e.,  the  resultant  of  the  origi- 
nal two  forces  is  a  force  H  =iP -^  Q,  acting  parallel  to  them 
through  the  point  I),  whose  position  must  now  be  determined. 
The  triangle  CAP  is  similar  to  the  triangle  shaded  by  lines, 
.'.  P  :  S  ::  OP  :  x;  and  CPB  being  similar  to  the  triangle 
shaded  by  dots,  :.  8:  Q  ::  a  —  x  :  CD.     Combining  these,  we 

,        „P     a  — a;        ,  Qa         Qa     ^-r  .      ■.  . 

have* 7^  = and   .-.  a;  =  _^       =  :^_     Now  write  this 

Q        as  P-\-Q       ^ 

Px  =  Qa,  and  add  Re,  i.e..  Po-\-  Qo,  to  encli  member,  e  being 
the  distance  of  0  (Fig.  10).  any  point  in  AP  pi'oduced,  from 
A.  This  will  give  P{x -\- g)  =  Po  -{-Q{a  -\-  c),  iu  which  c, 
a-\-c,  and  x  -\-c  are  respectively  the  lengths  of  perpendiculars 
let  fall  from  0  upon  P,  Q,  and  their  resultant  P.  Any  one  of 
these  products,  such  as/'c.  is  for  convenience  (since  products  of 
this  form  occur  so  frequently  in  Mechanics  as  a  result  of  alge- 
braic transformation)  called  the  Moment  of  the  force  about  the 
arbitrary  point  0.  Hence  the  resultant  of  two  parallel  forcesof 
the  same  direction  is  equal  to  their  sum,  acts  in  their  plane,  in 
a  line  parallel  to  them,  and  at  such  a  distance  from  any  arbi- 
trary point  0  in  their  plane  as  may  be  determined  by  writing 
its  moment  about  0  equal  to  the  sum  of  the  moments  of  the 
two  forces  about  0.  0  is  called  a  centre  of  moments,  Sindesich 
of  the  perpendiculars  a  lever-arm-. 

Case  II. — Two  parallel  forces  P  and  Q  of  opposite  direc- 
tions.     Fig.  11.     By  a  process  similar  to  the  foregoing,  we 

obtain  P  =P—  Q and (P  —  Q)x 
=  Qa,  i.e.,  Px  =  Qa.  Subtract 
each  member  of  the  last  equation 
from  Pc  (i.e.,  Pc—  Qc),  in  which  c 
\^  is  the  distance,  from  A,  of  any  arbi- 

^\B    s  ^^^^^'  '^^'"'^  ^  ^"  '^^  produced.  Tliis 
^KT  ^^"^^  R{c  —  x)  =  Pc—  Q{a-\-c). 
— -a- — -?~^   But  (c  —  x),  0,  and  {a  -\-  c)  are  re- 
Fio.  11.  spectively  the  perpendiculars,  from 

*  That  is,  the  resultant  of  two  parallel  forces  pointing  in  the  same  direc 

tioji  dimdes  the  distance  bettoeer  iherr  in  the  tnivrne  ratio  of  t/inye.  frfi-pa 
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0,  upon  R,  P,  and  Q.  That  is,  R{o  —  x)  is  the  moment  of  li 
about  0;  Pc,  that  of  P  about  0;  and  Q(a-{-c),  that  of  Q 
about  6>.  But  the  moment  of  Q  is  subtracted  from  that  of  P, 
which  corresponds  with  the  fact  that  Q  in  this  figure  would 
produce  a  rotation  about  0  opposite  in  direction  to  that  of  P. 
Havi.ig  in  view,  tlien,  this  imaginary  rotation,  we  may  defitie 
the  moment  of  a  force  a.s  j)ositwe  when  the  indicated  direction 
about  the  given  point  is  against  the  hands  of  a  watch;  as  nega- 
tive when  with  the  hands  of  a  watch.* 

Hence,  in  general,  the  resultant  of  any  two  parallel  forces  is, 
in  amount,  equal  to  their  algebraic  sum,  acts  in  a  parallel  direc- 
tion in  the  same  plane,  while  its  moment,  about  any  arbitrary 
point  in  the  plane,  is  equal  to  the  algebraic  sum  of  the  moments 
of  the  two  forces  about  the  same  point. 

Corolla/ry. — If  each  term  in  the  preceding  moment  equations 
be  multiplied  by  the  secant  of   an   angle  (a,  Fig.  12)  thus : 


?■ 


o^r. 


.Xii 


Fig.  12. 


Fig.  13. 


(using  the  notation  of  Fig.  12),  we  have 

Pa  sec  a  =  PxO-\  sec  a-\-P'^^  sec  a,  i.e.,  Pb  =  Pibi+P2b2, 
in  which  b,  bi  and  bi  are  the  oblique  distances  of  the  three 
lines  of  action  from  any  point  0  in  their  plane,  and  Ke  on  the 
same  straight  line ;  P  is  the  resultant  of  the  parallel  forces  P, 
and  P2. 

22.  Resultant  of  any  System  of  Parallel  Forces  in  Space. — 
LetP„P„  P„  etc.,  be  the  forces  of  the  system,  and  x„  y^, 
^1)  ^v  Vv  ^2'  ®''°-'  ^'^®  co-ordinates  of  their  points  of  application 
as  referred  to  an  arbitrary  set  of  three  co-ordinate  axes  X,  Y^ 
and  Z,  perpendicular  to  each   other.     Each  force  is  here  i-e- 

*  These  two  directions  of  rotation  are  often  called  counter  clockwise,  and 
eCockwise,  resrectively. 
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Btricted  to  a  definite  point  of  application  in  its  line  of  action 
(with  reference  to  establishing  more  directly  the  fundamental 
equations  for  the  co-ordinates  of  the  centre  of  gravity  of  a 
body).  The  resultant  P'  of  any  two  of  the  forces,  as 
P,  and  P„  is  =  P,  +  Pv  ^'^^  ™^y  be  applied  at  C,  the  in- 
tersection of  its  own  line  of  action  with  a  line  BD  joining 
the  points  of  application  of  P,  and  P„  its  components. 
Produce  the  latter  line  to  A,  where  it  pierces  the  plane  XY, 
and  let  J„  5',  and  J,,  respectively,  be  the  distances  of  B,  C, 
D,  from  A  ',  then  from  the  corollary  of  the  last  article  we  have 

PV  =  Pj>,  + PA; 

but  from  similar  triangles 

5'  :  J.  :  6,  : :  s' :  3.  :  z„        .:  P's'  =  P,z,  +  P^,. 

Now  combine  P',  applied  at  (7,  with  P„  applied  at  E,  calling 
their  resultant  P"  and  its  vertical  co-ordinate  z",  and  we  obtain 

P"z"=P'z'  +  P.s„  i.e,  P"z"  =  P.3.  +  P,3.  +  P,2„ 

also 

P"=P'  +  P,  =  P,+P,  +  P,. 

Proceeding-  thus  until  all  the  forces  have  been  considered,  we 
shall  have  finally,  for  the  resultant  of  the  whole  system, 

P  =  P.  +  P,+  P.  + etc.; 
and  for  the  vertical  co-ordinate  of  its  point  of  application, 
which  we  may  xrrite  z, 

Ps  =  P,^,  +  P,s,  +  P,3, -f  etc  ; 
P.g.  +  P,g,  +  P.s,..._^(Pg) 
P,  +  P,+  P.+  ....   -    2P   5 

and  similarly  for  the  other  co-ordinates. 

-       2  (Pa!)       ,  -        2{Py) 
X  =  -^-^  and  y  =  -^. 

In  these  equations,  in  the  general  case,  such  products  as  P,»„ 
etc.,  cannot  strictly  be  called  moments.     The  point  whose  co« 
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oi-ctinatee  are  the  x,  y,  and  z,  just  obtained,  is  called  the  Cent/re 
of  Parallel  Forces,  and  its  position  is  independent  of  the  {com- 
mon) direction  of  the  forces  concerned. 

Example. — If  the  parallel  forces  are  contained  in  one  plane, 
and  the  axis  Yhe  assumed  parallel  to  the  direction  of  the 
forces,  then  each  product  like  P^x^  will  be  a  moment,  as  de- 
fined in  §  21 ;  and  it  will  be  noticed  in  the  accompanying  nu- 
merical example,  Fig.  14,  that  a  detailed  substitution  in  the 
equation  5     F^    i^    f?     f?'^ 

JTx  =  P,iB,  +  P,a!,  +  etc.,     .     .     .  (1)  ^      *    ■""* 


r  r  r 


having  regard  to  the  proper  sign  of  each         . ,  01  +X 

force  and  of  each  abscissa,  gives  the  same  fio.  u. 

result  as  if  each  product  Px  were  first  obtained  numerically, 
and  a  sign  affixed  to  the  product  considered  as  a  moment 
about  the  point  0.  Let  P,  =  —  1  lb.;  P,  =  +  2  lbs.;  P,  = 
+  3  lbs.;  P,  =  —  6  lbs.;  x,  —  -{-\  ft.;  a;,  =  +  3  ft.;  aj.  =  —  2 
ft.;  and  a?,  =  —  1  ft.  Required  the  amount  and  position  of  the 
resultant  R.  In  amount  R  —  2P  =_l-|-2  +  3  —  6  =  —  2 
lbs.;  i.e.,  it  is  a  downward  force  of  2  lbs.  As  to  its  position, 
Rx=  2{Px)  gives  ( -  2)x  =  {-  1)  X  ( +  1)  +  2  X  3  + 
3  X  (-  2)  +  (-6)  X(-l)=-l  +  6-6  +  6.  Now  from 
the  figure,  by  inspection,  it  is  evident  that  the  moment  of  P, 
about  0  is  negative  {with  the  hands  of  a  watch),  and  is  numer- 
ically =  1,  i.e.,  its  moment  =  —  1 ;  similarly,  by  inspection, 
that  of  P,  is  seen  to  be  positive,  that  of  P,  negative,  that  of 
P,  positive;  which  agree  with  the  results  just  found,  that 
(—  2)S=  —  1  +  6  —  6-|-6  =  -|-5ft.  lbs.  (Since  a  moment 
is  a  product  of  a  force  (lbs.)  by  a  length  (ft.),  it  may  be  called 
so  many  foot-pounds.)  Next,  solving  for  x,  we  obtain 
X  =  (-)-  5)  -=-  ( —  2)  =  —  2.5  ft.;  i.e.,  the  resultant  of  the  given 
forces  is  a  downward  force  of  2  lbs.  acting  in  a  vertical  line 
2.5  ft.  to  the  left  of  the  origin.  Hence,  if  the  body  in  question 
be  a  horizontal  rod  whose  weight  has  been  already  included  in 
the  statement  of  forces,  a  support  placed  2.5  ft.  to  the  left  of 
0  and  capable  of  resisting  at  least  2  lbs.  downward  pressure 
will  preserve  equilibrium;  and  the  pressure  which  it  exerts 


Pa 
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against  the  rod  must  be  an  upward  force,  P.,  of  2  lbs.,  J  e.  tlie 
equal  and  opposite  of  tlie  resultant  of  P„  P„  P„  P^ 

Fig.  15  shows  the  rod  as  a  free  bodv  in  equiiibi'iiiiii  under 
the  live  forces.     P^  =  +  2  lbs.  =  tlie  reaction  of  the  support. 
Of  course  P^  is  one  of  a  pair  of  equal 
and   opposite    forces ;  ttie    other  one 

—J  is  the  pressure  of  the  rod  against  the 

;|t — 2^--'0  support,  and  would  take  its  place  among 

Fio.  IB.  the  forces  acting  on  the  support. 

23.  Centre  of  Gravity. — Among  the  forces  acting  on  any 
rigid  body  at  the  surface  of  the  earth  is  the  so-called  attraction 
of  the  latter  (i.e.,  gravitation),  as  shown  by  a  spring-balance, 
which  indicates  the  weight  of  the  body  hung  upon  it.  The 
weights  of  the  different  particles  of  any  rigid  body  constitute  a 
system  of  parallel  forces  (practically  so,  though  actually  slightly 
convergent).  The  point  of  application  of  the  resultant  of  these 
forces  is  called  the  centre  of  gravity  of  the  body,  and  may  also 
be  considered  the  centre  of  mass,  the  body  being  of  very  small 
dimensions  compared  with  the  earth's  radius. 

If  a?,  y,  and  z  denote  the  co-ordinates  of  the  centre  of  gravity 
of  a  body  referred  to  three  co-ordinate  axes,  the  equations 
derived  for  them  in  §  22  are  directly  applicable,  with  slight 
changes  in  notation. 

Denote  the  weight  of  any  particle  *  of  the  body  by  dG,  its 
volume  by  dV,  by  y its  heaviness  (rate  of  weight,  see  §7)  and 
its  co-ordinates  by  x,  y,  and  z ;  then,  using  the  integral  sign  as 
indicating  a  summation  of  like  terms  for  all  the  particles  of  the 
body,  we  have,  for  heterogeneous  bodies  (see  also  p.  11 9,  Notes). 
~_fyxdV    -_fyydr_  -     fysdV 

fydV'  y  ~  fydV  ^  ~  fydV  '  '  ^' 
while,  if  the  body  is  homogeneous,  y  is  the  same  for  all  its  ele 
ments,  and  being  therefore  placed  outside  the  sign  of  sumuuv 
tion,  is  cancelled  out,  leaving  for  homogeneoiis  bodies  (  V  de- 
noting the  total  volume) 

-     fxdV  -     fydV        J-     fzdV 

*  Any  subdivisiou  of  the  body  may  be  adopted  for  use  of  equations  (1 1 
and  (3),  etc.;  but  it  must  be  remembered  that  the  x  {pty,  or  z)  in  each  term 
of  the  summations,  or  Integrals,  is  the  co-ordinate  of  the  center  of  gravity  <ff 
the  subdivision  employed. 
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Corollary. — It  is  also  evident  that  if  a  homogeneous  body  is 
for  convenience  considered  as  made  up  of  several  finite  parts, 
whose  volumes  are  F"„  V„  etc.,  and  whose  gravity  co-ordinates 
are  »„  y^,  s, ;  x„  y„  s, ;  etc.,  we  may  write 

"'^     F.+  F,+  ...       •    •    •    •    (3) 

If  the  body  is  heterogeneous,  put  <?,  (weights),  etc.,  instead 
of  F|,  etc.,  in  equation  (3). 

If  the  body  is  an  infinitely  thin  homogeneous  shell  of  uni- 
form thickness  =  h,  then  dV^  hdl'^dJ^  denoting  an  element, 
and  J'' the  whole  area  of  one  surface)  and  equations  (2)  become, 
after  cancellation, 

^-JMl.  z-fy^.  -,-Ml  (4) 

For  a  thin  homogeneouB  plate,  or  shell,  of  uniform  thick- 
ness, and  composed  of  several  finite  parts,  of  area  Fi,  F^,  etc., 
with  gravity  co-ordinates  Xi,  X2,  etc.,  we  may  write 

_  _  F1X1  +  F2X2+  .  .  . 
^~     F1+F2+....       •     '     '     '     K^a) 
Similarly,  for  a  homogerteous  wire  of  constant  small  cross- 
section    (i.e..  a  geometrical  line,  having   weight),  its   length 
being  s,  and  an  element  of  length  ds,  we  obtain 

S^y^;      y=fy^,-,^f^.        ...         (5) 

24.  Symmetry. — Considerations  of  symmetry  of  form  often 
determine  the  centre  of  gravity  of  homogeneous  solids  without 
analysis,  or  limit  it  to  a  certain  line  or  plane.  Thus  the  centre 
of  gravity  of  a  sphere,  or  any  regular  polj'edron,  is  at  its  centre 
of  figure ;  of  a  right  cylinder,  in  the  middle  of  its  axis ;  of  a 
thin  plate  of  the  form  of  a  circle  or  i"egular  polygon,  in  the 
centre  of  figure ;  of  a  straight  wire  of  uniform  cross-section,  in 
the  middle  of  its  length. 

Again,  if  a  homogeneous  body  is  symmetrical  about  a  plane, 
the  centre  of  gravity  must  lie  in  that  plane,  called  a  plane  of 
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gravity;  if  about  a  line,  in  that  line  called  a  line  of  gravity ; 
if  about  a  point,  in  that  point. 

25.  By  considering  certain  modes  of  subdivision  of  a  homo- 
geneous body,  lines  or  planes  of  gravity  are  often  made  appar- 
ent. E.g.,  a  line  joining  the  middle  of  the  bases  of  a  trape- 
zoidal plate  is  a  line  of  gi'avity,  since  it  bisects  all  the  strips 
of  uniform  width  determined  by  drawing  parallels  to  the 
bases;  similarly,  a  line  joining  the  apex  of  a  triangular  plate  to 
the  middle  of  the  opposite  side  is  a  line  of  gravity.  Other 
cases  can  easily  be  suggested  by  the  student. 

26.  Problems. — (1)  Required  the  position  of  the  centre  of 

Kk  gi'^'Vity  of  a,  fine  homogeneous  wire  of  the 
I           ^..y \.!^Y^yfoTmof  a  circular  a/re,  AB,  Fig.  16.  Take 

■      ,..<r.-;;'---q:'^|K  the  origin  O  at  the  centi-e  of  the  circle,  and 

|g^"" j  p,  1  the  axis  X  bisecting  the  wire.     Let  the 

^^\^  ai/  /  length  of  the  wire,  s,  =  2«, ;  ds  =  ele- 

\.    ~? //'  ment  of  arc.    We  need  determine  only  the 

^iQ-'  X,  since  evidently  y  =  0.     Equations  (5), 

Fio.  16.  g  23,  are  applicable  here,  i.e.,  x  — . 

From  similar  triangles  we  have  * 

ds  :  dy  ::  r  -.x;  .•.  ds  ^  — -; 

3,  =  +  a    2m     .  ,        ,  ^.  ,  ,        , 

I.e.,  =   chord  X  radius  -=-  length  of 


r    p«f^ 


2s. 


"wire.     For  a  semicircular  wire,  this  reduces  to  x  ^  2r  -i-  tt. 

Problem  2.  Centre  of  gravity  of  trapezoidal  {and  trian- 
gular) thin  plates,  homogeneous,  etc. — Prolong  the  non-parallel 
sides  of  the  trapezoid  to  intersect  at  0,  which  take  as  an  orisrin, 
milking  the  axis  X  perpendicular  to  the  bases  h  and  5,.  We 
may  here  use  equations  (4),  §  23,  and  may  take  a  vertical  strip 
for  our  element  of  area,  dF,  in  determining  as;  for  each  point 
of  such  a  strip  has  the  same  x.     Now  dF  =  (y  -|-  y')dx.  ;nid 

*  The  two  triangles  meant  (to  being  any  point  of  the  wire)  are  the 
finite  triangle  Omc,  and  the  infinitely  small  one  at  m  formed  by  the 
InfiniteBimal  lengths  dy,  dx,  and  ds. 
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from  similar  triangles  y-\-y'=:jX.  NowT'',  =-^{bh  —  b,h,),* 
can  be  written  ^  ,  {h'  —  h'),  and  x  =  ^~i —  becomes  "^^ 

for  tlie  trapezoid. 

—       2 
For  a  triangle  A.  =  0,  and  we  have  x—      h;  that  is,  the 

O 

centre  of  gravity  of  a  triangle  is  one  third  the  altitude  from  the 
base.     The  centre  of  gravity  is  finally  determined  by  knowing 


"■  -^  ^ 

■>^ 

^ 

; 

6 

S-     i 

k' 

"--^ij 

^^^ 

Fio.  17. 


Fia.  18. 


that  a  line  joining  the  middles  of  5  and  5,  is  a  line  of  gravity; 
or  joining  O  and  the  middle  of  5  in  the  case  of  a  triangle. 

Pboblem  3.  Sector  of  a  ci/rcle.  Thin  plate,  etc. — Let  the 
notation,  axes,  etc.,  be  as  in  Fig.  18.  Angle  of  sector  =  2a ; 
a;  =  ?  Using  polar  co-ordinates,  the  element  of  area  dF  (a 
small  rectangle)  =  pd(p .  dp,  and  its  a?  =  p  cos  qn ;  hence  the 
total  area  =  -='• 

'')|f^^r-    i.e.,  F=  r'a.     From  equations  (4),  §  23,  we  have 
X  —  -pCxdF 

=  -^J  J  «os  qip'dpdtp  =  -p  y_  ^  l^cos  q)  J^  p'dpj  dg>. 

*Note  that  b^-.hiy.b-.h,  so  tha.tbjii  =  (h-i-h)h('. 
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{Note  on  double  integration. — The  quantity 
cos  9?  y  p'  dp  \d(p, 

is  that  portion  of  the  summation    /    /  cos  q)f?dpd(p  which 

belongs  to  a  single  elementary  sector  (triangle),  since  all  its 
elements  (rectangles),  from  centre  to  circumference,  have  the 
same  q)  and  d(p^ 
That  is, 

I         _       1    y'  /•+«  /■'    r+''  2    7"  sin  a 

—       4  7-  sin  ^  /S 
or,  putting  /S  =  2a  =  total  angle  of  sector,  x  =■  -^ g — ^■ 

—      4r 
For  a  semicircular  plate  this  reduces  to  as  =  ^— . 

\Note. — In  numerical  substitution  the  arcs  a  and  yS  used 
above  (unless  sin  or  cos  is  prefixed)  are  understood  to  be  ex- 
pressed in  circular  measure  (^-measure) ;  e.g.,  for  a  quad- 
rant, /S  =  ^  =  1.5707*+ ;  for  30°,  /?  =  g- ;  or,  in  general,  if  /J 

in  degrees  = ,  then  p  in  ;r-raeasure  =  — . 

\A  Pboblem  4.  Sector  of  a  flat  ring ;  thin 

,      P  V^     plate,  etc. — Treatment  similar  to  that  of 
^,^;jK3r<CX-+y     Problem  3,  the  difference  being  that  the 

limits  of  the  interior  integrations  are 
instead  of     .     Result, 


FiS.  19. 


-  _  4    r'  —  r,'     sin  i/3 

'^  -  3  ■  ^7^:^77  •  -;s— 


*  "Radians." 
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Pkoblem  5. — Segment  of  a  circle;  tbin  plate,  etc. — Fig.  20. 
Since  each  rectangular  element  of  any  ver- 
tical strip  has  the  same  x,  we  may  take  the 
strip  as  (^i^  in  finding  a?,  and  use  y  as  the 
half -height  of  the  strip.  dF  —  2ydx,  and 
from  similar  triangles  x  :  y  ::  {—  dy) : dx* 
i.e.,  gedx  =  —  ydy.  Hence  from  eq.  (4), 
§23, 

-_fxdF     fx2ydx       -  2j:y-'dy 
»  -  -J-  =  -^r~  =  y 


Fio.  20. 


_2_ 
ZF 


l-y^  = 


2  ^. 

3  '  F" 


bat  a  =  the  half-chord,  hence,  finally,  x  =  ^  iny    • 

Peoblem  6. — Trapezoid ;  thin  plate,  etc., 
by  the  method  in  the  corollary  of  §  23 ;  equa- 
tion (id).  Required  the  distance  x  from  the 
base  AB.  Join  DB,  thus  dividing  the  trape- 
zoid ABGD  into  two  triangles  ABB  =  F^ 
and  DBC  =  F^,  whose  gravity  x\  are,  re- 
spectively, a;,  =  -JtA  and  x^  =  fA.  Also,  F^ 
=  ihb^,  F,  =  ikb,,  and  F  (area  of  trape- 
zoid) =  ih{\  +  h,).  Eq.  (4a)  of  §23  gives 
Fx  =  F^x^  -j-  F^x, ;  hence,  substituting, 


Fio.  21. 


x  = 


h    (61  +  262) 


Ihh. 


3  ■    61+62    • 

The  line  joining  the  middles  of  5,  and  5,  is  a  line  of  gravity,  and 
is  divided  in  such  a  ratio  by  the  centre  of  gravity  that  the  fol- 
lowing construction  for  finding  the  latter  holds  good  :  Prolong 
each  base,  in  opposite  directions,  an  amount  equal  to  the  other 
base;  join  the  two  points  thus  found:  the  intersection  with 
the  other  line  of  gravity  is  the  centre  of  gravity  of  the  trape- 
zoid. Thus,  Fig.  21,  with  BF=  b.  and  DF=  b„  join  FF, 
etc. 

*  The  minus  sign  is  used  for  dy  since,  as  we  progress  from  left  to  right 
in  bringing  into  account  all  the  various  strips,  x  increases  while  y  diminishes; 
i.e.,  dx  is  an  increment  and  dy  a  decrement.  At  the  point  of  beginning  of 
the  summation,  on  left,  y=  +a;  while  at  the  extreme  right,  y  =  0. 
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Pboblevm  7.  Homogeneous  oblique  cone  or  pyramid. — 
Take  the  origin  at  the  vertex,  and  the  axis  X.  perpendicular  to 
the  base  (or  bases,  if  a  frustum).  In  finding  x  we  ma_y  put 
(ZF'=  vohime  of  any  lamina  parallel  to  Y^Z.  7'' being  the  base 
of  such  a  lamina,  each  point  of  the  lamina  having  the  same  x. 
Hence,  (equations  (2),  §  23),  (see  also  Fig.  22). 

x=  \fxdY,     V=^fdV=fFdx; 
but,  from  the  geometr/  of  diwHar  plane  figures, 


A, 


and 


For  a  frustum,  x  =  -7- ^,~  ^i',  while  for  a  pyramid,  A„  be- 

—       3 
iug  =  0,  a;  =  jA.     Hence  the  centre  of  gravity  of  a  pyramid 

is  one  fourth  the  altitude  from  the  base.    It  also  lies  in  the  line 

hi -";r\\  J°"'"'g  '■''s  vertex  to  the  centre  of  gi-avity 

„      .^/(p  I  of  the  base. 

y\l)J>r  Peoblem  8.— If  the  heaviness  of  the  nia- 

'^^^''\      x;^i  t®*"'^'  "f  tl'e  above  cone  or  pyramid  varied 

/y  directly  as  x,  y^  being  its  heaviness  at  the 

Fio.  32.  base  F^,  we  should  use  equations  (1),  §  23, 

y 

putting  y  =  j^  x;  and  finally,  for  the  frustum, 

-    4  h:-h: 

X-- 


6  •  A,* -A," 


_       4 
and  for  a  complete  cone  x  =  -  A,. 


27.  The  Centrobarie  Method.— If  an  elementary  area  dF  be 
revolved  about  an  axis  in  its  plane,  through  an  angle  a  <  2;r 
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Fig.  23. 


the  distance  frorti  the  axis  being  =  x,  the  volume  generated  is 
<i;  "F  =r  axd-F,  and  the  total  volume  generated  by  all  the  dJ'^R 
of  a  finite  plane  figure  whose  plane  con- 
tains the  axis  and  which  lies  entirely  on  one 
side  of  the  axis,  will  be  F"  =  _fd  V  = 
aJxdK  But  from  §23,  a/xdF=  aFx\ 
ax  being  the  length  of  path  described  by 
the  centre  of  gravity  of  the  plane  figure, 
we  may  write :  The  volume  of  a  solid  of  revolution  generated 
hy  a  plane  figure,  lying  on  one  side  of  the  axis,  equals  the 
area  of  the  figure  multiplied  iy  the  length  of  curve  described 
hy  the  centre  of  gravity  of  the  figure. 

A.  corresponding  statement  may  be  made  for  the  surface 
generated  by  the  revolution  of  a  line.  The  arc  «  must  be  ex- 
pressed in  ff  measure  in  numerical  work. 

27a.  Centre  of  Gravity  of  any  duadrilateral. — Fig.  23a. 
B  Construction,'  ABOD  being  any  quad- 
rilateral. Draw  the  diagonals.  On  the 
long  segment  BK  of  BB  lay  off  BE  = 
BK,  the  shorter,  to  determine  E;  simi- 
larly, determine  N  on  the  other  diagonal, 
^  by  making  QN  =  AK.  Bisect  EK  in  H 
and  KN  in  M.  The  intersection  of  EM 
and  NH  is  the  centre  of  gravity,  C. 
Proof — H  being  the  middle  of  BB,  and  AH  and  HG 
having  been  joined,  /  the  centre  of  gravity  of  the  triangle 
ABB  is  found  on  AH,  by  making  ^7=  \AH;  similarly,  by 
makino-  HL  =  ^HG,  L  is  the  centre  of  gravity  of  triangle 
BBG.  .■ .  IL\s  parallel  to  AG  and  is  a  gravity-line  of  the 
whole  figure ;  and  the  centre  of  gravity  C  may  be  found  on  it 
if  we  can  make  CL  :  CI  ::  area  ABB  :  area  BBG  (§  21). 
But  since  these  triangles  have  a  common  base  BB,  their  areas 
are  proportional  to  the  slant  heights  (equally  inclined  to  BB) 
AK  and  KG,  i.e.,  to  GN  and  NA. .  Hence  HN,  whicli  di- 
vides IL  in  the  required  ratio,  contains  C,  and  is  .*.  a  gravity- 
Ivne.     By  similar  reasoning,  using  the  other  diagonal,  AG,  and 


Fig.  23a. 
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the  two  triangles  into  wbicli  it  divides  tlie  whole  figure,  we 
may  prove  EM  to  be  a  gravity-line  also.  Hence  the  construc- 
tion is  proved. 

27b.  Examples.— 1.  Keqnired  the  volume  of  a  sphere  by 
the  centrobaric  method. 

A  sphere  may  be  generated  by  a  semicircle  revolving  about 
its  diameter  through  an  arc  a  =  2;r.     The  length  of  the  path 

described  by  its  centre  of  gravity  \b  =  ^ti-^  (see  Prob.  3,  § 

26),  while  the  area  of  the  semicircle  is  ^nr'.     Hence  by  §  27, 

Volume  generated  =  2;r  .  g^  .  ^nr'  =  -^nr  . 

2.  Eequired  the  position  of  the  centre  of  gravity  of  the  sector 
of  a  flat  ring  in  which  r,  =  21  feet,  r,  —  20  feet,  and  /3  =  80° 
(see  Fig.  19,  and  §  26,  Prob.  4). 

sin  ^=  sin  40°  =  0.64279,  and  /?  in   circular  measure  = 

Yc7^T=Q7r  =  1.3962  radians.  By  using  r\  and  ra  in  feet, 
x  "will  be  obtained  in  feet, 

.    I 
__4    n^-ra^   !!!_^_i  l^^l    0.64279 
•'•^~3-  ri^-r^^-~J~-^-    41     "   1.3962  -18.87  feet. 

3.  Find  the  height  (2,  —OC)  of  the  center  of  gravity  of 
og"  uoe'lj        tbe  plane  figure  in  Fig.  236 


T, 


il 


]  above  its  base  OX. 
I,  This  figure  is  bounded 
I  by  straight  lines  and  is  an 
i.  T  approximation  to  the  shape 

— o -15-^' ^        of  the  cross-section  of  a  steel 

^'''-  ^^-  " channel"  (see  p.  275). 

Dividing  it  into  three  rectangles   and  two   triangles   (see 
dotted  lines  in  figure)  and  applying  eq.  (4a)  of  p.  19,  we  have 


15X.6X.3  +  2[3.4x.6X2.3]+2ri.7x.6X-^l 

^  15X0.6  +  2[3.4X0.6]  +  2[1.7X0.5]  ''  ^'^^^  ''^• 

(The  stud(!nt  should  carefully  verify  these  numerical  details.) 
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CHAPTER  III. 

STATICS  OP  A  RIGID  BODY. 

28.  Couples. — On  account  of  the  peculiar  properties  and 
utility  of  a  system  of  two  equal  forces  acting  in  parallel  line." 
and  in  opposite  directions,  it  is  specially 
considered,  and  called  a  Couple.  The 
arm  of  a  couple  is  the  perpendicular 
distance  between  the  forces  ;  its  moment, 
the  product  of  this  arm,  by  one  of  the , 
forces.  The  axis  of  a  couple  is  an 
imaginary  line  drawn  perpendicular  to  ^lo.  24. 
its  plane  on  that  side  from  which  the  rotation  appears  positive 
(against  the  hands  of  a  watch).  (An  ideal  rotation  is  meant, 
suggested  by  the  position  of  the  arrows ;  any  actual  rotation 
of  the  rigid  body  is  a  subject  for  future  consideration.)  In 
dealing  witli  two  or  more  couples  the  lengths  of  their  axes  are 
made  proportional  to  their  moments;  in  fact,  by  selecting  a 
proper  scale,  numerically  equal  to  these  moments.  E.g.,  in  Fig. 
24,  the  moments  of  the  two  couples  there  shown  are  Pa  and 
Qh;  their  axes  p  and  q  so  laid  off  that  Pa  :  Qb  :: p  :  q,  and 
that  the  ideal  rotation  may  appear  positive,  viewed  from  the 
outer  eTid  of  the  axis. 

For  example,  if  each  force  P  of  a  couple  is  60  lbs. ,  and  tlie 
arm  is  a  =  6  ft.,  its  moment  is  360  p)ot-pounds;  or  0.180  foot- 
tons;  or  4320  inch-pounds;  or  2.16  inch-tons. 

29.  -ZTo  sim,gle  force  can  'balance  a  couple. — For  suppose  the 
couple  P,  P,  could  be  balanced  by  a  force  P',  then  this,  acting 

.       ?f  at  some  point  G,  ought  to  hold  the  couple 

d|_ /:.-:^  B C_„  in  equilibrium.     Di'aw  C<9  through  0,  the 

il  ijp     i^t      centre   of   symmetry  of   the   couple,  and 

Fia.  86.  make  OD  =  OC.     At  D  put  in  two  op- 

posite and  equal  forces,  S  and  T,  equal  and  parallel  to  P'. 
The  supposed  equilibrium  is  undisturbed.     But  if  R',  P,  and 
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P  are  in  equilibrium,  so  ought  (by  syminetry  about  0)  S,  P, 
and  F  to  be  in  equilibrium,  and  they  may  be  removed  without 
disturbing  equilibrium.  But  we  have  left  T&nd  B',  which  are 
evidently  not  in  equilibrium;  .-.  the  proposition  is  proved  by 
tliis  reduGtio  ad  absurdum.  Conversely  a  couple  has  no  single 
resultant. 

30.  A  Gouplemay  he  transferred  a/nywhere  in  its  own  plane. 
^First,  it  may  be  turned   tlirough   any  angle  a,  about  any 

p.  point  of  its  arm,  or  of  its  ai-in   produced. 

Gt:--; f^- -r-    Let  {P,  P') be  a  couple,  G  any  point  of  its 

\.  •'■■R.-j  Tp'    arm  (produced),  and  a  any  angle.      Make 

-*Jr-»^-..  I  0G=  OA,  GD  =  AB,  and  put  in  at  O, 
f^C\,  f^         \,  I       Pi  and  P,  equal  to  P  {or  P'\  opposite  to 

[j\     Pi -^•■4.;"[  each  other  and  perpendicular  to  0C\,  and 

•      \  ^-^  P^  and  P,  similarly  at  D.     Now  apply  and 

Fio.26.  combine  P  and  P,  at  0,  P'  nnd  P,  at  0'\ 

then  evidently  P  and  P'  neutralize  each  other,  leaving  P,  and 
P,  equivalent  to  the  original  couple  {P,  P').  The  arm 
CD  =  AB.  Secondly,  if  G  be  at  infinity,  and  a  =  0.  the 
same  proof  applies,  i.e.,  a  couple  may  be  moved  parallel  to 
itself  in  its  own  plane.  Therefore,  by  a  combination  of  the 
two  transferrals,  the  proposition  is  established  for  any  trans- 
forral  in  the  plane. 

31.  A  couple  may  he  replaced  hy  aiiother  of  equal  moment 
in  a  parallel  plane. — Let  (P.  P')  be  a  couple.*  Let  CD,  in  a 
parallel  plane,  be  parallel  to  AB.     At  D  put  in  a  pair  of  equal 

^AE 

and  opposite  forces,  8.,  and  8^,  parallel  to  P  and  each  =  =:P. 

EP 

Similarly  at  O,  8.  and  8,  parallel  to   P  and   each  —  =P. 

^  EC 

But,  from  similar  triangles, 

^J)   —    JJ^QI    .  •  O,    —    O,    —   O,    —   O4. 

*  See  Fig.  27,  which  is  a  perspective  view.  The  arm  of  the  couple  (P,  P') 
is  A  B,  in  the  background.  The  length  of  CD,  which  is  in  the  foreground, 
may  be  anything  whatever. 
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[Note. — The  above  values  are  so  cbosen  that  the  intersection  point  S 
may  be  the  point  of  application  of  (F  +  i<i),  the  resultant  of  F  and  .S; 
and  also  of  (P+  <Sj),  the  resultant  of  Fund  S,,  as  follows  from  §  21;  thus 
(Fig.  28),  Ji,  the  resultant  of  the  two  parallel  forces  Pand  ibs,  is  =  F-\-Sz, 
and  its  moment  about  any  centre  of  moments,  as  E,  its  own  point  of  ap- 
plication, should  equal  the  (algebraic)  sum  of  the  moments  of  its  com- 

Za' 

ponents  about  JS;  i.e.,  F  X  zero  =  P .  AE  —  8s .  JJE;  .-.&  =  =  .  P.] 


(P 

■^^3)/ 

5 

>-...B 

D 

/--'I 

R 
^       

'     -  "(P-S,) 
FiQ.  27. 

D        E 

Fio.  28. 

\ 


Replacing  P'  and  8^  by  {P'  +  /S,),  and  P  and  S,  by 
{P  -\-  S,),  the  latter  resultants  cancel  each  otlier  at  £J,  leaving 
the  couple  («S„  aS,)  with  an  arm  CP,  equivalent  to  the  original 

couple  P,  P'  with  an  ai-m  AB.     But,  since  /S,  =  == .  P  — 

iLij 
2^  

==  .  P,  we  have  8^  X  CD  =  P  X  AB ;  that  is,  their  moments 
C-Z/ 

are  equal. 

32.  Transferral  and  Transformation  of  Couples.  — In  view  of 
the  foregoing,  we  may  state,  in  general,  that  a  couple  acting  on 
a  rigid  body  may  be  transferred  to  any  position  in  any  parallel 
plane,  and  may  have  the  values  of  its  forces  and  arm  changed 
in  any  way  so  long  as  its  moment  is  kept  unchanged,  and  still 
have  the  same  effect  on  the  rigid  body  (as  to  rest  or  motion, 
not  in  distorting  it). 

Corollaries. — A  couple  may  be  replaced  by  another  in  any 
position  so  long  as  their  axes  are  equal  and  parallel  and  simi- 
larly situated  with  respect  to  their  planes. 

A  couple  can  be  balanced  only  by  another  couple  whose  axis 
is  equal  and  parallel  to  that  of  the  first,  and  dissimilarly  situ- 
ated. For  example.  Fig.  29,  Pa  being  =  Qh,  the  rigid  body 
AB  (liere  supposed  without  weight)  is  in  equilibrium  in  each 


30 


MECHANICS   OF   ENGINEERING. 


case  shown.  By  "reduction  of  a  couple  to  a  certain  arm  a" 
is  meant  that  for  the  original  couple  whose  arm  is  a',  with 
forces  each  =  P' ,  a  new  couple  is  substituted  whose  arm  shall 
be  =  a,  and  the  value  of  whose  forces  P  and  P  must  be  com- 
puted from  tlie  condition 

Pa  =  P'a',      i.e.,      P  =  P'a'  -=-  a. 


FlO.  89. 


33.  Composition  of  Couples. — Let  (P,  P')  and  (^,  Q')  be  two 
couples  in  difiEerent  planes  reduced  to  the  same  arm  AB  =  a, 
which  is  a  portion  of  the  line  of  intersection  of  their  planes. 
That  is,  whatever  the  original  values  of  the  individual  forces 
and  arms  of  the  two  couples  were,  they  have  been  transferred 
and  replaced  in  accordance  with  §  32,  so  that  P .  AB,  the 
moment  of  the  first  couple,  and  the  direction  of  its  axis,  ^, 
have  remained  unchanged ;  similarly  for  the  other  couple. 
Combining  P  with  Q  and  P'  with  Q',  we  have  a  i-esultant 
couple  {R,  P')  whose  arm  is  also  AB.  The  axes  p  and  g-  of 
the  component  couples  are  proportional  to  P .  AB  and  Q .  AB, 
i.e.,  to  P  and  Q,  and  contain  the  same  angle  as  P  and  Q. 
Therefore  the  parallelogram  p  . . .  q  is  similar  to  the  parallelo- 
gram P . . .  Q;  whence  p  :  q  :  r::P  :  Q  :  R,  or  p  :  q  :  r :: 
Pa  :  Qa  :  Ra.  Also  r  is  evidently  perpendicular  to  the  plane 
of  the  resultant  couple  {R,R'),  whose  moment  is  Ra.  Hence 
r,  the  diagonal  of  the  parallelogram  on  p  and  q,  is  the  axis  of 
the  resultant  couple.  To  combine  two  couples,  therefore,  we 
have  only  to  combine  their  axes,  as  if  they  were  forces,  by  •<> 
parallelogram,  the  diagonal  being  the  axis  of  the  resuUan\, 
couple;  the  plane  of  this  couple  will  be  perpendicular  to  the 
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axis  just  found,  and  its  moment  bears  the  same  relation  to  the 
moments  of  the  component  couples  as  the  diagonal  axis  to  the 
two  component  axes.  Thus,  if  two  couples,  of  moments  J-'a 
and  Qb,  lie  in  planes  perpendicular  to  each  other,  tlieir  result- 
ant couple  has  a  moment  He  =  \/[Pa)''  -\-  (Qbf- 

li  three  couples  in  different  planes  are  to  be  combined,  the 
axis  of  their  resultant  couple  is  the  diagonal  of  the  parallelo- 
piped  formed  on  the  axes,  laid  off  to  the  same  scale  nud  point- 
ing in  the  proper  directions,  the  proper  direction  of  an  axis 
being  away  from  the  plane  of  its  couple,  on  the  side  from 
which  the  couple  appears  of  positive  rotation. 

34.  If  several  couples  lie  in  the  same  plane  their  axes  are 
parallel  and  the  axis  of  the  resultant  couple  is  their  algebraic 
sum  ;  and  a  similar  relation  holds  for  the  moments :  thus,  in 
Fig.  24,  the  resultant  of  the  two  couples  has  a  moment  =  Qb 
—  Pa,  which  shows  us  that  a  convenient  way  of  combining 
couples,  when  all  in  one  plane,  is  to  call  the  moments  positive 
or  negative,  according  as  the  ideal  rotations  are  against,  or  with, 
the  hands  of  a  watch,  as  seen  from  the  same  side  of  the  plane ; 
the  sign  of  the  algebraic  sum  will  then  show  the  ideal  rotation 
of  the  resultant  couple. 


35.  Composition  of  Non-concurrent  Forces  in  a  Plane. — Let 

Pj,  Pj,  etc.,  be  the  forces  of  the  system ;  a?„  y„  x„  y„  etc.,  the 


---^i- 


Y, 


Xt^ 


v^-yp, 


'a,! 


X, 


Y,' 


co-ordinates  of  their  points  of  application ;  and  a„  «„  .  .  .  etc., 
their  angles  with  the  axis  X.  Eeplace  P,  by  its  components 
X,  and  T',,  parallel  to  the  arbitrary  axes  of  reference.  At  tlie 
origin  put  in  two  forces,  opposite  to  each  other  and  equal  and 
parallel  to  X, ;  si'milarly  forJ",.  (Of  course  X^  =  P,  cos  a  and 
Y^  —  P,  sin  a.)     We  now  have  P,  replaced  by  two  forces  X, 
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and  7,  at  tU  origin,  and  two  couples,  in  the  same  plane,  whose, 
moments  are  respectively  -  X.y.  and  +  T,x„  and  are  there- 
fore (§34)  equivalent  to  a  single  couple,  in  the  same  plane  with 
a  moment  =  {T^x,—X^y.). 

Treating  all  the  remaining  forces  in  the  same  way,  the  whole 
system  of  forces  is  replaced  by 

the  force  :S{X)  =X,  +  X,  +  ...  at  the  origin,  along  the  axis  X; 
the  force  .2(  Y)  =  Y,+  Z,  + . .  •  at  the  origin,  along  the  axis  ¥•- 

and  the  couple  whose  mom.  0=2  {Yx  —  Xy),  which  may  be 
called  the  couple  C  (see  Fig.  32),  and  may  be  placed  anywhere 
in  the  plane.  Now  2{X)  and  2(  Y)  may  be  combined  into  a 
force  H ;  i.e., 

2X 

M  —  V{2Xy  -\-  2  Yy  and  its  direction-cosine  is  cos  a  =  —jj-- 

Since,  then,  the  whole  system  reduces  to  C  and  R,  we  must 

have  for  equilibrium  R  —  0,  and  0  =  0;   i.e.,  for  eqnilibrinm 

2X=  0,2Y=0,  and  2{Yx-Xy)  =  0.    .  eq.  (1) 

If  R  alone  =  0,  the  system  reduces  to  a  couple  whose  mo- 
ment is,  O  =^  2{  Yx—Xy) ;  and  if  0  alone  =  0  the  system  re- 
duces to  a  single  force  R,  applied  at  the  origin.  If,  in  general, 
neither  R  nor  G  =  0,  the  system  is  still  equivalent  to  a  single 
force,  but  not  applied  at  the  origin  (as  could  hardly  be  ex- 
pected, since  the  origin  is  arbitrary) ;  as  follows  (see  Fig.  33) : 

Keplace  the  couple  C  by  one  of  equal  moment,  O,  with  each 

force  =  R.     Its  arm  will  therefore  be  -p.    Move  this  couple 

in  the  plane  so  that  one  of  its  forces  R  may  cancel  the  R  al- 
ready at  the  origin,  thus  leaving  a  single  resultant  R  for  the 
whole  system,  applied  in  a  line  at  a  perpendicular  distance, 

0 
c  =  "5 )  from  the  origin,  and  making  an  angle  oc  whose  cosine  = 

IX 

—p  ,  with  the  axis  X.     It  is  easily  proved  that  the  "  moment," 

Re,  of  the  single  resultant,  about  the  origin  0,  is  equal  to  the 
algebraic  sum  of  those  of  its  "  components  "  (i.e.,  the  forces  of 
the  system. 

36.  More  convenient  form  for  the  equations  of  equilibrium 

of  non-concurrent  forces  in  a  i)l;iuu. — ^lii  CI.).  Fig.  34.  0  being 
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any  point  and  a  its  perpendicular  distance  from  a  force  JP ; 
put  in  at  0  two  equal  and  opposite  forces  P  and  P'  —  and  || 
to  J*,  and  we  have  J*  replaced  by  an  equal  single  force  JP'  at 
O,  and  a  couple  whose  moment  is  -|-  Pa.  (II.)  shows  a  simi- 
lar construction,  dealing  with  the  ^and  3^ components  of  P, 
so  that  in  (II.)  P  is  replaced  by  single  forces  X'  and  Y'  at  0 


(I.)  Y*       (IT.) 

Fia.  34. 

(and  they  are  equivalent  to  a  resultant  P',  at  0,  as  in  (I.),  and 
two  couples  whose  moments  are  +  Yx  and  —  Xy. 

Hence,  0  being  the  same  point  in  both  cases,  the  couple  Pa 
is  equivalent  to  the  two  last  mentioned,  and,  their  axes  being 
parallel,  we  must  have  Pa  =  Yx  —  Xy.  Equations  (1), 
§  35,  for  equilibrium,  may  now  be  written* 

^X  =0,  2Y  =  0,  and  2{Pa)  =  0.     .     .     (2) 

In  problems  involving  the  equilibrium  of  non-concurrent 
forces  in  a  pLine,  we  have  three  independent  conditions,  or 
equations,  and  can  determine  at  most  three  unknown  quantities. 
For  practical  solution,  then,  tlie  rigid  body  having  been  made 
free  (by  conceiving  tlie  actions  of  all  otlier  bodies  as  repre- 
sented by  forces),  and  being  in  equilibrium  (which  it  must  be 
if  at  rest),  we  apply  equations  (2)  literally  ;  i.e.,  assuming  an 
origin  and  two  axes,  equate  the  sum  of  the  X components  of 
all  the  forces  to  zero;  similarly  for  the  3^  components  ;  and 
then  for  the  "  moment-equation."  having  dropped  a  perpen- 
dicular  from  the  origin  upon  each  _force,  write  the  algebraic 
sum  of  the  products  (moments)  obtained  by  multiplying  each 
force  by  its  perpendicular,  or  "  lever-arm.^''  equal  to  zero,  call- 
ing each  product  -j-  or  —  according  as  the  ideal  rotation  ap- 
pears against,  or  with,  the  hands  of  a  watch,  as  seen  from  the 
same  side  of  the  plane.  (The  converse  convention  would  do  as 
well.) 
*  Another  proof  is  given  on  p.  15  of  the  "  Notes  and  Examples  in  Mechanics." 
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Sometimes  it  is  convenient  to  use  three  nioment  equations, 
taking  a  new  origin  each  time,  and  then  the  2X=  0  and  2Y 
=  0  are  superfluous,  as  they  would  not  be  independent  equa- 
tions. 

37.  Problems  involving  Non-concurrent  Forces  in  a  Plane.— 

RemarTcs.     The  weight  of  a  rigid  body  is  a   vertical   force 
through  its  centre  of  gravity,  downwards. 

If  the  surface  of  contact  of  two  bodies  is  smooth  the  action 
(pressure,  or  force)  of  one  on  tlie  other  is  perpendicular  to  the 
surface  at  the  point  of  contact.  If  a  cord  must  be  imagined 
cut,  to  make  a  body  free,  its  tension  must  be  inserted  in  the 
line  of  the  cord,  and  in  such  a  direction  as  to  keep  taut  the 
small  portion  still  fastened  to  the  body.  In  case  the  pin  of 
a  hinge  must  be  removed,  to  make  the  body  free,  its  pressure 
awainst  the  ring  being  unknown  in  direction  and  amount,  it  is 
most  convenient  to  represent  it  by  its  unknown  components  X 
and  Y,  in  hnown  directions.  In  the  following  problems  there 
is  supposed  to  be  no  friction.  If  the  line  of  action  of  an  un- 
known force  is  known,  but  not  its  direction  (forward  or  back 
ward),  assume  a  direction  for  it  and  adhere  to  it  in  all  the  three 
equations,  and  if  the  assumption  is  correct  the  value  of  the 
force,  after  elimination,  will  be  positive ;  if  incorrect,  negative.* 
Problem  1. — Fig.  35.  Given  an  oblique  rigid  rod,  with  two 
loads  G^  (its  own  weight)  and  G^ ;  required  the  reaction  of  the 
smooth  vertical  wall  at  A,  and  the  direction  and  amount  of  the 
X'  rn  Ain^e-pressure  at  0.  The  reaction  at  A 
//—I  must  be  horizontal ;  call  it  X'.  The  pres- 
^n  sure  at  0,  being  unknown  in  direction,  will 
have  both  its  X  and  Y  components  un- 
knowp.  The  three  unknowns,  then,  are 
X„  X',  and  Y„,  while  G^,  G„  a^,  a„  and 
h  are  known.  The  figure  shows  the  rod 
Fi».  85.  gg  ^  jpj^gg  hody,  all  the  forces  acting  on  it 

have  been  put  in,  and,  since  the  rod  is  at  rest,  constitute  a  sys- 
tem of  non-concurrent  forces  in  a  plane,  ready  for  the  condi- 
tions  of  equilibrium.     Taking  origin  and  axes  as  in  the  figure, 

*  That  is,  the  force  must  point  in  a  direction  opposite  to  that  first 
assumed  for  it. 
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2X=  0  gives  +X„-X'  =  0;  2T=0  gives  +  r„  -  {?, 
—  G,  =  0;  while  2{Fa)  —  0,  about  0,  gives  +  X'A  — 
{?,«,  —  (tj^j  =  0.  (The  moments  of  X„  and  Y„  about  0 
ai'e,  eacli,  =  zero.)  By  elimination  we  obtain.  Y,  ^  ^i  ~l~ 
(r, ;  X„  =  X  =  [6r,a,  -j-  G,a,]  -^  A;  while  the  pressure  at 
0  =  I^X/  -|-  1^/,  and  makes  with  the  horizontal  an  angle 
whose  tan  —  Y„  -^  X„. 

[N.B.  A  special  solution  for  this  problem  consists  In  this,  that  the  result- 
aiit  of  the  two  known  forces  (?i  and  O,  iutersects  tlie  line  of  X'  in  a  point 
which  is  easily  found  by  §  21.  The  hiuge-pressure  must  pass  through  this 
point,  since  three  forces  iu  equilibrium  must  be  concurrent.] 

Note  that  the  line  of  action  of  the  pressure  at  0,  i.e.,  of  the 
resultant  of  Xo  and  Yq,  does  not  coincide  with  the  axis  of  the 
rod;  the  rod  being  subjected  to  more  than  the  two  forces  at  ■ 
its  extremities.     The  case  therefore  difEers  from  that  presented 
by  the  boom  in  Ex.  2  of  p.  12. 

Problem  2. — Given  two  rods  with  loads,  three  liinges  (or 
"pin-joints"),  and  all  dimensions:  required  the  three  hinge- 

tY, 


Fio.  36. 


Fig.  S7. 


pressures ;  i.e.,  there  are  six  unlcnowns,  viz.,  three  X  and  three 
Y  components.  We  obtain  three  equations  from  each  of  the 
two  free  bodies  in  Fig.  37.  The  student  may  fill  out  the  de- 
tails. Notice  the  application  of  the  principle  of  action  and 
reaction  at  S  (see  §  3). 

Problem  3. — A  Warren  bridge-truss  rests  on  the  horizontal 
smooth  abutment-surfaces  in  Fig.  38.  It  is  composed  of  equal 
isosceles  triangles  ;  no  piece  is 
continuous  beyond  a  joint,  each 
of  which  is  ^^pin  connection.  All 
loads  are  considered  as  acting  at 
the  joints,  so  that  each  piece  will 
be  subjected  to  a  simple  tension  fjo.  w. 

or  compression.    "  Two-force  pieces;  see  p.  18,  Notes.) 
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First,  required  the  reactions  of  the  supports  F",  and  V,; 
these  and  the  loads  are  called  the  external  forces.  2{Pa) 
about  0  =  0  gives  (the  whole  truss  is  the  free  body) 


F,3a  -  P.  .  ia  -  P, . 
-while  2{Pa)  about  .Z"  =  0  gives 


P,.|*  =  0; 


and 


-  F. .  3a  +  P, .  ia  +  P,^a  +  P,|a  =  0; 
.••  y.  =  K5-P.  +  3P,  +  P,] ; 

^.  =  i[^.  +  3P,  +  5P.]. 


Secondly,  required  the  stress  (thrust  or  pull,  compression  or 
tension)  in  each  of  the  pieces  A,  S,  and  Cent  by  the  imaginary 
line  DE.  The  stresses  in  the  pieces  are  called  vnternal  forces. 
These  appear  in  a  system  of  forces  acting  on  a  free  body  only 
when  a  portion  of  the  truss  or  frame  is  conceived  separated 
from  the  remainder  in  such  a  way  as  to  expose  an  internal 
plane  of  one  or  more  pieces.  Consider  as  a  free  body  the  por- 
tion on  the  left  of  DE  (that  on  the  right  would  serve  as  well, 

but  the  pulls  or  thrusts  in  ^,  ^,  and 
C  would  be  found  to  act  in  directions 
opposite  to  those  they  have  on  the 
other  portion  ;  see  §  3).  Fig.  39.  The 
;io  arrows  (forces)  A,  B,  and  C,  are  as- 
sumed to  point,  respectively,  in  the 
directions  shown  in  the  figure. 
They,  with  Y\,  Pi,  and  P2,  form  a  system  holding  the  body 
in  equUibrira. 

For  this  system,  I  (Pa)  about  0=0  gives 

0+Ah-Vi2a+Pi  ■  fa+Pa-  io=0; 
and  hence  A  =  ( Ja  -r  h)[iVi -  3Pi- Pg], 

which  is  positive;  since,  (see  above),  iVi  is  >3Pi+P2. 

Therefore  the  assumption  that  A  points  to  the  left  is  con- 
firmed and  A  is  a  thrust,  or  compression ;  (its  value  as  above.) 
Again,  taMng  moments  about  Oi  (intersection  of  A  and  B), 
we  have  an  equation  in  which  the  only  unknown  is  O.  viz. 
Ch-Vi.^a+Pia=0;     .'.  C=(io-i-A)[37i-2PJ, 
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a  positive  value  since  37i  is  >2Pi;    :.C  must  point  to  the 
right  as  assumed;  i.e.,  is  a  tension,  aiid=-^[3Fi— 2Pi], 
Finally,  to  obtain  B,  put  i'(vert.  comps.)=0;  i.e. 

5cO8^  +  7i-Pi-P2=0. 

.•.  B  cos  0 =Pi +P2—  Vi ;    but,  (see  foregoing 
value  of  Vi)  we  may  write 

F.  =  (P.  +  A)  -  {^P.  +  iP,)  +  \P^. 
.'.  B  cos  cp  will  be  +  (upward)  or  —  (downward),  and  ^will 
be  compression  or  tension,  as  ^P,  is  <  or  >  [-J-P,  -j-  ^P,]. 

^  =  [P,+  P,-F,]-cos<p  =  ^^^^±^[P.+P,  _  rj. 

Problem  4. — Given  the  weight  O^  of  rod,  the  weight  G„ 
and  all  the  geometrical  elements  (the  student  will  assume  a 

w\[p,  m 


FiQ.  40, 


convenient  notation);  required  the  tension  in  the  cord,  and  the 
amount  and  direction  of  pressure  on  hinge-pin.   Fig.  41. 

Problem  5. — Roof -truss ;  pin-connection  ;  all  loads  at  joints ; 
wind-pressures  W  and  TF,  normal  to  OA ;  required  the  three 
reactions  or  supporting  forces  (of  the  two  horizontal  surfaces 
and  one  vertical  surface),  and  the 
stress  in  each  piece.  All  geomet- 
rical elements  are  given ;  also  P, 
P.,P„Tr(Fig.  40). 


38.  Composition  of  Non-concur- 
rent Forces  in  Space. — Let  P„  P„ 
etc.,  be  the  given  forces,  and  x^,  y„ 
s„  x„  y,,  z„  etc.,  their  points  of  ap- 
plication referred  to  an  arbitrary 
origin  and   axes;  a„  >S„    y^,  etc.. 


Fia.  ist. 


the  angles  made  by  their  lines  of  application  with  X^  Y^  and  Z, 
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Considering  the  first  force*  P„  replace  it  by  its  three  com- 
poneiits  parallel  to  the  axes,  X^  =  P,  cos  a^^  Y^  =  P^  cos  /<,; 
and  Z,  —  P,  cos  y^  {Pi  itself  is  not  shown  in  the  figure).  At 
O,  and  also  at  A,  put  a  pair  of  equal  and  opposite  forces, 
each  equal  and  parallel  to  Z, ;  Z,  is  now  replaced  by  a  single 
force  Z,  acting  upward  at  the  origin,  and  two  couples,  one 
in  a  plane  parallel  to  YZ  and  having  a  moment  =  —  Z,y,  (as 
we  see  it  looking  toward  0  from  a  remote  point  on  the  axis 
-f-  X),  the  other  in  a  plane  parallel  to  XZ  and  having  a  mo- 
ment =  -|-  Z^x^  (seen  from  a  remote  point  on  the  axis  -{-  Y). 
Similarly  at  0  and  C  put  in  pairs  of  foi'ces  equal  and  parallel 
to  X^,  and  we  have  X^,  at  £,  replaced  by  the  single  force  X^ 
at  the  origin,  and  the  couples,  one  in  a  plane  parallel  to  XY^ 
and  having  a  moment  -j-  X^y^,  seen  from  a  remote  point  on 
the  axis  -\-  Z,  the  other  in  a  plane  parallel  to  XZ,  and  of  a 
moment  := — X^e^,  seen  from  a  remote  point  on  the  axis  -\-Y', 
and  finally,  by  a  similar  device,  Y^  at  £  is  replaced  by  a  force 
Y^  at  the  origin  and  two  couples,  parallel  to  the  planes  XY 
and  YZ,  and  having  moments  —  Y^x^  and  -|-  I^a,,  respective. 
ly.  (In  Fig.  42  the  single  forces  at  the  origiti  are  broken 
lines,  while  the   two  forces  constituting  any  one  of  the  six 

conplesraay  be  recognized  as  being 
equal  and  parallel,  of  opposite  di- 
rections, and  both  continuous,  or 
both  dotted.)  We  have,  therefore, 
replaced  the  force  P^  by  three 
forces  X^,  Y^,  Z„  at  0,  and  six 
couples  (shown  more  clearlj'  in 
Fig.  43;  the  couples  have  been 
transferred  to  symmetrical  posi- 
tions). Combining  each  two  couples 
whose  axes  are  parallel  to  X,  Y, 


Fio.  43. 


or  Z,  they  can  be  reduced  to  three,  viz.. 


one  with  an  JTaxis  and  a  moment  ==   1^,3,  —  Z^y^\ 
one  with  a  iFaxis  and  a  moment     =  Z,a;,   —  X^s^•, 
one  with  a  Z  axis  and  a  moment     =  X^y^  —  ^i^'i- 
*  This  "first  force,"  Pj,  is  applied  at  the  point  B,  whose  co-ordinates 
are  ij,  j/i,  and  zi,  and  is  typical  of  all  the  other  forces  of  the  system. 
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Dealing  witli  each  of  the  other  forces  P„  P„  etc.,  in  the  same 
manner,  the  whole  system  may  finally  be  replaced  by  three 
forces  2^,  2Y,  and  2Z,  at  the  origin  and  three  couples 
whose  moments  are,  respectively,  (ft-lbs.,  for  example) 

X  =  ^(  Ys  —  Zy)  with  its  axis  parallel  to  X ; 
M  =  2[Zx  —  Xz)  with  its  axis  parallel  to  JT; 
JV  =  -^(-3^  —  y^)  with  its  axis  parallel  to  Z. 

Tlie  "  axes"  of  these  couples,  being  parallel  to  the  respective 
co-ordinate  axes  JT,  Y,  and  Z,  and  proportional  to  the  mo- 
ments Z,  M,  and  JV,  respectively,  the  axis  of  their  resultant 
C,  whose  moment  is  G,  must  be  the  diagonal  of  a  parallelo- 
pipedon  constructed  on  the  three  component  axes  (propor- 
tional to)  Z,  M,  and  iV.  Therefore,  G  =  VIJ' -{-M' -\- JV', 
while  the  resultant  of  2X,  2  Y,  and  2Z  is 


acting  at  the  origin.     If  a,  p,  and  y  are  the  direction-angles 

2X  ^      2Y  2Z 

of  H,  we  have  cos  a  =  — tt")  cos  p  =  ~p~j  ^^^  cos  y  =  — =  j 

while  if  ^,  M,  and  v  are  those  of  the  axis  of  the  couple  O,  w& 

Z  ^       ,  ^ 

have  cos  \  —  -p,  cos  j^  —  -p,  and  cos  r  =  -^. 

For  equilibrium  we  have   both   G  =  0  and  ^  =  0 ;   i.e., 

separately,  six  conditions,  viz., 

2X=  0,2Y=0,  2Z=0 ;     and    Z=0,  M=0,  iT^O   .   (1) 

Now,  noting  that  2X  ^  0,2Y=  0,  and  2{Xy  —Yx)=0 
are  the  conditions  for  equilibrium  of  the  system  of  non-concur- 
rent forces  which  would  be  formed  by  projecting  each  force  of 
our  actual  system  upon  the  plane  XY,  and  similar  relations 
for  the  planes  YZ  and  XZ,  we  may  restate  equations  (1)  in 
another  form,  more  serviceable  in  practical  problems,  viz. : 
Note. — ^  a  system  of  non-concurrent  forces  in  space  is  in. 
equilibrium,  the  plane  systems  formed  lyy  pryectimg  the  given 
system  upon  each  of  three  arbitrary  coordinate  planes  will  each 
06  in  equilibrium.     But  we  can  obtain  only  six  independent 
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equabuyM  in  any  case,  available  for  six  unknowns.  If  It  alone 
=  0,  we  have  the  system  equivalent  to  a  couple  C,  whose 
moment  ^  O  \  '\i  Q  alone  =  0,  the  system  has  a  single  re- 
sultant It  applied  at  the  origin.  In  general,  neither  It  nor  G 
being  =  0,  we  cannot  further  combine  R  and  G  (as  was  done 
with  non-concurrent  forces  in  a  plane)  to  produce  a  single  re- 
sultant unless  B,  and  O  happen  to  be  in  parallel  planes ;  in  which 
case  the  system  may  be  reduced  to  a  single  resultant  by  use 
of  the  device  explained  near  foot  of  p.  32.  , 

Kemark. — In  general,  R  and  C  not  being  in  parallel  planes,  the  system 
•may  be  reduced  to  two  single  forces  not  in  the  same  plane,  b„  assigning 
any  value  we  please  to  P,  one  of  the  forces  of  the  couple  C,  computing 
i,he  corresponding  arm  a=G-^P,  transferring  C  until  one  of  the  P'a  has 
the  same  point  of  application  as  R,  and  then  combining  these  two  forces 
into  a  single  resultant.  This  last  force  and  the  second  P  are,  then,  the 
equivalent  of  the  original  system,  but  are  not  in  the  same  plane.  (See 
§§15  and  15a.) 

Again,  if  a  reference  plane  be  chosen  at  right  angles  to  R,  and  the 
couple  C  be  decomposed  into  two  couples,  one  in  the  reference  plane  and 
the  other  in  a  plane  at  right  angles  to  it,  this  second  couple  and  R  may 
be  replaced  by  a  single  force  (as  on  p.  32)  and  we  then  have  the  whole 
system  replaced  by  a  single  force  and  u,  couple  situated  in  a  plane  perpen- 
dicular to  that  force;  (and  this  may  be  called  a  "screwdriver  action.") 

Example. — A  shaft,  with  crank  and  drum  attached  and  supported 
horizontally  on  two  smooth  cylindrical  bearings,  constitutes  a  hoisting 
device.  See  Fig.  43a. 
A  force  P  is  to  be 
applied  to  the  crank 
handle  at  30°  with  the 
horizontal  (and  T  to 
the  crank),  and  acting 
in  a  plane  at  right 
angles  to  the  shaft; 
and  is  to  be  of  such 
value  as  to  preserve 
equilibrium  when  the 
weight  of  800  lbs.  is 
sustained,  as  shown. 
The  weight  of  the 
shaft,  etc.,  is  200  lbs., 
and  its  center  of  grav- 
ity is  at  C  in  the  axis  of  the  shaft.  (Counterpoise  for  crank  not  shown.) 
The  reactions  at  the  two  bearings  will  lie  in  planes  1  to  the  axis  of 
the  shaft  {smooth  cylindrical  surfaces),  making  unknown  angles  with 
the  vertical;    and  will  be  represented  by  their  .Y  and  Z  components, 


Fig.  43a. 
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as  shown.     It  is  required  to  find  the  proper  value  for  P  and  the  amount 
and  position  of  the  two  reactions. 

Solution. — ^The  seven  forces  shown  in  the  figure  (of  which  five  are  un- 
known) constitute  a  non-concurrent  system  of  forces  in  space;  in  equi- 
librium. Since  there  are  no  F-components  the  condition  IY  =  OiB  already 
satisfied.  Let  us  now  apply  the  statement  of  the  "note"  on  p.  39, 
first  projecting  the  forces  on  the  plane  ZX  (vertical  plane  1  to  the  shaft). 
(That  is,  we  take  an  "end^ew"  of  the  system.)  Each  of  the  seven  forces 
projects  in  full  length,  or  value,  since  they  are  all  parallel  to  that  plane. 
Treating  the  plane  system  so  formed  as  in  equilibrium  and  taking  mo- 
ments about  the  point  0,  we  find  (feet  and  lbs.) 

'  +Pxl.5-800Xi+0=0;    .-.  P=  177.77  lbs.    .    .    .    (1) 

Next  projecting  on  the  vertical  plane  ZY,  containing  axis  of  shaft 
(i.e.,  taking  a  "side-view"  of  the  system)  we  note  that  the  projection 
of  P  is  P  sin  30°  and  those  of  X„  and  X^  each  zero,  while  Zj,  Z^,  and 
the  200  and  800  lbs.,  project  in  full  length;  hence  taking  moments  about 
O  we  have 

+  200Xl|+800X2-ZiX3-PX0.50X4  +  0=0   ...     (2) 
whilemoms.aboutO,gives+Z„X3-PX0.5Xl-200Xli-800Xl  =  0   (3) 

Finally,  projecting  on  the  horizontal  plane  XY  ("top-view"),  the 
forces  in  this  projection  are  P  cos  30°,  X^,  and  X,;  so  taking  moms, 
about  point  Oj, 

+X„X3-PX0.8660X1  =  0;    .-.  X„= -1-51.34  lbs.;  .     (4) 


while  from    SX=0,Xi-X„-PX0.866=0;  i.e.,  X,  =  205.3  lbs. 


(5) 


From  (2)  and  (3)  we  have  Z,= +525.93  lbs.,  and  7,,= +385.18  lbs. 
All  these  +  signs  show  that  the  arrows  for  X^,  X„  Z^,  and  Zj  have  been 
correctly  assumed  (Fig.  43a)  as  to  direction.  Combining  results,  we 
find  that  the  pressure  or  reaction  at  0  is  Bo,  =V'Xo'  +  2'o^,  =  388.6  lbs. 
and  makes  an  angle  whose  tang,  is  X„-^Zo,  (i.e.,  0.1333),  viz.,  7°  36', 
on  the  left  of  the  vertical;  also  that  the  pressure  or  reaction  at  0,  is 
iJi,  =v'A'i*  +  Zi^  =  564.6  lbs.,  at  an  angle  on  the  right  of  the  vertical 
whose  tang.,  ^X,^Z„  (  =  0.3905);  ie.,  21°  20'. 

39.  Problem   (Somewhat   similar   to 
metrical  elements  (including  a. 


P,  Y,  angles  of  P) ,  also  the  weight 
of  Q,  and  weight  of  apparatus 
G ;  A  being  a  hinge  whose  pin 
is  in  the  axis  Y,  O  a,  ball-and- 
socket  j  oint :  required  the  amount 
of  P  (lbs.)  to  preserve  equi- 
librium, also  the  pressures 
(amount  and  direction)  at  A 
and  0;  no  friction.  Replace 
P  by  its  X,  Y,  and  Z  com- 
ponents. The  pressure  at  A 
will  have  Z  and  X  components; 
that  at  0,  X,  Y,  and  Z  com- 


the  foregoing.) — Given  all  geo- 


Fig.  44. 


ponents.     [Evidently  there  are  six  unknowns;  Y^  will  come  out  negative. 
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CHAPTER  IV.    ' 


STATICS  OF  FLEXIBLE  CORDS. 


40.  Postulate  and  Principles. — Tlie  cords  are  perfectly  flexi- 
ble and  inexteiisible.  All  problems  will  be  restricted  to  one 
plane.  Solutions  of  problems  are  based  on  two  principles, 
viz.: 

Pein.  I. — The  strain  or  tension,  in  a  cord  at  any  point  can 
act  only  along  the  cord,  or  along  the  tangent  if  it  be  curved. 

Peik.  II.— "We  may  apply  to  flexible  cords  in  equilibrium 
all  the  conditions  for  the  equilibrium  of  rigid  bodies ;  since, 
if  the  system  of  cords  became  rigid,  it  would  stiU,  vrith 
greater  reason,  be  in  equilibrium. 

41.  The  Simple  Pulley. — A  "simple  pulley"  is  one  that  is 
acted  on  by  only  one  cord  (or  belt)  and  the  reaction  of  the 
bearing  supporting  its  axle  (or  "journal"). 

A  cord  in  equilibrium  over  a  simple  pulley  whose  axle  is 
smooth  is  under  equal  tensions  on  both  sides;  for,  Fig   46, 

&    '  '' 


Fio.  46. 


Fio.  47. 


considering  the  pulley  and  its  portion  of  cord  free  2{Pa)  —  0 
about  the  centre  of  axle  gives  P'r  =  Pr,  i.e.,  P'  =z  P  ^  ten- 
sion in  the  cord.  Hence  the  pressure  P  at  the  axle  bisects 
the  angle  a,  and  therefore  if  a  weighted  pulley  rides  upon  a 
cord  APG,  Fig.  47,  its  position  of  equilibrium,  B,  may  be 
found  by  cutting  the  vertical  through  A  by  an  arc  of  radius 
CP  =  length  of  cord,  and  centre  at  C,  and  drawing  a  horizon- 
tal through  the  middle  of  AP  to  cut  CP  in  P.  A  smooth 
ring  would  serve  as  well  as  the  pulley  ;  this  would  be  a  slijp- 
knot.    From  Fig.  46,  R  =  2P  cos  §a. 
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42.  If  three  cords  meet  at  2t.  fixed  hnot,  and  are  in  equilib- 
rium, the  tension  in  any  one  is  the  equal  and  ^^m,^,,,,^ 
opposite  of  the  resultant  of  those  in  the  other 
two. 

43.  Tackle. — If  a  cord  is  continuous  over  a 
number  of  sheaves  in  blocks  forming  a  tackle, 
neglecting  the  weight  of  the  cord  and  blocks  and 
friction  of  any  sort,  we  may  easily  find  the  ratio 
between  the  cord-tension  P  and  the  weight  to  be 
sustained.  E.g.,  Fig.  48,  regarding  all  the  straight 
cords  as  vertical  and  considering  the  block  B 
free,  we  have,  Fig.  49  (from  2T^0),^P—  G 

=  0,  .•.  P  =  -J-.     The  stress  on  the  support  C  will 


5P. 


Fig.  49a.  Fig.  i^h.  Fig.  49c.  Fig.  md. 

Other  designs  of  tackle  are  presented  in  Figs.  49a,  496,  49c,  and  A9d, 
and  should  be  worked  out  as  exercises  by  the  student.  In  each  case 
the  weight  G  is  supposed  to  be  given  and  [a  value  of  the  smaller 
weight  (or  pull)  P  must  be  determined  for  the  equilibrium  of  the  tackle. 
Friction,  apd  the  weights  of  the  pulleys  and  cords,  are  neglected  and 
all  straight  parts  of  cords  (or  chains)  are  considered  vertical. 

All  of  the  pulleys  shown  are  "simple  pulleys,"  except  the  one  at  A  va. 
Fig.  49d,  which  represents  a  "differential  pulley"  tackle.  Pulley  A 
consists  of  two  ordinary  pulleys  fastened  together,  the  groove  in  each 
be.ing  so  rough,  or  furnished  with  "sprocket-teeth"  in  case  a  chain  is 
used,  that  slipping  of  the  cord  or  chain  is  prevented.  The  chain  or  cord 
is  endless,  the  loop  C  being  slack.  B  is  a  simple  pulley.  In  this  case, 
for  equilibrium  the  pull  P  must  =  J(5(ri  — r-)-^r,.  The  other  results 
are  P=iG  for  Fig.  49a;   JG  for  496;   and  iG  for  49c. 
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4^.  Weights  Suspended  at  Fixed  Knots. — Given  all  the  geo. 

metricul  elements  in  Fig.  50,  and 
one  weight,  G^\  required  tlie  re- 
maining weights  and  the  forces 
Hfi,  Vo,  Hn  ^I'tl  Vn,  at  the  points 
of  support,  that  equilibrium  ujay 
obtain.  Hg  and  Vg  are  the  lioi'i- 
zontal  and  vertical  components  of 
the  tension  in  the  cord  at  0; 
similarly  7Z„  and  F„  those  at  n.     There  are  w -|- 2  unknowns. 

(The  solution  of  this  problem  is  deferred.     See  p.  420.) 


Fig.  50a. 


Fig.  50b. 


4S.  Example. — The  boom  OD,  tie-rod  RD,  with  four  simple  pulleys 
and  a  cable,  form  a  crane  as  shown  in  Fig.  50o.  Find  the  necessary 
vertical  force  P  to  be  exerted  on  the  piston  at  H,  that  the  load  of 
800  lbs.  may  be  sustained.  Also  find  the  pressure  of  pulley  B  on  its 
bearing,  the  pull  T  in  the  tie-rod  and  the  pressure  P„  (amwuitt  and 
position)  at  pin  0;  neglecting  all  friction  and  rigidity  (p.  192)  and  the 
weights  of  the  members.  Dimensions  as  in  figure.  Since  all  pulleys 
are  "simple"  the  tension  in  cable  is  the  same  at  all  points;  and  is 
=  400  lbs.  since  the  straight  parts  of  cable  adjoining  pulley  A  are  parallel. 
For  a  similar  reason  P  =  800  lbs. 

Pressure  at  B  bisects  the  angle  (50°)  between  adjoining  straight  parts 
of  cable;  i.e.,  is  25°  with  vertical,  and  =2x400Xcos  25°  =  725  lbs.,  (§  41). 

Next  take  the  free  body  in  Fig.  50b  (boom  and  pulley  B  together 
with  a  part  of  cable.)  Three  unknowns  and  three  equations. 
i'(moms.)„=0;  .-.  +rx9Xtan  40° -1-400X1-400X9-400x7  =  0  (1) 
i.e.,  rx 9 X 0.8391  =  6000  ft.-lbs.;  .-.  7  =  794.3  lbs.,  (tension  in  tie-rod.) 
i'X=0,  .•.X(,-400cos40°-r  =  0;  .•.Z„  =  794.3-h400X  .766=  1100.7  lbs. 
J'y-=0,     .-.  y„- 400  sin  40°- 400- 400=0; 

.-.   y„=400X  .6428-1-800=  1057.12  lbs. 

Hence  P„,   =VX/+Y,\  =15261bB.  at  tan-'r„/Xo,  or43°  50',  withhoriz. 
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Note. — If  the  weight  800  lbs.  were  attached  directly  to  cable  on  right 
of  pulley  B,  the  value  of  P  would  need  to  be  1600  lbs. 

46.  Loaded  Cord  as  Parabola. — If  the  weights  are  equal  and 
infinitely  small,  and  are  iurended  to  be  unifornnly  spaced 
along  the  horizontal,  when  equilib- 
rium obtains,  the  cord  having  no 
weight,  it  will  form  a  parabola.-  Let 
q  =::  weight  of  loads  per  horizontal 
linear  unit,  0  be  the  vertex  of  the 
curve  in  which  the  cord  hangs,  and 
m  any  point.  We  may  consider 
the  portion  Om  as  a  free  body,  if 
the  reactions  of  the  contiguous  portions  of  the  cord  are  put  in, 
H^  and  T,  and  these  (from  Prin.  I.)  must  act  along  the  tangents 
to  the  curve  at  0  and  m,  respectively ;  i.e.,  ZTq  is  horizontal, 

and  T  makes  some  angle  q)  (whose  tangent  =  -j-,  etc.)  with 
the  axis  X.     Applying  Prin.  II., 

JS'X  =0  gives  rcos9>-J?o=0;  i.e.,  r^  =  ^o;     •     •     (1) 
.2  Y=  0  gives  T sin  cp  —  qK=^^-,  i.e.,  1—  =  qx. 


(2) 
qx 

dy  =  -^xdx,    the     differential     equation      of   the    curve ; 


dy 
Dividing  (2)  by  (1),  member  by  member,  we  have   3-  = 


H, 


or  x 


y,    the   equation    01   a 


parabola  whosfe  vertex  is  at  0  and  axis  vertical. 

■'^  *"  '  dv      ox 

NoTB. — The  same  result,  -^  =  4-- ,  mav  be  obtained  by  considering  tliat 
dx      //o        • 

we  have  here  (Prin.  II.)  a.  free  rigid  body  acted  on 

by  three  forces,  2',  i/o,  and  R=  qx.  acting  verti- 

-  cally  through  the  middle  of  the  abscissa  x\  the 

resultant  of  Ho  and  R  must  be  equal  and  oppo- 


H„ 


site  to  T,  Fig.  52, 


R         dy      qx 
tan  q>  =  -yf.  or   —  =  -- -. 
i/o         dx      JJo 


Evidently  also  the  tangent-line  bisects  the  ab- 
srison  X.     (Try  moments  about  m.) 
Example. — Let  5  =  800  lbs.  "per  foot  run"  and x  =  100  ft.,  with  i/  =  20  ft. 
Then  we  have,  for  the  value  of  the  tension  at  the  vertex  0  of  the  parabola, 
H  =(;x'-^  2.v  =  800X(100)*-5-40  =  200,000  lbs. 
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47.  Problem  under  §  46.  [Case  of  a  suspension-bridge  in 
which  the  suspension-rods  are  vertical,  the  weiglit  of  roadway 
is  uniform  per  horizontal  foot,  and  large  compared  witli  that 
of  the  cable  and  rods.  Here  the  roadway  is  the  only  load  :  it 
is  generally  furnished  with  a  stiffening  truss  to  avoid  deforma- 
tion under  passing  loads.] — Given   the  span   =  2h,  Fig.  53, 

the  deflection  =  a,  and  the  rate  of  loading 
=  q  lbs.  per  horizontal  foot ;  required  the 
tension  in  the  cable  at  0,  also  at  m  ;  and 
^  the  length  of  cable  needed.  From  the 
equation  of  the  parabola  qx^  =  2Z?o2/,  put- 
ting a;  =  5  and  y  =  a,  yve  have  Ho  =  qb"  h-  2«  =  the  tension 
at  0.     From  .2^=  0  we  have  F,  =  qb,  while  ^X=  0  gives 

H,  =  ^„;  .-.  the  tension  at  to  =  4//i,'+F,'=  ^^qb  Via'+J"]. 

The  semi-length,  Om ,  of  cable  (from  p.  88,  Todhunter's  In- 
tegral Calcnlus)  is  (letting  n  denote  li,^  ~  2q,  =^i'  ~  4a) 

Om  =   Vna  -\- a'  -\- n  .  log,  [(  Va-\-  Vn -\- a)  -i-  Vn]. 

48.  The  Catenary.* — Aflexible,  inextensible  cord  or  chain,  of 
uniform  weight  per  unit  of  length,  hung  at  two  points,  and 
supporting  its  own  weight  alone,  forms  a  curve  called  the 
catenary.  Let  the  tension  Hq  at  the  lowest  point  or  vertex  be 
represented  (for  algebraic  convenience)  by  the  weight  of  an 
imaginary  length,  c,  of  similar  cord  weighing  q  lbs.  per  unit 
of  length,  i.e.,  Ho^gc;  an  actual  portion  of  the  cord,  of 
length  s,  weighs  gs  lbs.  Fig.  54  shows  as  free  and  in  equilib- 
rium a  portion  of  the  curve  of  any 

^■•f  length  s,   reckoning  from    0   the 

"""  vertex.     Required  the  equation  of 

the  curve.     The  load  is  uniformly 

spaced   along   the   cur^e,   and   not 

horizontally,  as  in  §§  46  and  47. 

2  Y  =Ogivea  2^  =  qs;    while 
Hence,  by  division,  cdy  =  adx,  and 

0) 


Fia.  54. 


7^-  = 

ds 

squaring,  o'rfy'  =  s^dx*. 


SX  =  0  gives  '^'-f-  =  go. 


*  For  the  "  trausfonned  catenary,"  see  ii.  395. 
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Put   dy'  =  ds^  —  di^,  and  we  have,  after   solving  for   dx 

cds  />»      ds  r»  

dx  =    ,  ,.   :.x  =  c      -Tr^^r^  -  '''     '"§«'(*  +  ^s2+c2) 

Vs  -j-  0  t/u   r  s  +  c         Lo 

and  X  =c  .  log,  [(s  +  V?~+?)  -^  e],   .     .     .     (2) 

a  relation  between  the  horizontal  abscissa  and  length  of   curve 
Again,  in  eq.  (1)  put  dod'  =  ds'  —  dy'',  iind  solve  for   Ay. 

This  gives  dy  =  -^^^  =  \-.  ^-^)|     Therefore 

y  =  ifj{<f  +  sY^d{(f  +  8')  =  iljio'  +  sj,  and  finally 

y  =  -/T+T'  -c (3) 

Clearing  of  radicals  and  solving  for  c,  we  have 

c  =  {s'-y')^2y (4) 


]^ow  T,  the  tension  at  any  point,  =  V{qs)-  +  {qc)^,  and 
from  (3)  we  obtain  fhv^i/ir-  i^.^  ^  Maaa^-i^  • 

T=q(y  +  c) (4a) 

Example. — A  40-foot  chain  weighs  240  lbs.,'  and  is  so  hung  from 
two  points  at  the  same  level  that  the  deflection  is  10  feet.  Here,  for 
s=20it.,y=10;  hence  eq.  (4)  gives  the  parameter,  c  =  (400  — 100)-^20  =  15 
feet.  3  =  240-^40  =  6  lbs.  per  foot.  .-.  the  tension  at  the  middle  is  If  o=?c 
=  6X15=90  lbs.;  while  the  greatest  tension  is  at  either  support  and 
=  \/90^  +  i20'=150  lbs. 

Knowing  c=15  feet,  and  putting  s  =  20  feet  =  half  length  of  chain, 
we  may  compute  the  corresponding  value  of  x  from  eq.  (2);  this  will 
be  the  half-span.     That  is, 

x  =  15.1oge  3  =  15X2.303X0.4771  =  16.48  ft. 

To  derive  s  in  terms  of  x,  transform  eq.  (2)  in  the  way  that 

n  =  \oge  m  may  be  transformed  into  e"=m,  clear  of  radicals 

and  solve  for  s,  obtaining 


or,     s  =  c.  sinh(—j.  ,     .     (5) 


Again,  eliminate  sfrom  (2)  by  substitution  from  (3),  trans- 
form as  above,  clear  of  radials,  and  solve  for  y+c,  whence 

y+c=lc\e'+e    "J;     or,     i/-|-c  =  c.  cosh^— 1.      (6) 

which  is  the  equation  of  a  catenary  with  axes  as  in  Fig.  54. 
If  the  horizontal  axis  be  taken  a  distance  =  c  below  the  vertex, 
*  sinh  and  cosh  denote  "hyperbolic"  sine  and  cosine;  see  table,  appendix. 
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the  new  ordinate  z=y  +  c,  while  x  remains  the  same;  tne  lasV 
equation  is  simplified.  _  See  figiire  below.  \ 

If  the  span  and  length  of  chain  are  given,  or  if  the  span 
and  deflection  are  given,  c  can  be  determined  from  (5)  or  (6) 
only  by  successive  assumptions  and  approximations. 
48a.  Catenary  (Chain  or  Cable)  with  Supports  at  Different  Levels. — Given 

the  span  k,  the  difference  of 
elevation  d  of  the  two  supports, 
and  the  whole  length  of  chain,  i; 
it  is  required  to  find  x'  and  y' 
(see  Fig.  54a)  and  thus  deter- 
mine the  position  of  the  vertex, 
or  lowest  point,  0,  of  the  cate- 
nary. By  applying  the  equa- 
tions of  p.  47  to  parts  A'O  and 
B'O,  in  turn,  and  combining, 
we  may  finally  deduce  (see 
p.  179  of  Rankine's  Applied 
Mechanics) 


-  d'  =  2c .  sinhl 


(A)- 


and  also  the  relation 


(7) 

(8) 


y-y'  =  c-log.[^] 

From  (7)  we  find  the  "parameter,"  c,  by  trial;  then  the  value  of  x'  —  x" 
from  (8) ;  whence,  finally,  we  obtain  x'  and  x"  separately  (since  x'  +  x"  =  k) 
With,  a;'  known  y'  is  found  from  (6);   i.e., 

r- 

y  +c  =  icle  c  +e 


-1 


or,     j/'  +  c  =  c-coshl 


©■  ■  - 


(9) 


Thus  the  position  of  the  vertex  is  located.  The  greatest  tension 
will  be  at  the  highest  point  A',  viz.,     T'A'  =  g(j/'  +  c) (10) 

[The  expression  i[e«— e-"]  is  called  the  " hyperbolic  sine" oi  the  number 
J.,  or  sinh  (u);  and  i[e"+e-«]  the  "hyperbolic  cosine"  of  u,  or  cosh  (u): 
e  being  the  Naperian  base  2.71828  .  .  .  Tables  of  sinh  u  and  cosh  u 
will  be  found  in  the  appendix.] 

Example. — A  chain  100  ft.  long  is  supported  at  two  points  80  ft.  apart 
horizontally  and  30  ft.  vertically;   find  the  position  of  its  lowest  point. 
That  is,  (Fig.  54a)  given  ;=100  ft.,  fc  =  80  ft.,  d=30  ft. 

Solution,  y'l'-d' =i/9100=Q5.4  ft.,  the  left-hand  member  of  (7). 
Assuming  c  =  20  ft.  as  a  first  trial,  we  find  fc-H2c  =  2.00  and  sinh  (2.00) 
=  3.6269,  so  that  2c  sinh  (2.00)  is  145.176,  which  is  much  larger  than 
95.4.  Next,  with  c  assumed  as  40,  39,  and  38.3  ft.,  we  find  2c  sinh  (fe-r-2c) 
to  be  2X40X1.1745  =  93.96;  2X39X1.2153  =  94.8;  and  2X38.3X1.2444 
=  95.3,  respectively;  and  hence  conclude  that  c  =  38.2  ft.  will  satisfy 
eq.  (7)  with  sufficient  accuracy.  Eq.  (8)  now  becomes 
x'- a:"  =  38.2X2.303X0.2689  =  23.66  ft.; 
and  finally  we  obtain  x'  =  51.S3  and  x"  =  2S.17  ft.  From  eq.  (9)  we  now 
have  )/'  + 38.2  =  38.2X2.07 13  =  79. 10  ft.  and  .-.  j/'  =  40.9  ft.  With 
g=1.5  lbs.  per  foot,  the  tension  at  A'=  1.5x79.1=  118.6  lbs. 
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CHAPTEE  I. 

RECTILINEAR  MOTION  OF  A  MATERIAL  POINT. 

49.  Uniform  Motion  implies  that  the  moving  point  passes 
over  equal  distances  in  equal  times ;  variable  motion,  that  un- 
equal distances  are  passed  over  in  equal  times.  In  uniform 
motion  the  distance  passed  over  in  a  unit  of  time,  as  one  sec- 
ond, is  called  the  velocity  (=  v),  which  may  also  be  obtained 
by  dividing  the  length  of  an^/  portion  (=  s)  of  the  path  by 
the  time  (=  t)  taken  to  describe  that  portion,  however  small  or 
great ;  in  variable  motion,  however,  the  velocity  varies  from 
point  to  point,  its  value  at  any  point  being  expressed  as  the 
quotient  of  ds  (an  infinitely  small  distance  containing  the 
given  point)  by  dt  (the  infinitely  small  portion  of  time  in 
whic.^  ds  is  described). 

49a.  By  acceleration  is  meant  the  rate  at  which  the  velocity 
of  a  variable  motion  is  changing  at  any  point,  and  may  be  a 
v/niform  acceleration,  in  which  case  it  equals  the  total  change 
of  velocity  between  any  two  points,  however  far  apart,  divided 
by  the  time  of  passage ;  or  a  variable  acceleration,  having  a 
difiEerent  value  at  every  point,  this  value  then  being  obtained 
by  dividing  the  velocity-increment,  dv,  or  gain  of  velocity 
in  passing  from  the  given  point  to  one  infinitely  near  to  it,  by 
dt,  the  time  occupied  in  acquiring  the  gain.*  (Acceleration 
rnust  be  understood  in  an  algebraic  sense,  a  negative  accelera- 
tion implying  a  decreasing  velocity,  or  else  that  the  velocity  in 
a  negative  direction  is  increasing.)  The  foregoing  applies  to 
motion  in  a  path  or  line  of  any  form  whatever,  the  distances 
mentioned  being  portions  of  the  path,  and  therefore  measured 
along  the  path.    (See  p.  43  in  the  "Notes,"  etc. 

*  See  addendum  on  p.  836. 

4P 
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50.  Rectilinear  Motion,  or  motion  in  a  straisrht  line. — Tlie 
general  relations  of  tlie  quantities  involved  may  be  thus  stated 
(see  Fig.  55) :  Let  v  =   velocity  of  the  body  at  any  instant ; 

-S  0. -g-->d8  ds      +S      then  c^tJ  =  gain  of  velocity 

in  an  instant  of  time  dt.    Let 


"1 — ^ 

idt'cl*'    i        ^  =  time   elapsed    since   the 
^"''  ^'  body  left  a  given  fixed  point, 

which  will  be  taken  as  an  origin,  0.  Let  s  =  distance  (-|-  or 
— )  of  the  body,  at  any  instant,  from  the  origin  0  ;  then  ds  = 
distance  traversed  in  a  time  dt.  Let^  =  acceleration  =  rate 
at  which  v  is  increasing  at  any  instant.  All  tliese  may  be 
variable ;  and  t  is  taken  as  the  independent  variable,  i.e.,  time 
is  conceived  to  elapse  by  equal  small  increments,  each  =  dt; 
hence  two  consecutive  ds's  will  not  in  general  be  equal,  their 
difference  being  called  d's.  Evidently  d't  is  =  zero,  i.e.,  dt  is 
constant. 

Since  ^r  =  number  of  instants  in  one  second,  the  veiotitv  at 
dt 

any  instant  (i.e.,  the  distance  which  would  be  described  at  thai 

7  1  ^«  /T   X 

rate  in  one  second)  \b  v  =  ds  .  --^- ;  .• .  v  —  -^- (1.) 

Similarly,  p  =  dA) .  -j-,  and  I  since  dv  —  d\fnj  —  -^j 

dv       d's 

■'■P  =  -dl=df ("•) 

Eliminating  <?<,  we  have  also  «(:?«  =^<?s (III.) 

Tliese  are  the  fundamental  differential  formulae  of  rectilinear 
motion  (for  curvilinear  motion  we  have  these  and  some  in  ad- 
dition) as  far  as  kinematics,  i.e.,  as  far  as  space  and  time,  is 
concerned.  The  consideration  of  the  mass  of  the  material 
point  and  the  forces  acting  upon  it  will  give  still  another  rela- 
tion (see  §  55). 

Example. — If  we  have  given  s  =  [6t'  +  3<'+2(]  //.,  for  a  certain  motion, 
then  the  velocity,  v,  at  any  time,  =ds-i-dt,  =[18<-  +  6t-l-2]  /(.  per  sec; 
and  the  acceleration,  p,  =dv~^dt,  =[36i-|-6]/t.  per  sec.  per  sec. 

51.  Rectilinear  Motion  due  to  Gravity. — If  a  material  point 
fall  freely  in  vacuo,  no  initial  direction  otlier  than  vertical 
having    been   given    to    its    motion,  many  experiments   have 
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siio\vn  that  this  is  a  uniformly  accelerated  rectilinear  motion 
ill  a  vertical  line  having  an  acceleration  (called  the  accelera- 
tion of  gravity)  equal  to  32.2  feet  per  square  second,*  or  9.81 
metres  per  square  second;  i.e.,  the  velocity  increases  at  this 
constant  rate  in  a  downvtrard  direction,  or  decreases  in  an  up- 
ward direction. 

[NoTK. — By  "  square  second  "  it  is  meant  to  fay  stress  on  the  fact  that  an 
acceleration  (being  =  cPs  -s-  dP)  is  in  quality  equal  to  one  dimension  of 
length  divided  by  two  dimensions  of  time.  E.g.,  if  instead  of  using  the 
foot  and  second  as  units  of  space  and  time  we  use  the  foot  and  the  minute, 
g  will  =  32.3  X  3600;  whereas  a  velocity  of  say  six  feet  per  second  would 
=  6  X  60  feet  per  minute.  The  value  ot  g=  33.3  implies  the  units  foot 
and  second,  and  is  sufficiently  exact  for  practical  purposes.] 

52.  Free  Fall  in  Vacuo. — Fig.  56.     Let  the  body  start  at  0 
v/ith  an  initial  downward  velocity  =  c.     The  accelera-     _s 
tion  is  constant  and  =  -j-  p-.     Reckoning  both  time  and 
distance  {-\-  downwards)  from  0,  required  the  values  of   _  j*^ 
the  variables  s  and  v  after  any  time  t.     From  eq.  (II.),    I  i    c 
§  50,  we  have  -{-  g  =:  dv  -i-  dt;  .-.dv^^  gdt,  in  which  the   "  s 

two  variables  are  separated.  I  '^^ 

nv  pt  r-v  r~t  i  \ 

Hence  J^  dv  =  gj^  dt;  i.e.,  yj)  =  g\^t;  or  v  -  c  =   '^ 

gt—0;  and  finally,  v  =  c  +  gt (1)  ^lo.  56. 

(ISTotice  the  correspondence  of  the  limits  in  the  foregoing 
operation ;  when  t  =  0,  v=  -{-c.) 

Fi'om  eq.  (I.),  §  50,  v  =  ds  -^  dt ;  .:  substituting  from  (1), 
ds  =^  {o-\-  gt)dt,  in  which  the  two  variables  s  and  t  are  sepa- 
rated. 

or  s=ct-{-yf (2) 

Again,  eq.  (III.))  §  50,  i)dv  =  gds,  in  which  the  variables  v 
and  8  are  already  separated. 

vdv  =  gj^  ds;  or  |^  ^v'  =  9\j'i  i-e-,  K®'  —  O  =  gs, 

I 
) 


V    —  c  ^„, 

or  «  =  ^;r- (3) 


*  O",  S3. 3  "feet  per  second  per  second." 
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If  the  initial  velocity  =  zero,  i.e.,  if  the  body  falls  from  rest, 

v'  

eq.  (3)  gives  s^^-andv^  x/^gs.     [From  the  frequent  re- 

currence  of  these  forms,  especially  in  hydraulics,  ^is  called  the 

"height  due  to  the  velocity  v,"  i.e.,  the  vertical  height  through 
which  the  body  must  fall  from  rest  to  acquire  the  velocity  v\ 
while,  conversely,  V^s  is  called  the  velocity  due  to  the  height 
or  "/ieod"s.] 

By  eliminating  g  between  (1)  and  (3),  we  may  derive  another 
formula  between  three  variables,  s,  v,  and  t,  viz., 

s  =  i{c  +  ^)t (4) 

Example. — A  leaden  ball  occupies  4.6  seconds  in  falling  from  the  eaves 
of  a  tall  buUding  to  the  sidewalk;  initial  velocity  zero.  Find  the  height 
fallen  through,  =s'.     We  have  from  eq.  (2) 

s'  =  0  +  J(32.2)(4.6)^  =  341  ft. 

53.  Upward  Throw. — If  the  initial  velocity  were  in  an  up- 
ward direction  in  Fig.  56  we  might  call  it  —  c,  and  introduce  it 
with  a  negative  sign  in  equations  (1)  to  (4),  just  derived  ;  but 
for  variety  let  us  call  the  upward  direction  +,  in  which  case 
an  upward  initial  velocity  would  =  -\-  c,  while  the  acceleration 
=:  —  g,  constant,  as  before.  (The  motion  is  supposed  confined 
within  such  a  small  range  that  g  does  not  sensibly  vary.)    Fig. 

■^'        57.     From  p  =  dv  -r-  dt  we  have  dv  =  —  gdt  and 


mpt'" 


(2)a 


I'M         /TO  pt 

From  v=^ds  -^  dt,  ds  =  cdt  —  gtdt, 

/>»  /•(  nt 

I     +c  i-e-,  X  ^*  =  Vo  ^*  ~  9 Jo  *^* ;  or  s=Gt  —  ^t\ 
-S     vdv  =pds  gives    /    vdv  =—g  I  ds,  whence 

Fia.  57.  "I/O  ^t/0         ' 

C'  —  V* 

^{v"  -  c')  =  -  gs,  or  finally,  s  =  .      .    (3)a 

And  by  eliminating  g  from  (l)a  and  (3)a, 

s  =  ^o-{-v)t (4)a( 

The  following  is  now  easily  verified  from  these  equations  : 
the  body  passes  the  origin  again  (*  =  0)  with  a  velocity  =  —  c, 
after  a  lapse  of  time  =  2c  -h  ^.     Tlie  l)ody  comes  to  rest  (for 
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an  instant)  (put  v  =  0)  after  a  time  —  o  -i-  g,  and  at  a  distance 
s  =  g'  -i-  2g  ("  height  due  to  velocity  c")  from  0.  For  t  > 
c  -i-  g,  V  is  negative,  sliowing  a  downward  motion ;  for  t  > 
2c  -^  g,  s  is  negative,  i.e.,  the  body  is  below  the  starting-point 
wiiile  the  rate  of  change  of  v  is  constant  and  =  — g  at  all 
points. 

Example. — Let  c  be  40  ft. /sec.  Then  in  a  time  =  40 -^  32.2,  =1.24 
sec,  the  body  will  reach  its  maximum  height,  (40)^  -^2X32.2  =  24.84 
ft.  above  the  start.  After  3  sec.  the  body  will  be  found  a  distance 
S3=40X3-^(32.2)(3)2=-24.9  ft.  from  the  origin,  i.e.,  below  it. 

54.  Newton's  Laws. — As  showing  the  relations  existing  in 
general  between  the  motion  of  a  material  point  and  the  actions 
(forces)  of  other  bodies  upon  it,  experience  furnishes  the  fol 
lowing  three  laws  or  statements  as  a  basis  for  kinetics : 

(1)  A  material  point  under  no  forces,  or  under  balanced 
forces,  remains  in  a  state  of  rest  or  of  uniform  motion  in  a 
right  Hue.     (Tliis  property  is  often  called  Inertia.) 

(2)  If  the  forces  acting  on  a  material  point  are  unbalanced, 
an  acceleration  of  motion  is  produced,  proportional  to  the  rer- 
sultant  force  and  in  its  direction. 

(3)  Every  action  (force)  of  one  body  on  another  is  always 
accompanied  by  an  eqnal,  opposite,  and  simultaneous  reaction. 
(This  was  interpreted  in  §  3.) 

As  all  bodies  are  made  up  of  material  points,  the  results  ob- 
tained in  Kinetics  of  a  Material  Point  serve  as  a  basis  for  the 
Kinetics  of  a  Kigid  Body,  of  Liquids,  and  of  Gases. 

55.  Mass. — If  a  body  is  to  contmue  moving  in  a  riglit  line, 
the  resultant  force  I^  at  all  instants  must  be  directed  along  that 
line  (otherwise  it  would  have  a  component  deflecting  the  body 
from  its  straight  course).    (See  addendum  on  p.  835.) 

In  accordance  with  Newton's  second  law,  denoting  by^  the 
acceleration  produced  by  the  resultant  force  {G  being  the 
body's  weight),  we  must  have  the  proportion  I^  :  O  ::  Jp  '.  g% 
i.e., 

P  =  -.p ,    or  P  =  Mp.  .    .    (lY.) 

Eq.  IV.  and  (I.),  (II.),  (III.)  of  §  50  are  the  fundamental 
e(]uations  of  Kinetics.      Since  the  quotient  G  -v-  g  Ib  invaria- 
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ble,  wherever  the  body  be  moved  on  tlie  eai-tli's  surface  {O  and 
§r  changing  in  the  same  ratio),  it  will  be  nsed  as  the  measure 
of  the  mass  Jf  or  quantity  of  matter  dn  the  body.  In  this  way 
it  will  frequently  happen  that  the  quantities  O  and  g  will  ap- 
pear in  problems  where  the  weight  of  the  body,  i.e.,  the  force 
of  the  earth's  attraction  upon  it,  and  the  acceleration  of  gravity 
have  no  direct  connection  with  the  circumstances.  No  name 
will  be  given  to  the  unit  of  mass,  it  being  always  understood 
Ihat  the  fraction  G -^  g  will  be  put  for  M  before  any  numeri- 
vcal  substitution  is  made.  From  (IV.)  we  have,  in  words, 
<  accelerating  force  =  mass  X  acceleration/ 

(  also,      acceleration  -—  accelerating  force  -f-  mass. 

56.  TTniformly  Accelerated  Motion. — If  tlie  resultant  force  is 
constant  as  time  elapses,  the  acceleration  nmst  be  constant  (from 
eq.  (lY.),  since  of  course  J/"  is  constant)  and  ■=  P  -=r-  M.  The 
motion  therefore  will  be  uniformly  accelerated,  and  we  liave 
only  to  substitute  +  pi,  (constant) ,  ior  g  in  eqs.  (1)  to  (4)  of 
§  52  for  the  equations  of  this  motion,  the  initial  velocity  being 
=  c  (in  the  line  of  the  force). 

v  =  o  +  pit  .    .    .    (1);  s=ct-\-ipit^;  ...    (2) 

^  '•       .     .     (3),     and  s  =  i(c  +  «))^    ...     (4) 


If  the  force  is  in  a  negative  direction,  tlie  acceleration  will 
be  negative,  and  may  be  called  a  reta/rdation;  the  initial  veloc- 
ity should  be  made  negative  if  its  direction  requires  it. 

57.  Examples  of  TTnif.  Ace.  Motion. — Example  1.  Fig.  58. 
A  small  block  whose  weight  is  f  lb.  has  already  described  a 
-S  g       P    M^  ^  g  i     distance  Ao  =  48  inches  over  a 

I*    °"°°^"    ^^-^—^^ 1    smooth  portion   of   a   horizontal 

Fio.  58.  table  in  two  seconds ;  at  (?  it  en. 

counters  a  rough  portion,  and  a  consequent  constant  friction  of 
2  oz.  Required  the  distance  described  beyond  0,  and  the  time 
occupied  in  coming  to  rest.  Since  we  shall  use  32.2  for  g, 
times  must  be  in  seconds,  and  distances  in  feet ;  as  to  the  unit 
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ot  force,  as  that  is  still  arbitrary,  say  ounces.  Since  AO  was 
smooth,  it  must  have  been  described  with  a  uniform  motion 
(the  resistance  of  the  air  being  neglected);  hence  with  a  veloc- 
ity =  4  f t.  -^  2  sec.  =  2  ft.  per  sec.  The  initial  velocity  for 
the  retarded  motion,  then,  iso  =  -\-  2  at  0.  At  any  point  be- 
yond 0  the  acceleration  =  force  -=-  mass  =  (—  2  oz.)  -j-  (8  oz. 
-^  32.2)  —  —  8.05  ft.  per  square  second,  i.e.,  p  =  —  8.05  = 
constant ;  hence  the  motion  is  uniformly  accelerated  (retarded 
here),  and  we  may  use  the  formulae  of  §  56  with  c  =  +  2,  pi  = 
—  8.05.  At  the  end  of  the  motion  v  must  be  zero,  and  the 
corresponding  values  of  s  and  t  may  be  found  by  putting  v  ^  0 
in  equations  (3)  and  (1),  and  solving  for  s  and  t  respectively  : 
thus  from  (3),«  =i(-4)-i-  (—  8.05),  i.e.,s  =  0.248  +,  which 
must  be  feet ;  while  from  (1),  t  —  {—2)-^{—  8.05)  =  0.248  -f, 
which  must  be  seconds. 

Example  2.  (Algebraic.) — Fig.  59.  The  two  masses  JT,  = 
G^  -7-  g  and  M ■=  G  -^  g  are  connected  by  a  flexible,  inexten- 
sible  cord.  Table  smootli.  Required  the  acceleration  common 
to  the"  two  rectilinear  motions,  and  the  tension  in  the  string  /S, 


^      s. 


Fio.  59.  Fig.  60. 

there  being  no  friction  under  (?„  none  at  the  pulley,  and  no 
mass  in  the  latter  or  in  the  cord.  At  any  instant  of  the  mo- 
tion consider  (r,  free  (Fig.  60),  N  being  the  pressure  of  the 
table  against  G^.  Since  the  motion  is  in  a  horizontal  right  line 
J5'(vert.  compons.)=  0,  i.e..  If —  <r,  =  0,  which  determines  iV. 
S,  the  only  horizontal  force  (and  resultant  of  all  the  forces)  = 
M,p,  i.e., 

8=G,p-^g (i; 

At  the  swme  instant  of  the  motion  consider  G  free  (Fig.  61); 
the  tension  in  the  cord  is  the  same  value  as  above  =  8.  Th^ 
accelerating  force  \e  G  —  8,  and 

.*.  =  mass  X  ace,  or  G  —  8  =^  {G  -r-  g)p.     .     (2) 
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I  A  From  equatioDS  (1)  and  (2)  we  obtain  p  =  {Gg)  — 
^  [I]  {O  -J-  (?,)  =  a  constant ;  lience  each  motion  is  wniformly 
i  H  S  accelerated,  and  we  may  employ  equations  (1)  to  (4)  of 
i  — '  §  56  to  iind  the  velocity  and  distance  from  the  starting- 
*  points,  at  the  end  of  any  assigned  time  t,  or  vice  versa. 
The  initial  velocity  must  be  known,  and  may  be  zero. 
Also,  from  (1)  and  (2)  of  this  article, 

8  =  {GG,)  -=-  (6^  +  G,)  =  constant.         

Exanryple  3. — A  body  of  2|^  (short)  tons  weight  is  acted  on 
during  \  minute  by  a  constant  force  P.  It  had  previously  de- 
scribed 316-1  yards  in  180  seconds  under  no  force ;  and  subse- 
quently, under  no  force,  describes  9900  inches  in  -^  of  an  hour. 
Required  the  value  of  P.  Ans.     P  =  22.1  lbs. 

Example  4. — A  body  of  1  ton  weight,  having  an  initial 
Telocity  of  48  inches  per  second,  is  acted  on  for  \  minute  by  a 
force  of  400  avoirdupois  ounces.     Required  the  final  velocity. 

Ans.     10.037  ft.  per  sec. 

Example  5. — Initial  velocity,  60  feet  pei  second ;  body  weighs 
0.30  of  a  ton.  A  resistance  of  112|^  lbs.  retards  it  for  -j^  of 
a  minute.     Required  the  distance  passed  over  during  this  time. 

Ans.     286.8  feet. 

^^     Example  6. — Required  the  time  in  which  a  force  of  600  avoir-   , 
l^  dupois  ounces  will  increase  the  velocity  of  a  body  weighing  l-J    ^ 
tons  from  480  feet  per  minute  to  240  inches  per  second.  /. 

Ans.     30  seconds. 

Example  7. — ^What  distance  is  passed  over  by  a  body  of  (0.6) 
tons  weight  during  the  overcoming  of  a  constant  resistance 
(friction),  if  its  velocity,  initially  144  inches  per  sec,  is  reduced 
to  zero  in  8  seconds.     Required,  also,  the  friction. 

Ans.     48  ft.  and  55  lbs. 

Exam/pie  8. — Before  the  action  of  a  force  (value  required)  a 
body  of  11  tons  had  described  uniformly  950  ft.  in  12  minutes. 
Afterwards  it  describes  1650  feet  uniformly  in  180  seconds. 
The  force  acts  30  seconds.     P  =  \        Ans.     P  =  178  lbs. 


u 
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58.  Graphic  Representations.     TJnif.  Ace.  Motion. — With  the 

initial  velocity  =  0,  tlie  equations  of  §  56  become 

v=pit, (1)  5  =  ipi<2, (2) 

g  =  v'-^2pi,.     .     .     (3)      and      s  =  ^vt (4) 

Eqs.  (1),  (2),  and  (3)  contain  each  two  variables,  which  may 
graphically  be  laid  off  to  scale  as  co-ordinates  and  thus  give  a 
curve  corresponding  to  the  equation.    Thus,  Fig.  62,  in  (I.),  we 


have  a  right  line  representing  eq.  (I.) ;  in  (II.),  a  parabola  with 
axis  parallel  to  s,  and  vertex  at  the  origin  for  eq.  (2) ;  also  a 
parabola  similarly  situated  for  eq.  (3).  Eq.  (4)  contains  three 
variables,  s,  v,  and  t.  Tliis  relation  can  be  shown  in  (I.),  s  be- 
ing represented  by  the  area  of  the  shaded  triangle  =  ^vt. 
(II.)  and  (III.)  have  this  advantage,  that  the  axis  OS  may  be 
made  the  actual  path  of  the  body.  [Let  the  student  determine 
how  the  origin  shall  be  moved  in  each  case  to  meet  the  supposi- 
tion of  an  initial  velocity  =  -j-  o  or  —  c.J    (See  Notes,  p.  120.) 

59.  Variably  Accelerated  Motions. — We  here  restate  the  equa- 
tions    ( diiierential) 

dv      d's 


V  — 


dt 


{T-);p 


dt  ~  df 


{ll.);vdij=pda..{in..): 


and  resultant  force 

=  P=Mp, (IV.); 

which  are  the  only  ones  for  general  use  in  rectilinear  motion 
and  involve  the  five  variables,  s,  t,  v,  p,  and  P. 

Peoblem  1. — 111  ^Milling  a  mass  M  along  a  smooth,  horizon- 
tal table,  by  a  horizontal  cord,  the  tension  is  so  varied  that 
J?  =  if  {not  a  homogeneous  equation  ;  the  units  are,  say,  the 
foot  and  second).     Eequired   by  what  law  tlie  tension  varies. 
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F.o„(I.)»  =  ^:  =  «i  =  !.«•;  fro»  {II.),i.  =^>  = 

24<;  and  (IV.)  the  tension  =  P  =  Mjp  =  24:Mi,  i.e.,  varies 
directly  as  the  time. 

Peoblem  2.  "  Harmonic  Motion,"  Fig.  63. — A  small  block 


^  T^f i, 

FiQ.  63 

on  a  smooth  horizontal  table  is  attached  to  two  horizontal 
elastic  cords  (and  they  to  pegs)  in  such  a  way  that  when  the 
block  is  at  0,  each  cord  is  straight  but  not  tense  ;  in  any  other 
position,  as  m,  one  cord  is  tense,  the  other  slack.  The  cords 
are  alike  in  every  respect,  and,  as  with  springs,  the  tension 
varies  directly  with  the  elongation  (=  s  in  figure).  If  for  an 
elongation  s^  the  tension  is  T^,  then  for  any  elongation  s  it  is 
T  =  Tis-i-Si.  If  the  block  be  given  an  initial  Telocity  =  c 
at  0,  it  begins  to  execute  an  oscillatory  motion  on  both 
sides  of  0;  m  is  any  point  of  its  motion.  The  tension 
T  is  the  accelerating  force;  variable  and  always  pointing 
toward  0.  The  acceleration  at  any  point  m,  then,  is 
p  =  —  {T^  M)  =  —  {T,s  -^  Ms,),  which  for  brevity  put 
^  =  —  as,  a  behig  a  constant.  Required  tlie  equations  of 
motion,  the  initial  velocity  being  =  -(-  c,  at  0.    From  eq.  (III.) 

vdv  =  —  asds ;  .•.   /   vdv  —  —  a   I  sds, 

i.e.,  i{v'  —  c")  =  —  ias" ;    or,  v''  =  c'  —  as".     .     (1) 

From  (I.),  dt^ds^v;]    P'^      PK^         .- — 

hence  from  (1),         }jo^*=Jo  ^^^^^^^'-^^^^5     or, 

S^'^o    Vi^^sV^^cy        ^aU  \   c   J 

/si/a\ 

....    (2) 


1     .      Jsi^\ 
Va  ^    c   I 
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Inverting  (2),  we  have  «  =  (c  -j-  Va)  sin  {t  Va),  ...  (3) 
Again,  by  diflFerentiating  (3),  see  (I.),  v  =  c  cos  {t  Va)  (4) 
Differentiating  (4),  see  (11.),^  =  —  c  Va  sin  {t  Va). .     .     (5) 

These  are  the  relations  required,  each  between  two  of  the 
four  variables,  s,  t,  v,  and  p;  but  the  peculiar  property 
of  the  motion  is  made  apparent  by  inquiring  the  time  of  pass- 
ing from  0  to  a.  state  of  rest ;  i.e.,  put  «  =  0  in  equation  (4), 
we  obtain  t  =  i^ -i-  Va,  or  |;r  ■—  Va,  or  ■|;r  -H  Va,  and  so  on, 
while  the  corresponding  values  of  s  (from  equation  (3)),  are 
4-  (o  -^  Va),  —  {e^  Va),  +  (c  -f-  Va),  and  so  on.  This  siiows 
that  the  body  vibrates  equally  on  both  sides  of  0  in  a  cycle  or 
period  whose  duration  =  2ar  -;-  Va,  and  is  independent  of  the 
initial  velocity  gvuen  it  at  0.  Each  time  it  passes  0  the 
velocity  is  either  -\-  c,  or  —  c,  the  acceleration  =  0,  and  the 
time  since  the  start  is  =  w«  -;-  Va,  in  which  n  is  any  whole 
number.  At  the  extreme  point  p  ^  ^  c  Va,  from  eq.  (5). 
If  then  a  different  amplitude  be  given  to  the  oscillation  by 
changing  0,  the  duration  of  the  period  is  still  the  same,  i.e., 
the  vibration  is  isochronal*  The  motion  of  an  ordinary  pen- 
dulum is  nearly,  that  of  a  eycloidal  pendulum  exactly,  harmonic. 

If  the  crank-pin  of  a  reciprocating  engine  moved  uniformly 
in  its  circular  path,  the  piston  would  liave  a  harmonic  motion 
if  the  connecting-rod  were  infinitely  long,  or  if  the  design  in 


tzn 


^  ^' 


c=^ 


m  m  ^ 


Fio.  64. 


\3-r-fD 


Fig.  64  were  used.  (Let  the  student  prove  this  from  eq.  (3).) 
*Let  2r  =  length  of  stroke,  and  c  =  the  uniform  velocity  of  the 
crank-pin,  and  M  =  mass  of  the  piston  and  rod  A£.  Tlien 
the  velocity  of  3f  at  mid-stroke  must  =  c,  at  the  dead-points, 
zero;  its  acceleration  at  mid-stroke  zero;  at  the  dead-points 
the  ace.  =  c  Va,  and  «  =  r  =  c  -j-  Va  (from  eq.  (3)) ;  .•.  Va 
z=  c  -i-  r,  and  the  ace.  at  a  dead  point  (the  maximum  ace.) 

*  See  illustrations  and  example  on  pp.  i.7,  48,  of  the  "Notes." 
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n! 


Fio.  6S. 


=  c'  -j-  r.  Hence  on  account  of  the  acceleration  (or  retarda- 
tion) of  Min  the  neighborhood  of  a  dead-point  a  pressure  will 
be  exerted  on  the  crank-pin,  equal  to  mass  X  ace.  =  M(f  -i-  r 
at  those  points,  independently  of  the  force  transmitted  due  to 
steam-pressure  on  the  piston-head,  and  makes  the  resultant 
pressure  on  the  pin  at  C  smaller,  and  at  D  larger  than  it  would 
be  if  the  "inertia"  of  the  piston  and  rod  were  not  thus  taken 
into  account.  We  may  prove  this  also  by  the  free-body  method, 
considering  AB  free  immediately  after  passing  the  dead-point 

C,  neglecting  all  friction.  See  Fig. 
65.  The  forces  acting  are :  Q,  the 
weight ;  N,  the  pressures  of  the 
guides ;  P,  the  known  effective  steam- 
pressure  on  piston-head ;  and  P' ,  the  unknown  pressure  of 
crank-pin  on  side  of  slot.  There  is  no  change  of  motion  ver- 
tically ; .-.  N'  ■\-  N  —  G=0,  and  the  resultant  force  is  P  —  P' 
=  mass  X  accel.  =  Mc'  -e-  r,  hence  P'  ^  P  —  Mc'  -i-  r. 
Similarly  at  the  other  dead-point  we  would  obtain  P'  =^  P  -\- 
M&  -r-  r.  In  high-speed  engines  with  heavy  pistons,  etc., 
M&  -=-  /■  is  no  small  item.  [The  upper  half-revol.,  alone,  is 
here  considered.]   (See  example  on  p.  68,  "  Notes.'") 

Problem  3. — Supposing  the  earth  at  rest  and  the  resistance 
of  the  air  to  he  null,  a  body  is  given  an  initial  upward  vertical 
velocity  =  o.  Required  the  velocity  at  any  distance  s  from 
the  centre  of  the  earth,  whose  atti'action  varies  in- 
versely as  the  square  of  the  distance  s. 

See  Fig.  66. — The  attraction  on  the  body  at  the 
surface  of  the  earth  where  s  =  r,  the  radius,  is  its 
weight  G;  atany  points  it  will  be  P  =  G(7"2-f-  s^),* 
while  its  mass  =  G  ^  g. 

Hence  the  acceleration  at  m  =^  =  (  —  P\  -=-  M 
=  —  g{r'  -i-  s').  Take  equation  III.,  vdv  =  pds, 
and  we  have 

vdv  =  —  gr's  ~^ds;  .*. 
J^vdAi  =  -  gr'£ s-'^ds',  or,  [V  =  - gr'  [*-  ^ 

■     Kf'-o')=-^.'g--J.  .    .    .    (1) 


Fio, 


I.e., 


*  That  is,  the  force  of  attraction,  (P,  lbs.)  at  any  distance,  s,  from  O 
is  to  the  force  at  the  surface  (viz.,  Q  lbs.)  as  r'  is  to  s'. 
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Evidently  v  decreases,  as  it  shonld.  Now  inquire  how  small 
&  value  c  may  have  that  the  body  shall  never  return  f  i.e., 
that  V  shall  not  =  0  until  s  =  oo.  Put  v  =  0  and  8  =  a>  ia 
(1)  and  solve  for  c;  and  we  have 


c  =  V2gr  =  V2  X  32.2  X  21000000, 

=  about  36800  ft.  per  sec.  or  nearly  7  miles  per  sec.  Con- 
versely,  if  a  body  be  allowed  to  fall,  from  rest,  toward  the 
earth,  the  velocity  with  which  it  would  strike  the  surface 
would  be  less  than  seven  miles  per  second  through  whatever 
distance  it  may  have  fallen. 

If  a  body  were  allowed  to  fall  through  a  straight  opening  in 
the  earth  passing  through  the  centre,  the  motion  would  be  har- 
monic, since  the  attraction  and  consequent  acceleration  now 
vary  directly  with  the  distance  from  the  centre.  See  Prob.  2. 
This  supposes  the  earth  homogeneous. 

Problem  4. — Steam  working  expansively  and  raising  a  weight. 


-fl  Gl 


FiQ.  67. 


Fig.  67. — 'A  piston  works  without  „  „  i     _     rtA+"G?! 

friction  in  a  vertical  cylinder.  Let 
S  =  total  steam-pressure  on  the 
underside  of  the  piston ;  the  weight 
G,  of  the  mass  G  ~  g  (which  in- 
cludes the  piston  itself)  and  an 
atmospheric  pressure  =  A,  con- 
stitute a  constant  back-pressure. 
Through  the  portion  OB  =  s„  of 
the  stroke,  S  is  constant  =  <§,,  while  beyond  £,  boiler  com- 
munication being  "  cut  off,"  S  diminishes  with  Boyle's  law,  i.e., 
in  this  case,  for  any  point  above  B,  we  have,  neglecting  the 
"  clearance",  ^  being  the  cross-section  of  the  cylinder,  * 

S :  S,::Fs,  :  Fs;    or    S=  S,s,  -e- s. 

(Which  gives  5  as  a  function  of  s  at  any  point  above  B.) 

Full  length  of  stroke  =  ON"  =  «„.     Given,  then,  the  forces 

S^  and  A,  the  distances  «,  and  s„,  and  the  velocities  at  O  and 

at  ^both  =  0  (i.e.,  the  mass  M  =  G-i-  g  \Bto  start  from  rest  at 

0.  and  to  come  to  rest  at  iV).  required  the  proper  weight  G  to 

*  See  p.  627  for  meaning  of  "clearance." 
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fulfil  these  conditions,  8  varying  as  already  stated.     The  accel- 
eration at  any  point  will  be 

p=[S-A-G]^M.     .     .     .    .     (1) 

Hence  (eq.  III.)  Mvdv  -—  [S  —  A  —  G]ds,  and  .•.  for  the 
•whole  stroke 

MJ^  vdv^J^    \_S  —  A~  ff]ds\   i.e., 


or  -S;*.  [l  +  :Dg,  'f^  =  As^  +  Oa^.  ...     (2) 

Since  S  =■  S^  ^  constant,  from   0  to  £,  and  variable,  = 
SjSj  -i-  s,  from  £  to  iT,  we  have  had  to  write  the  summation 


Sds  in  two  parts. 


From  (2),  G  becomes  known,  and  .•.  J/"  also  {=  G  -i-  g). 
Required,  further,  the  time  occupied  in  this  upward  stroke. 
From  0  to  £  (the  point  of  cut-ofE)  the  motion  is  unifoi-mly 
accelerated,  since  p  is  constant  {S  being  =;  S^  in  eq.  (1) ), 
with  the  initial  velocity  zero;  hence,  from  eq.  (3),  §  56, 
the  velocity  at  B  =  v,  =  V2  [S,  —  A  —  G]s^  -=-  M  is  known  ; 
.•.  the  time  t^  =  2s,  -=-  v^  becomes  known  (eq.  (4),  §  56)  of  de- 
scribing 0£.  At  any  point  l)eyond  B  the  velocity  v  may  be  ob- 
tained thus :  From  (III.)  vdv  =  j)ds,  and  eq.  (1)  we  have, 
summing  between  B  and  any  point  above, 

If>X}dv  =  S^s^  ~-{A  +  G)X;ds ;  i.e.. 

f  ^—  =  ^.^.  log.  l-{A  +  cr){s-  ..)• 

This  gives  the  relation  between  the  two  variables  v  and  s 
anywhere  between  B  and  ]Sf;  if  we  solve  for  v  and  insert  its 
value  in  dt  =  ds  -i-  v,  v/e  shall  have  dt  =  a.  function  of  s  and 
ds,  which  is  not  integrable.     Hence  we  may  resort  to  approxi- 
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mate  methods  for  the  time  from  B  to  N.  Divide  the  space 
jSiVinto  an  uneven  number  of  equal  parte,  say  five;  the  dis- 
tances of  the  points  of  division  from  0  v^ill  bb  «„  *„  s„  s„  s„ 
and  s„.  For  these  values  of  «  compute  (from  above  equation) 
v^  (already  known),  -y,,  v„  v„  v„  and  -;;„  (known  to  be  zero).  To 
the  first  four  spaces  apply  Simpson's  Eule,*  and  we  have  the 
time  from  B  to  the  end  of  «„ 

U  =J^     ^-5  ^PP^o-  =  -12-  b  +  v^-^v+v^v} 

while  regarding  the  motion  from  5  to  iV"  as  uniformly  retarded 
(approximately)  with  initial  velocity  =  «,  and  the  final  =  zero, 
we  have  (eq.  (4),  §  66), 


c 


t  =  2(«„  -  5.)  ^  V,. 


By  adding  the  three  times  now  found  we  have  the  whole  time 
of  ascent.  In  Fig.  67  the  dotted  curve  on  the  left  shows  by 
horizontal  ordinates  the  variation  in  the  velocity  as  the  distance 
s  increases ;  similarly  on  the  right  are  ordinates  showing  the 
variation  of  S.  The  point  ^,  where  the  velocity  is  a  maximum 
=  v^,  may  be  found  by  putting  j?  =  0,  i.e.,  for  S  =  A-\-G, 
the  acelerating  force  being  =  0,  see  eq.  (1).  Below  ^  the  ac- 
celerating force,  and  consequently  the  acceleration,  is  positive ; 
above,  negative  (i.e.,  the  back-pressure  exceeds  the  steam- 
pressure).  The  horizontal  ordinates  between  the  line  HEKL 
and  the  right  line  STdse  proportional  to  the  accelerating  force. 
If  by  condensation  of  the  steam  a  vacuum  is  produced  be- 
low the  piston  on  its  arrival  at  H,  the  accelerating  force  is 
downward  and  =  A-\-  O.  [Let  the  student  determine  how 
the  detail  of  this  problem  would  be  changed,  if  the  cylinder 
were  horizontal  instead  of  vertical.] 

60.  Direct  Central  Impact. — Suppose  two  masses  M^  and  M, 
to  be  moving  in  tlie  same  right  line  so  that  their  distance  apart 
continually  diminishes,  and  that  when  the  collision  or  impact 
takes  place  the  line  of  action  of  the  mutual  pressure  coincides 
with  the  line  joining  their  centres  of  gravity,  or  centres  of 
*  See  p.  13  of  the  "Notes  and  Examples." 
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mass,  as  they  may  be  called  in  this  connection.  This  is  called 
a  direct  central  impact,  and  the  motion  of  each  mass  is  varia- 
bly accelerated  and  rectilinear  during  their  contact,  the  only 
force  being  the  pressure  of  the  other  body.  The  whole  mass 
of  eaeh  body  will  be  considered  concentrated  in  the  centre  of 
mass,  on  the  supposition  that  all  its  particles  undergo  simul- 
taneously the  same  change  of  motion  in  parallel  directions. 
(This  is  not  strictly  true ;  the  effect  of  the  pressure  being 
gradually  felt,  and  transmitted  in  vibrations.  These  vibrations 
«ndure  to  some  extent  after  the  impact.)  When  the  centres 
■of  mass  cease  to  approach  each  other  the  pressure  between  the 
ibodies  is  a  maximum  and  the  bodies  have  a  common  velocity; 
lafter  this,  if  any  capacity  for  restitution  of  form  (elasticity) 
exists  in  either  body,  the  pressure  still  continues,  but  dimin- 
ishes in  value  gradually  to  zero,  when  contact  ceases  and  the 
bodies  separate  with  different  velocities.  Reckoning  the  time 
from  the  first  instant  of  contact,  let  t'  =  duration  of  the  first 
period,  just  mentioned  ;  t"  that  of  the  first  -(-  the  second  (resti- 
tution). Fig.  68.  Let  J/j  and  M^  be  the  masses,  and  at  any 
instant  during  the  contact  let  i),  and  i), 
be  simultaneous  values  of  the  velocities 
of  the  mass-centres  respectively  (reckon- 
ing velocities  positive  toward  the  right), 
and  P  the  pressure  (variable).  At  any  instant  the  acceleration 
of  M^  is  ^,  =  —  (/*  -=-  J/,),  while  at  the  same  instant  that  of 
Mt  is  p,—  -\-  {P -^  M^ ;  M,  being  retarded,  M^  accelerated, 
in  velocity.     Hence  (eq.  II.,  p  =:  do  -i-  dt)  we  have 

M,dA},^  —  Pdt;     and     M,dv,  =  -\- Pdt.   .    .    (1) 

Summing  all  similar  terms  for  the  first  period  of  the  impact, 
we  have  (calling  the  velocities  before  impact  c^  and  c„  and  the 
common  velocity  at  instant  of  maximum  pressure  C) 

^X^^^=  -  fy^i^  i-e-  J^.(^'  -O  =  -  fJPdt ;    (2) 


<^' 

/ 

-A, 

-l^E 

v. 

Fio 

68. 

X 
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Tlie  two  integrals  *  are  identicil,  nnnierically,  term  by  term, 
since  the  pressure  which  at  any  instant  accelerates  M^  is  nu- 
merically equal  to  that  which  retards  M^\  hence,  though  we  do 
not  know  how  P  varies  with  the  time,  we  can  eliminate  the 
definite  integral  between  (2)  and  (3)  and  solve  for  G.  If 
the  impact  is  inelastic  (i.e.,  no  power  of  restitution  in  either 
body,  either  on  account  of  their  total  inelasticity  or  damaging 
efEect  of  the  pressure  at  the  surfaces  of  contact),  they  continue 
to  move  with  this  common  velocity,  which  is  therefore  their 
final  velocity.     Solving,  we  have 

Next,  supposing  that  the  impact  is  partially  elastic,  that  the 
bodies  are  of  the  same   material,  and   that   the  summation 

'     Pdt  for  the  second  period  of  the  impact  bears  a  ratio,  e, 

to  that    /    Pdt,  already  used,  a  ratio  peculiar  to  the  material, 

if  the  impact  is  not  too  severe,  we  have,  summing  equations 
(1)  for  the  second  period  (letting  Fj  and '  F",  =  the  velocities 
after  impact), 

^.  fj^^^ = -  X"^^*'  ^•^•'  ^'(  ^  -  ^) = -  'X*'^^* '  ^^) 

M,  ^X  =  +  £"Pdt,  i.e.,  J/X  r-  C)  =  +  e£pdt.  (6) 

e  is  called  the  coeflScient  of  restitution. 

Having  determined  the  value  of  /   Pdt  from  (2)  or  (3)  in 

terms  of  the  masses  and  initial  velocities,  substitute  it  and  that 
of  C,  from  (4),  in  (5),  and  we  have  (for  the  final  velocities) 

K=  [Jif.c.  +  Jf,c,-  ^J^,(« -«,)]  -  [^. + ^s];   •  (7) 

and  similarly 

F.  =  [JlfA  +  J^.c.+  <'^,(c-«,)]-[J^.  +  ^.].    .    (8) 
For  «  =  0,  i.e.,  for  inelastic  impact,  Fi=  F,=  C  in  eq.  (4) ;  for 

*  That  is,  the  right-hand  members  of  eqs.  (2)  and  (3). 


66  MECHANICS    OF   ENGINEERING. 

e=  1,  or  elastic  impact,  (7)  and  (8)  become  somewhat  simpli- 
fied. 

To  determine  e  experimentally,  let  a  ball  {M,)  of  the  sub- 
stance fall  upon  a  very  large  slab  (J/,)  of  the  same  substance, 
noting  both  the  height  of  fall  A„  and  the  height  of  rebound  H,. 
Considering  M,  as  =  co,  with 


c,=  V  2gh„   F,=  —  V  2gll„  and  c,  =  o, 
eq.  (7)  gi  ves 


-  V  'igH„  =  -  e  V  'igh, ;  •••  e  =  VH^Th,. 
Let  the  student  prove  the  following  from  equations  (2),  (3), 
(5),  and  (6) : 

{a)  For  any  direct  central  impact  whatever, 

Mfi,  +  M,c,  =.  Jf.  F,  +  M,  V,. 

[The  product  of  a  mnss  by  its  velocity  being  sometimes 
called  its  momentum,,  this  result  may  be  stated  thus: 

In  any  direct  central  impact  the  sum  of  the  momenta  before 
impact  is  equal  to  that  after  impact  (or  at  any  instant  during 
impact).  This  principle  is  called  tiie  Conservation  of  Momen- 
tum. The  present  is  only  a  particular  case  of  a  more  general 
proposition. 

It  can  be  proved  that  C,  eq.  (4),  is  the  velocity  of  the  centre 
of  gravity  of  the  two  masses  before  impact ;  the  conservation 
of  momentum,  then,  asserts  that  this  velocity  is  unchanged  by 
the  impact,  i.e.,  by  the  mutual  actions  of  the  two  bodies.] 

(J)  The  loss  of  velocity  of  M^,  and  the  gain  of  velocity  of 
J/j,  are  twice  as  great  when  the  impact  is  elastic  as  when  in- 
elastic. 

(c)  If  e  =  1,  and  Jf,  =  M^,  then  F,  =  +  o„  and  F,  =  c,. 

Example. — Let  M^  and  M,  be  perfectly  elastic,  having  weights  =  4  and 
6  lbs.  respectively,  and  let  c,  =  10  ft.  per  see.  and  ca  =  —  6  ft.  per  sec. 
(i.  e.,  before  impact  Jfj  is  moving  in  a  direction  contrary  to  that  of  Mi). 
By  substituting  in  eqs.  (7)  and  (8),  with  e  —  1,  Mi  —  i  -i-  g,  and  M,  =:  5-i-  g, 
we  have 

F,  =  Ip  X  10  +  5  X  (-  6)  -  5  (lO  -  {-  6))1=  -  7.7  ft.  per  sec. 

Fi,=ir4  X  10  +  5  X  (-6)  +  4Ao-(-6))1=  +  8.2  ft.  per  sec. 

as  the  velocities  after  impact.     Notice  their  directions,  as  indicated  by  their 

Eions 
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CHAPTEE  II. 

"VIRTUAL  VELOCITIES." 

61.  Definitions. — If  a  material  point  is  moving  in  a  direction 
not  coincident  witli  that  of  the  resultant  force  acting  (as  in 
curvilinear  motion  in  the  next  chapter),  and  any  element  of  its 
path,  ds,  projected  upon  this  force;*  the  length  of  this  projec- 
tion, du,  Fig.  69,  is  called  the  "Vietuai  Velocity"  of  the 
force,  since  du  -^  dt  may  be  considered  the  veloc-  — 

ity  of  the  force  at  this  instant,  just  as  ds  -=-  dt  is  (^^,  y^^ 
that  of  the  point.     Tlie  product  of  the  force  by  q-^'P 
its  dxb  will  be  called  its  virtual  moment,  reckoned      '^^-''^-.^ 
-j-  or  —  according  as  tlie  direction  from  0  to  D  is 
the  same  as  that  of  the  force  or  opposite. 
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62.  Prop.  I. — JTie  mrtnial  moment  of  a  force  equals  the 
algebraic  sum  of  those  of  its  components.     Fig.  TO.     Take  the 

p   direction  of  ds  as  an  axis  X;  let  P^  and  P, 

/     ^^■^^    be  components  of  P\  or,,  a„  and  a  their 

n  /  5-''''^    /        angles  with  X.     Then  (8  16)  P  cos   a   = 

01^"  ■,.'.,,'  > 'Pg  jPj  cos  Wi+P,  cos  a,.     Hencei-*(t?scos  a)= 

^s"''^  ^^^u  P^(ds  cos  Of,)  +  PJids  cos  a^.    But  ds  cos  a 

'""^      =  the  projection  of  ds  upon  P,  i.e.,  =  du ; 

Fig.  70.  (^g  qqq  a^  =  du^,  etc. ;   .•.  Pdu  =  P^du^  -\- 

P,du,.     If  in  Fig.  TO  a^  were  >  90°,  evidently  we  would 

have   Pdu  =  —  P^du^  -f  P,du,,  i.e.,  P^du^  would  then   be 

negative,  and  OD^  would  fall  behind  0 ;  hence  the  definition 

of  -{-  and  —  in  §  61.     For  any  number  of  components  the 

proof  would  be  similar,  and  is  equally  applicable  whether  they 

are  in  one  plane  or  not. 

63.  Prop.  II. — The  sum  of  the  virtual  moments  equals  zero, 
for  concurrent  forces  in  equilibrium. 

*  We  should  rather  say  "  projected  on  the  line  of  action  of  the  force  ;* 
but  the  phrase  used  may  be  allowed,  for  brevity. 
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(If  tlie  forces  ate  balanced,  tlie  material  point  is  moving  in 
a  straight  line  if  moving  at  all/)  The  resultant  force  is  zero. 
Hence,  from  §  62,  ?^d^Jb^  -\-  P ^(lu^-\- Qta.  =  0,  having  proper 
regard  to  sign,  i.e.,  3{Pdv)  =  0. 

64.  Prop.  1M.— The  sum  of  the  mrtual  moinents  equals  zero 
for  any  small  displacement  or  motion,  of  a  rigid  body  in  equi- 
librium, under  non-concurrent  forces  in  a  plane;  all  points  oj 
the  body  moving  parallel  to  this  plane.  (Although  tlie  Icinds 
of  motion  of  a  given  rigid  body  which  are  consistent  with 
balanced  non-concurrent  forces  have  not  yet  been  investigated, 
we  may  imagine  any  slight  motion  for  the  sake  of  the  alge- 
braic relations  between  the  different  <^m's  and  forces.) 

.  First,  let  the  motion  be  a  translation,  all 

^ — ^C_^  points  of  the  body  describing  equal  parallel 

Nj       /:--.x  N.        lengths  =  ds.    Take  ^parallel  to  ds ;  let  a-,, 

<\.^.«.,  *       \>  etc.,   be  the  angles  of   the  forces  with  X- 

S     v-        ^    rpjjgj^  ^  35^^  -^^p  cos  a)  =  0  ;  .-.  ds'2{P cos  a) 

\     f:::::-^  }    *     =  0  ;  but  ds  cos  a,  =  du^ ;  ds  cos  a,  =  du, ; 

^f^iJ  etc. ;  .-.  2{Pdu)  ^  0.     Q.  E.  D. 

<!■  Secondly,  let  the   motion   be  a   rotation 

Fio.  71.  through  a  small  angle  dd  in  the  plane  of  the 

forces  about  any  point  0  in  that  plane.  Fig.  72.  Witli  6>as  a  pole 
let  p,  be  the  radius-vector  of  the  point  of  application  of  P^.  and 
(Z,  its  lever-arm  from  0;  similarly  for  the 
other  forces.  In  the  rotation  each  point  of 
application  describes  a  small  arc,  ds^,  ds^, 
etc.,  proportional  to  /3„  p,,  etc.,  since  ds^ 
^  p,dd,  ds,  =  p^dd,  etc.  From  §  36,  /•::'---:-„'.'."i§-^- 
P,a^  -j-  etc.  =  0  ;  but  from  similar  triangles  *"  "■ 
ds,  :  du,  ::  p,  :  a,  ;      .-.  a,  =  p^du,  -^  ds,  '""--J 

=  du,  -^  dd ;  similarly  a,  =  du,  -=-  dd,  etc.  ^'°-  ™- 

Hence  we  must  have  [P,du,  +  P^du,  -{-.  .  .]-i- dd  =  0,  i.e., 
?{Pdu)  =  0.     Q.  E.  D. 

Now  since  any  slight  displacement  or  motion  of  a  body  may 
be  conceived  to  be  accomplished  by  a  small  translation  fol- 
lowed by  a  rotation  through  a  small  angle,  and  since  the  fore- 
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going  deals  only  with  projections  of  paths,  the  proposition  is 
established  and  is  called  the  Principle  of  Virtual  Yelooities. 
[A  similar  proof  may  be  used  for  any  slight  motion  what- 
ever in  space  when  a  system  of  non-concurrent  forces  is  bal- 
anced.] Evidently  if  the  path  ids)  of  a  point  of  application  is 
perpendicular  to  the  force,  the  virtual  velocity  {du),  and  con- 
sequently the  virtual  moment  {Pdu)  of  the  force  are  zero. 
Hence  we  may  frequently  make  the  displacement  of  such  a 
character  in  a  problem  that  one  or  more  of  the  forces  may  be 
excluded  from  the  summation  of  virtual  moments. 

65.  Connecting-Bod  by  Virtual  Velocities. — Let  the  effective 
steam-pressure  P  be  the  means,  through  the  connecting-rod 
and  crank  (i.e.,  two  links),  of  raising  the  weight  G  very  slowly; 
neglect  friction  and  the  weight  of  the  links  themselves.  Con- 
sider AB  z&  free  (see  (&)  in  Fig.  73),  ^Calso,  at  (c);  let  the 


'""■h-'-r" 

rjT      p- 
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"small  displacements"  of  both  be  simultaneous  small  portions 
of  their  ordinary  motion  in  "the  apparatus.  A  has  moved  to  A^ 
through  dx\  B  to  -B„  through  ds,  a  small  arc ;  G  has  not 
moved.  The  forces  acting  on  AB  are  P  (steam-pressure),  N 
(vertical  reaction  of  guide),  and  N'  and  ^(the  tangential  and 
normal  components  of  the  crank-pin  pressure).  Those  on  BG 
are  N'  and  T  (reversed),  the  weight  G,  and  the  oblique  pressure 
of  bearing  P' .  The  motion  being  slow  (or  rather  the  accelera- 
tion being  small),  each  of  these  two  systems  will  be  considered  as 
balanced.     Now  put  2{Pdu)  =  0  for  AB,  and  we  have 

Pdx  +  NxO  +  N">i(i-Tds  =  0.     .     .     (1) 

For  the  simultaneous  and  corresponding   motion   of  BG, 
:S{Pdu)  =  0  gives 
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N'  X  0 -\-  Tds  -  Odh  +  P'  X  ()  =  0, 


(2) 


dh  being  the  vertical  projection  of  6"s  motion. 

From  (1)  and  (2)  we  have,  easily,  Pdx  —  Gdh  ■=■  0,     .     (3) 
../-.B,  whicli  is  the  same  as  we  might  have 

-?'"'      obtained  by  putting  2{Pdu)  =  Ofor 
G  "S-P'  ^^^  ^'"'^  links  together,  regarded  col- 
lectively as  a  free  body,  and  describ- 
^'«-  ^*-  ing  a  small    portion    of   the    motion 

they  really  have  in  the  mechanism,  viz.,  (Fig.  74,) 

Pdx+NxO-  Gdh  +  P'  X0  =  0.    .    .    (4) 

We  may  therefore  announce  the — 


66.  Generality  of  the  Principle  of  Virtual  Velocities. — If  (Miy 

mechanism,  of  flexible  inexiensible  cords,  or  of  rigid  bodies 
jointed  together,  or  both,  at  rest,  or  in  motion  with  very  small 
accelerations,  be  considered  free  collectively  {or  any  portion  of 
it),  a/)id  all  the  external  forces  jput  in ;  then  {disregarding 
mAJbtual  frictioni)  for  a  sm/dl  portion  of  its  prescribed  motion, 
2{Pdu)  must  =  0,  in  which  the  du,  or  virtual  velocity,  of 
each  force,  P,  is  the  prelection  of  the  path  of  the  point  of 
application  upon  the  force  (the  product,  Pdu,  being  +  or  — 
according  to  §  61). 

67.  Example. — In  the  problem  of  §  65,  having  given  the 
weight  G,  required  the  proper  steam-pressure  (effective)  P  to 
hold  G  in  equilibrium,  or  to  raise  it  uniformly,  if  already  in 
motion,  for  a  given  position  of  the  links.  That  is,  Fig.  75, 
given  a,  r,  c,  a,  and  /?,  re- 
quired the  ratio  dh  :  dx\  for, 
from  equation  (3),  §  65,  P 
—  G{dh  :  dx).  The  projec- 
tions of  dx  and  ds  upon  AS 
will  be  equal,  since  AB  = 
A^B^,  and  makes  an  (infinitely)  small  angle  with  A^B^,  i.e., 
dx  aosa  =  ds  cos  {fi  —  a).     Also,  dh  =  {c  :  r)ds  sin  /3. 


dx  A, 
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Eliminating  ds,  we  have, 

dh       0  sin  /S  cos  a 
dx  ~  r  cos  {fi  —  a)'' 


:P=G 


c  sill  ft  cos  a 
T  cos  (/3  —  a)' 


68.  When  the  acceleration  of  the  parts  of  the  mechanism  is 
I),  t  practically  zero,  2{Pdu)  will  not  =  0,  but  a  f miction  of 
the  ransses  and  velocities  to  be  explained  in  the  cliapter  on 
Work,  Energy,  and  Power.  If  friction  occnrs  at  moving  joints, 
enough  "  free  bodies"  should  be  considered  that  no  free  body 
extend  beyond  such  a  joint ;  it  will  be  found  that  this  friction 
cannot  be  eliminated  in  the  way  T  and  N'  were,  in  §  65. 

69.  Additional  Problems;  to  be  solved  by  "virtual  velocities."  Problem 
1. — Find  relations  between  the  forces  acting  on  a  straight  lever  in  equi- 
librium;  also,  on  a  bent  lever. 

Problem  2.— When  an  ordinary  copying-press  is  in  equilibrium,  find 
the  relation  between  the  force  applied  horizontally  and  tangentially  at 
the  circumference  of  the  wheel,  and  the  vertical  resistance  under  the 
screw-shaft.     See  Fig.  75o. 

Solution. — Considering  free  the  rigid  body  consisting  of  the  wheel  and 
screw-shaft,  let  B  be  the  resistance  at  the  point  of  the  shaft  (pointing 
along  the  axis  of  the  shaft),  and  P  the  required  horizontal  tangential  force 
at  edge  of  wheel.  '  Let  radius  of  wheel  be  r.  Besides  R  and  P  there  are 
also  acting  on  this  body  certain  pressures,  or  "  supporting  forces,"  consist- 
ing of  the  reactions  of  the  collars,  and  reactions  of  the  threads  of  nut  against 
the  threads  of  screw.  Denote  by  s  the  "pitch  "  of  the  screw,  i.e.,  the  dis- 
tance the  shaft  would  advance  for  a  full  turn  of  the  wheel.  Then  if  we 
imagine  the  wheel  to  turn  through  a  small  angle  clB,  the  corresponding 

advance,  ds,  of  the  shaft  would  be  ^--,  from  the  proportion  s:ds::%7i:dB. 

/STt 

The  path  of  the  point  of  application  of  P  is  AB,  a  small  portion  of 
a  helix,  the  projection  of  which  on  the  line  of  P  is  rd6,  =Ac;  ds  projects 
in  its  full  length  on  the  line  of  the 
force  R.  In  the  case  of  each  of 
the  other  forces,  however,  the  path 
of  the  point  of  application  is  per- 
pendicular to  the  line  of  the  force 
(which  is  normal  to  the  rubbing 
surfaces,  friction  being  disre- 
garded). Hence,  substituting  in 
i'(Pdu)  =  0,  we  have 

+  P  .  rdd-R  .  ds-|-0-l-0=0; 
whence 


P= 


rde 


R  = 


2-Kr 


R. 


Fig.  75a. 
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CURVILINEAR  MOTION  OF  A  MATERIAL  POINT, 

[Motion  in  a  plane,  only,  will  be  considered  in  this  chapter.] 

70.  Parallelogram  of  Motions. — It  is  convenient  to  regard 
the  curvilinear  motion  of  a  point  in  a  plane  as  compounded,  or 
made  up,  of  two  independent  rectilinear  motions  parallel 
respectively  to  two  co-ordinate  axes  X  and  Y,  aa  may  be  ex- 
plained thus :  Fig.  76.  Consider  the 
drawing-board  CD  as  fixed,  and  let  the 
head  of  a  T-square  move  from  A 
toward  B  along  the  edge  according  to 
any  law  whatever,  while  a  pencil  moves 
from  M  toward  Q  along  the  blade.  The 
result  is  a  curved  line  on  the  board,  whose 
form  depends  on  the  character  of  the 

two  JT  and  7  com/ponent  motions,  as  they  may  be  called.  If 
in  a  time  #,  the  T-square  head  has  moved  an  ^distance  =  MB, 
and  the  pencil  simultaneously  a  Y  distance  =  MP,  by  com- 
pleting the  parallelogram  on  these  lines,  we  obtain  R,  the 
position  of  the  point  on  the  board  at  the  end  of  the  time  t^. 
Similarly,  at  the  end  of  the  time  t^  we  find  the  point  at  B'. 

71.  Parallelogram  of  Velocitieg. — Let  the  X  and  T' motions 
be  vmiform,  required  the  resulting  motion.  Fig.  77.  Let  o, 
and  Cy  be  the  constant  uniform  X  and  Y  velocities.  Then  in 
any  time,  t,  we  have  x  =  cj,  and  y  = 
Cyt;  whence  we  have,  eliminating  t, 
X  —  y  =  Cg,  -i-  Cy  =:  constant,  i.e.,  x  is 
proportional  to  y,  i.e.,  the  path  is  a  ( 
straight  line.  Laying  off  OA  =  c„ 
and  AB  =  Cy,  £  is,  a  point  of  the  path,  Fio.  n. 
and   OB  is  the  distance  described  by  the   point  in  the  first 
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second.  Since  by  similar  triangles  OB  :  a? : :  0£  :  o„  we 
have  also  OR  =  OB  .  t ;  hence  the  resultant  motion  is  uniform, 
and  its  velocity,  OB  =  o,  is  the  diagonal  of  the  paraUelograan 
formed  on  the  two  component  velocities. 

Corollary. — If  the  resultant  motion  is  curved,  the  direction 
and  velocity  of  the  motion  at  any  point  will  be  given  by  the 
diagonal  formed  on  the  component  velocities  at  that  instant. 
The  direction  of  motion  is,  of  course,  a  tangent  to  the  curve. 

72.  TTniformly  Accelerated  X  and  Y  Motions. — The  initial 
velooiUes  of  hoth  heiny  zero.  Required  the  resultant  motion. 
Fig.  T8.  From  §  56,  eq.  (2)  (both  c^  and  %         -^  /  ^ 

being  =  0),  we  have  x  =  ^fj?  and  y  =         n        ^^z' 
^y(\  whence  x -^  y  =■  p^-^  JPy=  constant,      wvTPf      / 

and  the  resultant  motion  is  in  a  straight    jL^ .^h)^ Z_x 

line.     Conceive  lines  laid  off  from  (?  on  JT  '-''' ^ 

and  Y  to  represent  jpa,  and^,,  to  scale,  and  ^"''  ''^ 

form  a  parallelogram  on  them.  From  similar  triangles  {OR 
being  the  distance  described  in  the  resultant  motion  in  any 
time  if),  ~0R  :  x  ::  'OB  :  p^ ;  .-.  OW—  \0M.  Hence,  from  the 
form  of  this  last  equation,  the  resultant  motion  is  uniformly 
accelerated,  and  its  acceleration  is  OB  =pi,  (on  the  same  scale 
as^ar  and^J. 

This  might  be  called  the  parallelogram  of  accelerations,  but 
is  really  a  parallelogram  of  forces,  if  we  consider  that  a  free 
material  point,  initially  at  rest  at  <9,  and  acted  on  simulta- 
neously by  constant  forces  P^;  and  P^  (so  that  jp^  =  P^  -i-  M 
andpy  =  Py  -~  M),  must  begin  a  uniformly  accelerated  recti- 
linear motion  in  the  direction  of  the  resultant  force,  {having 
no  initial  velocity  in  any  direction.) 

78.  In  general,  considering  the  point  hitherto  spoken  of  as  a 
free  material  povrot,  under  the  action  of  one  or  more  forces,  in 
view  of  the  foregoing,  and  of  Newton's  second  law,  given  the 
initial  velocity  in  amount  and  direction,  the  starting-point, 
the  initial  amounts  and  directions  of  the  acting  forces  and  the 
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laws  of  their  variation  if  they  are  not  constant,  we  can  resolve 
them  into  a  single  X  and  a  single  Y  force  at  any  instant, 
detcnnine  the  JT  and  J^  motions  independently,  and  afterwards 
the  resultant  motion. 

Note. — The  resultant  force  is  never  in  the  direction  of  the  tangent  to  the 
path  (except  at  a  point  of  inflection).  The  relations  which  its  amount 
and  position  at  any  instant  bear  to  the  velocity,  rates  of  change  of 
that  velocity  (i.e.,  accelerations),  both  as  to  amount  and  position,  and 
the  radius  of  curvature  of  the  path,  will  now  be  treated  (§  74). 

In  Fig.  79,  A,  B,  and  C  are  three  "consecutive"  positions  of  the  moving 
point,  AB  and  BC  being  two  short  chords  of  the  curve.  When  dt  is 
taken  smaller  and  smaller  (position  B  remaining  unchanged)  and  finally 
becomes  zero,  the  points  A  and  C  merge  into  B  and  the  chords  A  B  and 
BC  becomes  tangents  at  B;  and  hence  the  results  to  be  obtained  only 
apply  to  a  single  point,  B.  But  note  that  before  dt  becomes  zero  each 
equation  [except  (7)]  is  divided  through  by  dt  (or  dt')  and  therefore  the 
individual  terms  do  not  necessarily  become  zero  also. 

74.  General  Equations  for  the  curvilinear  motion  of  a  ma- 
terial point  in  a  plane. — The  motion  will  be  considered  result- 
ing  from    the   composition    of 
independent  JT  and  1^  motions, 
.Z^and  IT  being  perpendicular  to 
each  other.     Fig.   79.     In   two 
consecutive    equal    times   (each 
dt),  let  dx  and  dx'  =  small 
spaces   due  to  the   JT  motion ; 
and  dy  and   CIS"  =  dy\  due  to 
the    Y  motion.     Then  ds  and 
ds'  are  two  consecutive  elements 
FiQ.  79.  of  the  curvilinear  motion.     Pro- 

long ds,  making  BE=  ds;  then  .£7^=  d'x,  CF  =  d'y,  and 
CO  —  d's  {EO  being  perpendicular  to  BC).  Also  draw  CL 
perpendicular  to  BG  and  call  CL  d^n.  Call  the  velocity  of 
the  X  motion  v^,  its  acceleration  f^ ;  those  of  the  Y  motion, 
Vy  and  py.     Then, 


'£  \ 


dx 


w«  = 


dy 
'dV 


dt       df ' 


_  dv^  _  d'x  ,      _  dvy      d'y 

dt'    ""=  dt'  ^'~  dt  ~  de''    ^"^^^y  --Tf--^' 

For  tlie  velocity  along  the  curve  (i.e.,  tangent) 
=■  ds-^  dt,  we  slinll  have,  since  ds'  =  dx'  -(-  dy', 
ds\'        /dx\'    .     nh/^ 


dt 


=  f 


dt) 


+ 


\dtl 


=       '•/     +     Vy 


(1) 
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Hence  v  is  the  diagonal  formed  on  Vx  and  Vy  (as  in  §  11). 
Let  p,=the  acceleration  of  v,  i.e.,  the  tangential  acceleration. 
then  pt  =  (Ps  -7-  df,  and,  since  (^'«  =  the  sum  of  the  projec- 
tions of  ^i^and  CZ^  on  BC,  i.e.,  d's  =  d'x  cos  a  -{-  d*y  sin  a, 
we  have 

^  ~  ^  ^'^^  '^  +  ^  ^'"  ^'  '■^•'-^'  ~^''  ^^^  "  +Py^^^  "■  (2) 

By  Normal  Acceleration  we  mean  the  rate  of  change  of  the 
velocity  in  the  direction  of  the  normal.  In  describing  the  ele- 
ment A£  =  ds.  no  progress  has  been  made  in  the  direction  of 
the  normal  £11  i.e.,  there  is  no  velocity  in  the  direction  of  the 
normal;  but  in  describing  ^(7  (on  account  of  the  new  direc- 
tion of  path)  the  point  has  progressed  a  distance  CZ  (call  it 
d'n)  in  the  direction  of  the  old  normal  £11  (though  none  in 
that  of  the   new  normal  CI).     Hence,  just  as  the  tang.  ace. 

ds'  —  ds       d's         .  ,         ,        CL  —  zero       d^n 

=  -TSi  so  tlie  normal  acceJ.  = 


~       df       -^^, -'"•'"-"-'"-»-..=..  _         ^^         _  ^^,. 

It  now  remains  to  express  this  normal  acceleration  (^=  ji„)  in 
terms  of  the  X  and  Y  accelerations.  From  the  figure,  CL 
=  CM-  ML,  i.e., 

cPn  =  dl'y  cos  a  —  d!'x  sin  a  \  since  EF  =  d^x\ ; 

d^n       dJ'y  d^x  . 

Hence  ^„=^y  cos  a  — ^a,sin  a (3) 

The  norm.  ace.  may  also  be  expressed  in  terms  of  the  tang, 
velocity  v,  and  the  radius  of  curvature  r,  as  follows: 
ds'  =  rda,  or  da  =:ds'  -i-  r;    also     d^n  =  ds'da,  =  ds'"  ~-  r, 


i.e. 


d'n       (ds'V  1  v" 

di'^\diJP    «"•    ^»  =  ^ (*) 

If  now,  Fig.  80,  we  I'esolve  the  forces  X  =  Mp„  and  Y 

Y  =  Mpy,  which  at  this  instant  account  for  the 

^   \        /        X  and  Y  accelerations  (M  =  mass  of  the 

"1     \/,^*      material   point),' into   components  along  the 

\  /'^     \     tangent  and  normal  to  the  curved  patli,  we 


-f^MX       ...-'"'      shall  have,  as  their  equvoalent,  a  tangential 
™.*'1«  force 

Fie.  80. 

T  =  Mp^  ("OS  a  -j-  Mpy  sin  a. 
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and  a  normal  force 

I^  =  Mpy  COS  a  —  Mp^  sin  a. 
But  [see  equations  (2),  (3),  and  (4)]  we  may  also  write 


r  =  Jf^.  =  J/-|; 


and     N=Mp^=M-.     .     (5) 


Senoe,  if  a  f  res  material  point  is  moving  in  a  curved  path, 
the  s-i,m  of  t/ie  tangential  components  of  the  acting  forces  m,ust 
equal  (tiiemass)  X  tang,  accel.;  that  of  the  normal  components, 
=  (the  mass)  X  normal  accel.  ■=  (mass)  X  (square  of  veloc.  in 
path)  -7-  (rad.  curv.). 

It  is  evident,  tlierefore,  that  tlse  resultant  force  (=  diagonal 
on  T  aud  N  or  on  Xaiid  T,  Fig.  80)  does  not  act  along  the  tan- 
gent at  any  point,  but  toward  the  concave  side  of  the  path ;  un- 
less r  ^=  CO. 

Radi/us  of  curvature. — From  the  line  above  eq.  (4)  we 
have  d'n  =  <?«'"  -=-  r ;  hence  (line  above  eq.  (3) ),  ds'''  -=-  /■  = 
d^y  cos  a  —  d'x  sin  a ;  but  cos  a-=dx-^  ds,  and  sin  a  =  <?y  -^  ds, 

,.  ^  =  ^y^  -  d^^  ;  or  ^^*  =  dx^^^-^'^y  -  ^^^^^" 
r  "as 

ds"'ds 


1.8., 


=  dx'd 


r 
_dx_ 


L  dx' 

=  dx'd  (tan  a). 


or. 


_  lds"'ds\       r  /  dx\ '  d  tan  a-| 
d  tan  a~| 


■  V'  -i- 


dt 


(6) 


which  is  equally  true  if,  for  v^  and  tan  a,  we  put  v„  and 
tan  (90°  —  a),  respectively. 

Change  in  the  velocity  square. — Since  the  tangential  accelera- 
tion 21  =J?t,  we  have  (?s^  =ptds;  i.e., 

2ido=Ptds,     or    vd/v=p^s    and     .-. — ^ 

having  integrated  between  any  initial  point  of  the  curve  where 
V  =  c,  and  any  other  point  where  v  =  v.  This  is  nothing 
more  tlmn  equation  (III.),  of  §  50. 


fptds.{7) 
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Fig.  81. 


75.  Normal  Acceleration.  Another  Method. — Fig.  81.  Consider  a  material 
point  m  describing  a  circular  path  ABC,  with  constant  velocity 
=  v;   the  center  of  the  curve  being  at  0  Oj.^  i 

and  the  radius  =  r.  The  velocity  v  is 
always  tangent  to  the  curve.  Let  the 
linear  arc  BC  be  described  in  the  small 
time  dt,  the  angle  at  the  center  being  da. 
At  B  the  velocity  is  directed  along  the 
tangent  BT,  while  at  C  it  is  T  to  OC 
and  makes  an  angle  da  with  a  line  parallel 
to  BT.  As  m  moves  along  the  curve 
from  B  to  C,  the  point  n,  which  is  the 
foot  of  the  T  dropped  from  any  position 
of  m  upon  the  normal  BO,  moves  from  B  toward  D;  while  the  foot,  a, 
of  the  T  let  fall  from  m  upon  the  tangent  BT,  moves  along  BT  with 
an  average  velocity =■«',  a  little  less  than  v.  Now  the  motion  of  m  may 
be  regarded  as  compounded  of  these  two  motions,  viz.,  that  of  n  and 
that  of  a.  The  motion  of  n  is  called  the  "motion  of  m  along  the  normal." 
The  velocity  of  n  is  zero  at  B,  where  i)  is  T  to  the  normal,  and  is  v  sin  da 
at  the  point  D;  hence  in  the  time  dt  the  gain  of  n's  velocity  is  v  sin  da  — 0, 
and  the  rate  of  gain,  or  acceleration,  is  pn=V8iada-i-df.  But  sin  da 
=  CD-r-r  and  CD  =  BC'  =  v'dt.    Substituting,  we  have  pn=w'-i-r. 

Now  make  dt  equal  to  zero  and  we  have  v'  —  v;  and  finally  pn=v'-i-r, 
as  the  value  of  the  normal  acceleration,  just  at  the  point  B. 

76.  TJniform  Circular  Motion.  Centripetal  Force. — The  ve- 
locity being  constant, ^^  must  be  —  0,  and  .'.  T{oi-  2Tii  there 
are  several  forces)  must  =  0.  The  resultant  of  all  the  forces, 
tlierefore,  must  be  a  normal  force  =  {Mc'  —  r)  =  a.  con- 
slant  (eq.  5,  §74).  This  is  called  the  "deviating  force," 
or  "  centripetal  force  ;"  without  it  the  body  would  continue 
in  a  straight  line.  Since  forces  always  occur  in  pairs  (§  3), 
a  "centrifugal  force,"  equal  and  opposite  to  the  "centri- 
petal" (one  being  the  reaction  of  4he  other),  will  be  found 
among  tlie  forces  acting  on  the  body  to  whose  constraint  the 
deviation  of  the  first  body  from  its  natural  straight  course  is 
due.  For  example,  the  attraction  of  the  earth  on  the  moon 
acts  as  a  centripetal  or  deviating  force  on  the  latter,  while  the 
equal  and  oppos'te  force  acting  on  the  earth  may  be  called 
the  centrifugal.  If  a  small  block  moving  on  a 
smooth  horizontal  table  is  gradually  turned  from 
its  straight  course  A£  by  a  fixed  circular  guide, 
tangent  to  AS  at  S,  the  pressure  of  the  guide 
against  the  block  is  the  centripetal  force  Mc'-i-  r 
directed  toward  the  centre  of  curvature,  while 
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the  centrifugal  force  Mc'  -^  r  is  the  pressure  of  the  block 
against  the  guide,  directed  away  from  that  centre. 

Note. — One  is  not  justified,  therefore,  in  saying  that  a  body  describing 
a  circular  path  is  under  the  action  of  a  "centrifugal  force.  ' 

The  Conical  Pendulum,  or  governor-ball.— Fig.  83.  If  a 
material  point  of  mass  =  M  =  G  -^  g,  suspended  on  a  cord  of 
Jer.gtli  =  I,  is  to  maintain  a  uniform  cir- 
cular motion  in  a  horizontal  plane,  with  a 
given  radius  r,  under  the  action  of  gravity 
and  the  cord,  required  the  velocity  c  to  be 
given  it.  At  Ji  we  have  the  body  free. 
The  only  forces  acting  are  G  and  the  cord- 
FiQ.  83.  tension  P.     The  sum  of  their  normal  com- 

ponents, i.e.,  2JV,  must  =  Me'  -i-  r,  i.e.,  ^  sin  a  =  Mc'  -—  r; 
but,  since  2  (vert,  comps.)  =  0,  /*  cos  a  ^  G.  Hence 
G  tan  a  —  Gc'-^  gr ;  .-.  c=  Vgr  tan  a.  Let  u  =  number  of 
revolutions  per  unit  of  time,  then  u  =  c-~  ^nr  =  Vg  -i-  2n  Vk; 
i.e.,  is  inversely  proportional  to  the  square  root  of  the  vertical 
projection  of  the  length  of  cord.  The  time  of  executing  one 
revolution  is  =1  -s-m. 

Elevation  of  the  outer  rail  on  railroad  curves  (considera- 
tions of  traction  disregarded). — Consider  a  single  car  as  a 
material  point,  and  free,  having  a  given  „», 

velocity   =    o.      ^P   is   the   rail-pressure  i-„ 

against  the  wheels.     So  long  as  the  oar  £ -r — R-H- 

follows  the  track  the  resultant  ^  of  P  \ 

and  G  must  point  toward  the  centre  of  i 

curvature  and  have  a  value  =  J/b'  -=-  r. 

But  P=^  G  tan  or,  whence  tan  a  =  c'-=-  gr. 

If  therefore  the  ties  are  placed  at  this 

angle  a  with  the  horizontal,  the  pressure 

will  come  upon  the  tread  and  not  on  the  flanges  of  the  wheels ; 

in  other  words,  the  car  will  not  leave  the  track.    (This  is  really 

the  same  problem  as  the  preceding  ) 

Apparent  weight  of  a  body  at  the  equator. — This  is  less  than 
the  true  weight  or  attraction  of  the  earth,  on  account  of  the 
uniform  circular  motion  of  the  body  with  the  earth  in  its 
diurnal  rotntion.     If  the  body  hangs  from  a  spring-balance, 


Fig.  84. 
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whose  indication  is  G  lbs.  (apparent  weight),  while  the  true 
attraction  is  G'  lbs.,  we  have  G'  —  G  =  Mc'  -=-  r.  For  M 
we  may  use  G  ~  g  (apparent  values);  for  r  about  20,000,000 
ft.;  for  c,  25,000  miles  in  24  hrs.,  reduced  to  feet  per  second. 
It  results  from  this  that  G  is  <  G'  by  -^G'  nearly,  and 
(since  IT  =  289)  hence  if  the  earth  revolved  on  its  axis  seven- 
teen times  as  fast  as  at  present,  G  would  =  0,  i.e.,  bodies 
would  apparently  have  no  weight,  the  earth's  attraction  on 
them  being  just  equal  to  tlie  necessary  centripetal  or  deviating 
force  necessary  to  keep  the  body  in  its  orbit. 

Centripetal  force  at  any  latitude. — If  the  earth  were  a  ho- 
mogeneous liquid,  and  at  rest,  its  form  would  be  spherical ;  but 
when  revolving  uniformly  about  the  polar  diameter,  its  form 
of  relative  equilibrium  (i.e.,  no  motion  of  the  particles  relatively 
to  each  other)  is  nearly  ellipsoidal,  the  polar  diameter  being  an 
axis  of  symmetry. 

Lines  of  attraction  on  bodies  at  its  surface  do  not  intersect 
in  a  common  point,  and  the  centripetal  force  requisite  to  keep 
a  suspended  body  in  its  orbit  (a  small  circle  of  the  ellipsoid), 
at  any  latitude  /?  is  the  resultant,  JT,  of  the  attraction  or  true 
weight  G'  directed  (nearly)  toward  the  centre,  and  of  G  the 
tension  of  the  string.  Fig.  85.  6^  =  the  apparent  weight,  in- 
dicated by  a  spring-balance  and  MA  is  its  _..^G 

line  of  action  (plumb-line)  normal  to  the     y^.:.—X-.'.^^^JM 
ocean    surface.      Evidently  tlie  apparent  /^^"c"""Tq;j/7     \ 

weight,  and  consequently  gr,  are  less  than  k-'- Y—j----—--), 

the  true  values,  since  iV^  must -be  perpen-  \^~-j^j-___| J 

dicular  to  the  polar  axis,  while  the  true       \^     |     ^^ 
values   themselves,  varying  inversely   as  pjo  g5_ 

the  square  of  MG,  decrease  toward  the  equator,  lience  the  ap- 
parent values  decrease  still  more  rapidly  as  the  latitude  dimin- 
ishes. The  apparent  g  for  any  latitude  ^,  at  h  ft.  above  sea- 
level,  is  (Chwolson,  1901),  for  foot-second  units,* 

gr  =  32. 1723  -  0. 083315  cos  2/?- 0. 000003/1. 

(The  value  32.2  is  accurate  enough  for  practical  purposes.) 

Since  the  earth's  axis  is  really  not  at  rest,  but  moving  about 

*  At  the  equator,  j  =  32.09  at  sea-level  but  decreases  to  32.06  at  an  ele- 
vation of  10,000  ft.  above  the  sea.  ' 
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tlie  STin,  and  also  about  the  centre  of  gravity  of  the  moon  and 
earth,  the  form  of  the  ocean  surface  is  periodically  varied,  i.e., 
the  plienomena  of  the  tides  are  produced. 

77.  Cycloidal  Fendnlum. — This  consists  of  a  material  point 
at  the  extremity  of  an  imponderable,  flexible,  and  inextensible 
cord  of  length  ^  I,  confined  to  the  arc  of  a  cycloid  in  a  ver- 
tical plane  by  the  cycloidal  evolutes  shown  in  Fig.  86.  Let 
the  oscillation  begin  (from  rest)  at  A,  a  height  =  h  above  0 


9 

%^ 

\      / 

zNW  / 

*he  vertex.  On  reaching  any  lower  point,  as  B  (height  =  s 
above  0\  the  point  has  acquired  some  velocity  'o,  which  is  at 
this  instant  increasing  at  some  rate  =^t.  Now  consider  the 
point  free,  Fig.  87;  the  forces  acting  are  P  the  cord-tension, 
normal  to  path,  and  G  the  weight,  at  an  angle  (p  with  the 
path.     From  §  74,  eq.  (5),  '2T  —  Mp^  gives 

O  COS.  q)  -\-  P  cos  90°  =  {G  -^  g)pt;  .-.pt  =  g  cos  ip 

Hence  (eq.  (7).  §  74),  vdv  =  ptds  gives 

mdv  =  g  cos  qxis ;    but  ds  cos  (p  =  —  dz;    .•.  vd/o  =  - 

Summing  between  A  and  5,  we  have 


L-0 


^); 


the  same  as  if  it  had  fallen  freely  from  rest  through  the  height 
h  —  z.  {This  result  evidently  applies  to  cmy  form  of  path 
when^  hesides  the  weight  G,  there  is  hut  one  other  force,  and 
that  always  normal  to  the  path. y^ 

From  '2N  =  Mv^  -;-  r,,  we  have  P  —  G  ^\r\  qy  =■.  Mv*  H-r„ 
?  Compare  with  lower  part  of  p.  83. 
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whence  P^  the  cord-tension  at  any  point,  may  be  found  (here 
/•i=  the  radius  of  curvature  at  any  point  =  length  of  straight 
portion  of  tlie  cord). 

To  find  the  time  of  passing  from  J.  to  6>,  a  half-oscillation, 
substitute  the  above  value  of  -y'  in  -y  =  tZs  -7-  dt,  putting  d^ 
=  dx^  -J-  dz^,  and  we  have  df  —  {die'  -(-  ds')  h-  [2g{k  —  s)]. 
To  find  dx  in  terms  of  ds,  differentiate  the  equation  of  the 
curve,  which  in  this  position  is 


x  =  r  ver.  sin.~'  {2  -~-  r)  -\-  V2rs  —  z" ; 
whence 

rds       j_  (^  ~  ^)^^        {^^  ~  ^)^^ 
~   V2r3  —  s'        /27-2  —  3^  ~  V2rz  —  z'' 

(r  =  radius  of  the  generating  circle).     Substituting,  we  have 

dt  =  ./^.-^^M^; 
y  g      Vhz-z' 

r-o  Ir   f^      dz  /r  P        .       ,  ^  R 

Hence  tlie  whole  oscillation  occupies  a  time  =  n  VI  -^  g 
(since  I  =  Ar).  Thiy  is  independent  of  A,  i.e.,  the  oscillations 
are  isochronal.  This  might  have  been  proved  by  showing  that 
pt  is  proportional  to  OB  measured  along  the  curve  y  i.e.,  that 
the  motion  is  harmonic.     (§  59,  Prob.  2.) 

78.  Simple  Circular  Pendulum. — If  the  material  point  oscil- 
lates in  the  arc  of  a  circle,  Fig.  88,  proceeding 
as  in  the  preceding  problem,  we  have  finally, 
after  integration  by  series,  as  the  time  of  a  full 
oscillation,  in  one  direction,* 


('^11 


7/1    "^  8" '  ^  "^256  ■  P  +1,8432  *  Z»  +• 


Hence  for  a  small  h  the  time  is  nearly  n  VI  -j-  g,  and  the  os- 
*  See  p.  651  of  Coxe's  translation  of  Weisbach's  Mechanics. 
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dilations  nearly  isochronal.     (For  the  Compound  Pendulum, 

see  §  117.) 

[Note. — ^While  the  simple  pendulum  is  purely  ideal,  the  conception  is 
a  very  useful  one.  A  sphere  of  lead  an  inch  in  diameter  and  suspended 
by  a  silk  thread,  or  very  fine  wire,  more  than  2  ft.  in  length,  makes  a 
close  approximation  to  a  simple  pendulum;  the  length  1  being  measured 
from  the  point  of  suspension  to  the  middle  of  the  sphere  (strictly  it 
should  be  a  little  greater).  The  length  of  the  simple  pendulum  beating 
seconds  (small  amplitude)  is  about  3.26  ft.;  (see  p.  120)]. 

79.  Change  in  the  Velocity  Sqnare. — From  eq.  (7),  §  74,  we 
have  ^{v"  —  c')  =.fp^8.  But,  from  similar  triangles,  du  be- 
ing the  projection  of  any  ds  of  the  path  upon  the  resultant 
force  R  at  that  instant,  Rdu  —  Tds  (or,  Priii.  of  Yirt.  Vels. 
§  62,  Rd.u  =  Tds  +  iV  X  0).  T  and  iV are  the  tangential  and 
normal  components  of  R.     Fig.  89.     Hence,  finally, 

iMv'  -^Mc^^/Rdu, (a) 

for  all  elements  of  the  curve  between  any  two  points.     In  ^gen- 
,,^(ls^        T  eneral  ^  is  different  in  amount  and  direc- 


<s^^-,/~    ■"■4-.^/>^      tioti  for  each  ds  of  the  path,  but  du  is  the 
NL._..__^Jr     "     distance  through  which  R  acts,  in  its  oiwn 
FiQ.  89.  direction,  while  the  body  describes  any  ds ; 

Rdu  is  called  tlie  work  done  by  R  when  ds  is  described  by  the 
body.  The  above  equation  is  read  :  The  difference  hetween  tke 
initial  and  final  kinetic  energy  of  a  hody  =  the  work  done  ly 
the  resultamt  force  in  that  portion  of  the  path. 

(These  phrases  will  be  further  spoken  of  in  Chap.  YI.) 
Application  of  equation  (a)  to  a  planet  in  its  orbit  about 
the  stm. — Fig.  90.  Here  tlie  only  force  at  any  instant  is  the  at 
traction  of  the  sun  R  =  0  -i-u'  (see  Prob.  3,  §  59), 
where  C  is  a  constant   and  u  the  variable  radius 
vector.     As  u  diminishes,  v  increases,  therefore 
dv  and  du  have  contrary  signs ;  hence  equation 
(a)  gives   (o  being  the  velocity  at  some  initial 
point  0) 

|jfV-|ifo'=-^r-^=  ^["1-11;  (b) 

■'•  '"' ~\/  ^^ '^ 'm\_u,~  :;7  I -which  is  independ- 
ent of  the  direction  of  the  initial  velocitv  c. 
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Application  of  eq.   (a)  to  a  projectile  in  vacuo. 
body's  weight,  IS  the  only  force  acting,  and  0 
tJiei-efore  —  li,  while  Jf=  G  H-  g.     There- 
fore equation  {a)  gives 

O    v'  —  c'  py^ 


-G,  the 


Fig.  91. 


.'.  V,  =  V'c'  -|-  2^2/,,  which  is  independent  of 
the  angle,  a,  of  projection. 

Application  of  equation  (a)  to  a  body  sliding,  without  frio- 
tion,  on  a  iixed  curved  guide  in  a  vertical  plane ;  initial  velo- 
city =  0  at  0. — Since  there  is  some  pressure  at  each  point  be- 
tween the  body  and  the  guide,  to  consider  the  body  free  in 
space,  we  must  consider  the  guide  removed  and  that  the  body 

describes  the  given  curve  as  a  re- 
sult of  the  action  of  the  two  forces, 
its  weiglit  G,  and  the  pressure  jP, 
of  the  guide  against  the  body.     G 


of  G  and  J*,  project 


is  constant,  wliile  P  varies  from 
point  to  point,  though  always  (since 
"~^  there  is  no  friction)  normal  to  curve. 
At  any  point,  H  being  the  resultant 
Js  upon  R,  thus  obtaining  du ;  on  G, 
thus  obtaining  dy  ;  on  P,  thus  obtaining  zero.  But  by  the 
prvnciple  of  virtual  velocities  (see  §  62)  we  have  Pdu  =  Gdy 
+P  X  zero*  =  Gdy,  which  substituted  in  eq.  (a)  gives 

G\.   . 
-q2^-- 


Gdy=Gj^    dy^Gy-,    .:  v,^  Vc'^^gy, 

and  therefore  depends  only  on  the  vertical  distance  fallen 
through  and  the  initial  velocity,  i.e.,  is  independent  of  the 
form  of  the  guide. 

As  to  the  value  of  P,  the  mutual  pressure  between  the  guide 
and  body  at  any  point,  since  "SN  must  equal  Mv'  ~t-  r,r  being 
the  variable  radius  of  curvature,  we  have,  as  in  §  Y7, 

P  —  G  em  <p  =  Mv"  -i-r;    .-.  P  =  Gism  (p-\-{v''  —  gr)'\. 

As,  in  general,  q)  and  r  are  different  from  point  to  point  of 

*  It  is  quite  essential  that  the  guide  be  jixed,  as  well  as  smooth,  in  order 
that  this  projection  be  zero;  since  if  the  guide  were  in  motion,  the 
^orce  P,  although  T  to  the  guide,  would  not  be  T  to  the  ds  or  element 
of  the  path  erf  the  body,  for  that  path  would  then  be  different  from  the 
curve  of  the  guide. 


■     tr 
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the  path,  P  is  not  constant.  Should  the  curve  at  the  point  in 
question  be  convex  upward  (instead  of  concave  upward  as  in 
Fig.  92)  we  must  write  GsiD.<^—P=Mv^-^r;  etc. 

Projectiles  in  Vacuo. — A  ball  is  projected  into  the  air 
(whose  resistance  is  neglected,  lienee  the 
phrase  in  vacuo)  at  an  angle  =  «„  with  the 
horizontal  ;*  required  its  path ;  assuming  it 
confined  to  a  vertical  plane.  Resolve  the 
motion  into  independent  horizontal  (JT) 
FiQ.  93.  and   vertical  ( Y)   motions,  G.  tlie  weight, 

the  only  force  acting,  being  correspondingly  replaced  by  its 
horizontal  component  =  zero,  and  its  vertical  component 
=  —  G.  Similarly  the  initial  velocity  along  X=  Cj,  =  c  cos  a„ 
along  J^,  =  Cj^  =  csin  a„.  The  JT acceleration  =^a,  —  0  -i-  M 
=  0,  i.e.,  the  X  motion  is  uniform,  the  velocity  v^  remains 
=  Cj,  =  c  cos  a„  at  all  points,  hence,  reckoning  the  time  from  0, 
at  the  end  of  any  time  t  we  have 

X  =  c(cos  «„)< (1) 

In  the  Y  motion, ^„  —  (—  G) -i-  M=  —  g,  i.e.,  it  is  uniformly 
retarded,  the  initial  velocity  being  c„  =  c  sin  a„ ;  hence,  after 
any  time  t,  the  Y  velocity  will  be  (see  §  56)  v„  =  c  sin  «■„  —  fft, 
while  the  distance 

y  =  c(siri  a„)t  —  igf (2) 

Between  (1)  and  (2)  we  may  eliminate  t,  and  obtain  as  the 
equation  of  the  trajectory  or  path 

gx' 
2/  =  a?  tan  a„  —  „  ,       , — . 
2c  cos   a^ 

For  brevity  put  o'  =  2gh,  h  being  the  ideal  hdgU  due  to  the 
velocity  o,  i.e.,  &  -^  2g  (see  §  53  ;  if  the  ball  were  directed  ver- 
tically upward,  a  height  k  =  d'  -h  2g  would  be  actually  at- 
tained, aobeing  =  90°),  and  we  have 

2/  =  a?  tan  a,  —  ~j 5 (3) 

4A  cos    a,  ^  ' 

This  is  easily  shown  to  be  tlie  equation  of  a  parabola,  with  its 

axis  vertical. 

*  And  with  a  velocity  of  c.  ft.  per  sec. 
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The  hm'izontal  range.- 
tion  (3),  we  obtain 


X    tan  a„ 


-Fig.  94.     Putting  y  =  0  in  equa- 


0, 


^] 


Fio.  94. 


4A  cos' 
which  is  satisfied  both  by  a;  =  0  (i.e.,  at  the 
origin),  and  by  aj  =  4A  cos  a„  sin  a„.     Hence 
tlie  liorizontal  range  for  a  given  o  and  «„  is 
Xr  =  ih  cos  a„  sin  a„  =  2h  sin  2ar„. 

For  «„  =  45°  this  is  a  maximum  (c  remaining  the  same), 
being  then  =  2A.  Also,  since  sin  2a„  =  sin  (180°  —  2ar„)  = 
sin  2(90°  —  a„),  therefore  any  two  complementary  angles  of 
projection  give  the  same  horizontal  range. 

Greatest  height  of  ascent  /  that  is,  the  value  of  y  maximnm, 
^  y„. — Fig.  94.     Differentiate  (3),  obtaining 

dy 


dx 


=  tan  a. 


2A  cos'  «„' 
2A  sin  a„  cos  a„,  and  this  valne  of 


which,  put  =  0,  gives  x  = 
X  in  (3)  gives  y^^h  sin'  «„. 

(Let  the  student  obtain  this  more  simply  by  considering  the 
Y  motion  separately.) 

81.  Actual  Path  of  Projectiles. — Small  jets  of  water,  so  long  as 

they  remain  unDroken,  give  close  approximations  to  parabolic 
paths,  as  also  any  small  dense  object,  e.g.,  a  ball  of  metal,  hav- 
ing a  moderate  initial  velocity.  The  course  of  a  cannon-ball, 
however,  witli  a  velocity  of  1200  to  1400  feet  per  second  is 
much  affected  by  the  resistance  of  the  air,  the  descending 
branch  of  the  curve  being  much  steeper  than  the  ascending; 
see  Fig.  96ia.  The  equation  of  this  curve  has  not  yet  been 
determined,  but  only  the  expression  for  the  slope  (i.e., 
dy  :  <^a3)  at  any  point.  See  Professor  Bart- 
lett's  Mechanics,  §  151  (in  which  the  body 
is  a  sphere  having  no  motion  of  rotation). 
Swift  rotation  about  an  axis,  as  well  as  an 
uusymmetrical  form  with  reference  to  the 
direction  of  motion,  alters  the  trajectory 
still  further,  and  may  deviate  it  from  a  vertical  plane.  The 
presence  of  wind  would  occasion  increased  irregularity.  See 
Johnson's  Encvclopsedi.i,  article  '"Gunnery."    (See  p.  823.) 


Fia.  96a. 


Fio.  97. 
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82.  Special  Problem  (imaginary ;  from  Weisbacli's  Mechan- 
ics. The  equations  are  not  homogeneous). — Suppose  a  ma- 
terial point,  mass  =  M,  to  start 
from  the  point  0,  Fig.  97,  witli 
a  velocity  =  9  feet  per  second 
along  the  —  Y  axis,  being  sub- 
H/y  jected  thereafter  to  a  constant 
attractive  X  force,  of  a  value  X 
=  12M,  and  to  a  variable  Y 
force  increasing  with  the  time 
(in  seconds,  reckoned  from  0), 
<riz.,  Y  =  %Mt.  Required  the  path,  etc.  For  the  2C  motion 
tre  have  p^  =^  X  -i-  M  =  V2i,  and  hence 

/'  'dv^  =JpJLt  =  12^  dt ;  i.e.,  v^  =  12^; 

and  y    dx  =f  v^di ;  i.e.,  x  —  12 J   tdt  =  6^,  .     (1) 
For  the  T"  motion  j?,=  Y-^M=U,  .-.  /    d/Vy=Sj  tdt; 

dy  =:    I  Vydt; 

.-.  y  =  4/"  fdt  —  ^J  dt,     ov    y  =  ^f  —  9t..     .    (2) 

Eliminate  t  between  (1)  and  (2),  and  we  have,  as  the  equa- 
tion of  the  path, 

v=±m^4i (3) 

which  indicates  a  curve  of  the  third  order. 
The  velocity  at  any  point  is  (see  §  T4,  eq.  (1) ) 


,^=4/i),"  +  V=4^  +  9 (4) 

The  length  of  curve  measured  from  0  will  be  (since  v  = 
ds-^dt) 

8  =rds  =f  vdt  =  4: J  fdt  +  ^f  dt  =  ^f  +  9^.     (5) 

The  slope,  tan  a,  at  any  point  =Vy-i-v^=  (4f  —  9)  -j- 12^, 
dt&n  a       4i!'  +  9 


and 


dt 


12«" 


(6) 
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The  radius  of  curvature  at  any  point  (§  74,  eq.  (6)  ),  sub- 
etitnting  v^  =  12*,  also  from  (4)  and  (6),  is 


r    .d  tan  a~I        1      ^ 


(7) 


and  the  normal  acceleration  z^v'  —  r  (eq.  (4),  §  74),  becomea 
from  (4)  and  (7)  p^  =  12  (ft.  per  square  second),  a  constant. 
Hence  the  centripetal  or  deviating  force  at  any  point,  i.e.,  the 
SN  of  the  forces  X  and  IT,  is  the  same  at  all  points,  and  = 
Mv'-^r  =  12M. 

From  equation  (3)  it  is  evident  that  the  cnrve  is  symmetrical 
about  the  axis  X.  Negative  values  of  t  and  s  would  apply  to 
points  on  the  dotted  portion  in  Fig.  97,  since  the  body  may  be 
considered  as  having  started  at  any  point  whatever,  so  long  aa 
all  the  variables  have  their  proper  values  for  that  point. 

(Let  the  student  determine  how  the  conditions  of  this  motion 
could  be  approximated  to  experimentally.) 

83.  Eelative  and  Absolute  Velocities. — Fig.  98.  Let  Jf  be  a 
material  point  having  a  uniform  motion  of  velocity  v,  along  a 
straight  groove  cut  in  the  deck  of  a  steamer,  which  itself  has 
a  uniform  motion  of  translation,  of  velocity  i)„  over  the  bed  of 
a  river.     In  one  second  If  ad-  ^,         / 

vances   a   distance   v,  along   the  \    / 

groove,  which  simultaneously  has    /^^/^  m/'^    ^''V^^^^'--- 
moved  a  distance  ■«,=  ^^  with  I       \    ///\J  II       ^>  """\ 

the  vessel.     The  absolute  path  of  ^--/""-"Zl'i^rrrr::^. — 

M  during  the  second  is  evidently  Fig.  98. 

w  (the  diagonal  formed  on  v^  and  v^,  which  may  therefore  be 
called  the  absolute  velociiy  of  the  body  (considering  the  bed 
af  the  river  as  fixed) ;  while  -y,  is  its  relative  velocity,  i.e.,  rela- 
tive to  the  vessel.  If  the  motion  of  the  vessel  is  not  one  of 
translation,  the  construction  still  holds  good  for  an  instant  of 
time,  but  v,  is  then  the  velocity  of  that  point  of  the  deck  over 
which  J/"  is  passing  at  this  instant,  and  v^  is  M'e  velocity  rela 
tively  to  that  point  alone. 

Conversely,  if  M  be  moving  over  the  deck  with  a  given 
absolute  velocity  —  w,  v,  being  that  f)f  the  vessel,  the  relative 
velocity  -y,  may  be  found  by  resolving  w  into  two  components, 
one  of  which  shall  be  v^ ;  the  other  will  be  -y,. 
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If  w  is  the  absolute  velocity  and  direction  of  the  wind,  the 
vane  on  the  inast-head  will  be  parallel  to  MT,  i.e.,  to  v,  the 
relative  velocity ;  while  if  the  vessel  be  rolling  and  the  mast- 
head therefoi-e  describing  a  sinuous  path,  the  direction  of  thg 
vane  varies  periodically. 

Evidently  the  effect  of  the  wind  on  the  sails,  if  any,  will 
depend  on  v,  the  relative,  and  not  directly  on  w  the  absolute, 
velocity.  Similarly,  if  w  is  the  velocity  of  a  jet  of  water,  and 
I),  that  of  a  water-wheel  channel,  which  the  water  is  to  enter 
without  sudden  deviation,  or  impact,  the  channel-partition 
ehould  be  made  tangent  to  v,  and  not  to  w. 

Again,  the  aberration  of  light  of  the  stars  depends  on  the 
same  construction  ;  i),  is  the  absolute  velocity  of  a  locality  of  the 
earth's  surface  (being  practically  equal  to  that  of  the  centre)  ; 
V)  is  the  absolute  direction  and  velocity  of  the  light  from  a 
certain  star.  To  see  the  star,  a  telescope  must  be  directed 
along  MT,  i.e.,  parallel  to  v,  the  relative  velocity ;  just  as  in 
the  case  of  the  moving  vessel,  the  groove  must  have  the  direc- 
tion MT,  if  the  moving  material  point,  having  an  absolute 
velocity  w,  is  to  pass  down  the  groove  without  touching  its 
Bides.  Since  the  velocity  of  light  =  192,000  miles  per  second 
=  w,  and  that  of  the  earth  in  its  orbit  =  19  miles  per  second 
=  v„  the  angle  of  aberration  SMT,  Fig.  98,  will  not  exceed 
20  seconds  of  arc ;  while  it  is  zero  when  w  and  v,  are  parallel. 

Returning  to  the  wind  and  sail-boat,  it  will  lie  seen  from 
Fig.  98  that  when  v,  =  or  even  >  w,  it  is  still  possible  for  v, 
to  be  of  such  an  amount  and  direction  as  to  give,  on  a  s:iil 
properly  placed,  a  small  wind-pressure,  having  a  small  fore-and 
aft  component,  which  in  the  case  of  an  ice-bont  may  exceed 
the  small  fore-and-aft  resistance  of  such  a  craft,  and  thus  v,  will 
be  still  further  increased  ;  i.e.,  an  ice-boat  may  sometimes  travel 
faster  than  the  wind  which  drives  it.  This  has  often  been 
proved  experimentally  on  the  Hudson  iiiver.    (See  p.  819.) 

84.  Examples. — 1.  A  platform-car  on  a  straight  tevel  track  carries  a 
vertical  smooth  pole  loosely  encircled  by  an  iron  ring  weighing  30  lbs., 
and  is  part  of  a  train  having  a  uniform  northward  motion  with  velocity  of 
20  miles/ hour.  The  ring,  at  first  fastened  at  the  top  of  pole,  10  ft.  above 
floor,  is  set  free.  Find  its  absolute  velocity  just  before  striking  the  floor 
and  the  distance  the  car  has  progressed  during  the  fall  of  ring. 

Solution.-fThe  X-motion  (horizontal)  of  the  ring  is  that  of  the  car  and 
hasaconstantvelocitycx  =  20X5280-^3600  =  29.34ft./sec.     Its  i'-motion 
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(i.e.,  along  pole)  has  initial  velocity =0  and  a  constant  downward  acceler- 
ation Py=g  (since  the  only  force  acting  on. ring  is  vertical  and  is  its  own 
weight).  Hence  from  |  56  the  time  of  the  10-ft.  fall  =]/2X  10 -^32.2  =  0.788 
sec.  and  the  Y-velocity  generated  at  end  of  that  time  is  vy  =  gt  =  25A  ft./sec. 
This  is  now  combined  with  the  simultaneous  X-velocity  of  ring,  i.e.,  29.34, 
to  give  V,  =\/cx'  +  Vy^,  =38.8  ft./sec,  for  the  required  final  absolute 
velocity  of  ring,  which  is  therefore  at  this  instant  moving  obliquely  north- 
ward and  downward  at  an  angle  of  40°  62'  with  the  horizontal  (since 
„„-=-Cj:  =  25.4^29.34  =  0.8655=tan  40°  52'). 

Example  2. — Pole  and  car,  etc.,  as  in  example  1,  but  the  train  now  has 
a  uniformly  accelerated  motion,  gaining  25  velocity-units  (ft.  per  sec.)  in 
each  5  sees,  of  time.  The  ring  begins  to  drop  when  the  train  already  has 
a  velocity  of  6  ft./sec.  Find  the  final  absolute  velocity  of  ring;  also  the 
final  pressure  of  pole  on  ring. 

Solution. — The  F-motion  of  ring  is  the  same  as  before,  since  the  pressure 
on  the  ring  from  the  pole  (smooth  vertical  sides)  must  be  horizontal  and 
hence  does  not  affect  the  F-motion.  Hence  the  time  of  descent  is,  as  before, 
0.788  sec.  During  this  time  the  velocity  of  the  train  has  increased  to  a 
value  of  i)i  =  6-t- (25-^5)0.788  =  9.94  ft./sec,  which  is  the  velocity  of  the 
X-motion  of  the  ring  at  the  final  instant,  whence  its  final  absolute  velocity, 
,;,  =|/(9.94)^-l-(25.4p,  =27.3  ft. ,  sec,  directed  obliquely  downward  and 
northward  at  an  angle  of  68°  38'  with  horizontal  (9.94 -=-27.3  =  0.3642  = 
cos  68°  38')  The  pressure  of  the  pole  on  ring  is  constant  and  =Px  =  Mpx 
=  (30-^32.2)X5  =  4.65  lbs. 

Example  3. — Conical  pendulum,  Fig.  83,  p.  78.  Given  G  =  8  lbs.  and 
1  =  2  ft.,  at  what  angle  a  will  the  cord  finally  place  itself  with  the  vertical 
if  a  steady  rotation  is  kept  up  at  the  rate  of  50  revs./min. ;  and  what  will 
then  be  the  tension  in  the  cord? 

Solution. — ^With  the  ft.,  lb.,  and  sec.  as  units  we  have  u=0.8333  revs./sec, 
G=8,  1  =  2,  a=1  Hence  from  M*=g-^(47i%),  we  find  ^1=  1.174  ft.  and 
cos  a,  =h-i-l,  =0.5873;  .•.  a  =  54°0'.  As  for  the  tension  in  cord, 
P=G-^  cos  a;  =  13.62  lbs. 

[Note. — In  this  example,  if  the  assigned  value  of  u,  or  of  the  cord-length 
I,  had  been  so  small  as  to  make  lu'''>g-^{iT^^),  we  should  have  obtained  for 
cos  o  a  value  >1.00;  which  is,  of  course,  impossible  for  a  cosine.  That 
is,  the  value  assigned  for  u  must  be  ^-\/g^{2n\/l'),  in  order  that  the  cord 
may  depart  at  all  from  its  original  vertical  position.] 

Example  3. — Compute  the  length  I  of  a  simple  pendulum  which  is  to 

oscillate  4500  times  in  an  hour.     Amplitude  small;  5°  

Solution. — For  small  oscillations  we  have,  from  p.  81,  t  =  ''^-\/l^r-g  as  the 
time  of  one  oscillation;  that  is,  for  the  foot  and  second  as  units, 
3600-^-4500  =  'ry'i^32r2;  and  therefore  Z  =  2.089  ft. 
Example  4. — A  leaden  ball  weighing  i  ounce,  and  of  diameter  0.53  in., 
is  allowed  to  slide  down  the  inside  of  a  fixed  and  rigid  hemispherical  bowl, 
of  perfectly  smooth  internal  surface  and  with  its  upper  edge  in  a  horizontal 
plane.  Its  radius  is  18  in.  The  ball  is  to  start  from  rest  at  upper  edge. 
Find  the  time  occupied  by  the  ball  in  reaching  the  lowest  point,  and  the  pressure 
under  it  as  it  passes  that  point;  also  the  pressure  in  passing  the  45°  point. 
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Solution. — Regarding  the  ball  as  a  material  point  we  note  that  its  motion 
is  practically  that  of  a  simple  pendulum  with  Z  =  [18  — i(0.53)]  in.,  =1.478  ft., 
for  which  (see  Fig.  88,  p.  81)  the  ratio  h^l=1.00.  Hence  (§  78,  p.  81)  the 
time  of  a  half  oscillation  (applicable  here)  will  be  (ft.  and  sec), 

^4/*ri  +  i  +_9_+^5_l  =  "L  (0.2143)[1.1724]  =  0.395  sec. 
2"   32.2L       8^256      18432 J      2^  '^  •" 

(For  a  small  amplitude  this  would  be  only  i?r(.02143)[1.00]  =  0.337  sec.) 

At  the  bottom  the  velocity  will  be  (p.  83),  v  =  \/2gl,  whence  v^-i-gl  =  2; 
and  the  pressure  (see  foot  p.  83,  with  sin  0  =  1.0,  is  P  =  ^(l  +  2)  =  ].5  ounces. 

As  the  ball  passes  the  45°  point  its  velocity  is  v'  =  i/2gX0.707l;  i.e., 
D'_^i=  1.414,  while  sin  45°  =  0.707;  whence,  for  the  pressure,  P', 
P'=i[0.707  + 1.414]  =  1.06  ounces. 

Example  5.— A  body  at  latitude  41°  weighs  apparently  (i.e.,  by  spring 
balance)  10  lbs.;  what  is  the  amount  and  direction  of  its  real  weight? 
(Fig.  85.)  That  is,  we  have  given  G  =  10  lbs.  and  angle  /3  =  41°;  and  desire 
the  value  of  force  G'  and  of  the  angle  0  which  it  makes  with  MA  (plumb  line). 
(This  angle,  0,  =that  at  vertex  G  of  the  parallelogram  in  Fig.  85). 

Solution.— At  the  equator  the  earth's  radius  is  r  =  20,920,000  ft.  and 
the  velocity  of  objects  at  the  surface  is  c=1521  ft./sec.  The  radius  of  the 
small  circle  at  M  is  r'  =  r  cos  41°  =  15,780,000  ft.,  and  hence  the  velocity  of 
the  10-lb.  body  at  M  is  c',  =(r'-^r)c,  =1148  ft./sec.  Therefore  the  result- 
ant JV,   =  Mc'-^r',  =[(10 -=-32.2)(1148)T^  15,780,000  =  0.0259  lbs. 

Call  the  projection  of  N  on  GM  prolonged,  T,  and  its  projection  on  a 
1  to  GM,  S;  then  T,  =N  cos  /3,  =  0.01954  lbs.,  and  S,  =Nsia  p,  =0.01699 
lbs.  We  have  also  tan  0=S^[G +  r]  =  0.0016957;  hence  0  =  0°  5' 48". 
Then  G',  ={G  +  T)  sec  0,  =10.01955  lbs. 

[By  a  somewhat  more  refined  process  we  obtain  10.01964  lbs.    (Du  Bois).] 

Example  6. — -A  small  compact  jet  of  water  (see  Fig.  94,  p.  85)  issues 
obliquely  from  a  nozzle.  It  strikes  the  horizontal  plane  of  nozzle  at  6  ft. 
irom  the  latter,  and  its  highest  point  is  26.4  in.  above  that  plane.  Find 
c,  the  velocity  at  nozzle,  and  the  angle  of  projection  ofj. 

Solution. — From  p.  85  (foot  and  second  units)  we  have  4h  cos  Uq  sin  a„ 
=  6  ft.,  and  h  sin^  a|,  =  2.2  ft.;  whence,  by  division  (tan  a|,-=-4)  =  (2.2-i-6), 
or  tan  a,)  =  1 .4666 ;  and  therefore  a  ,  =  55°  43'.  a„  being  now  known  we 
find  from /i  sin^  a(i  =  2.2  that  ^  =  3.22  ft.  But  h  simply  stands  for  the  ex- 
pression c^-^2g,  and  hence,  finally,  we  obtain  for  the  velocity  of  the  jet 
where  it  leaves  the  nozzle  c  =  14.4  ft.  per  sec. 

Example  7. — If  in  Fig.  98,  the  absolute  velocity  of  the  air-particles 
{wind)  is  10  =  10  miles/ hour  and  directly  from  the  northwest,  the  boat's 
velocity  being  =12  miles /hour  toward  the  east,  in  what  direction  and  with 
what  velocity  does  the  wind  appear  to  come,  to  a  man  on  the  boat? 

Ans.  From  a  direction  34°  52'  east  of  north,  and  at  8.62  mi./hr. 

Example  8. — If  to  a  passenger  on  board  a  boat  going  eastward  at  15 
ruiles/hour,  the  wind  appears  to  come  from  the  northeast  and  to  have  a 
vbiocity  10  miles/ hour,  what  is  the  true  or  "absolute"  velocity  of  the  wind, 
ai..i  what  is  its  true  direction  (angle  with  north  and  south  line)? 

Ans.  10.63  mi./hr.,  and  from  a  point  48°  16'  west  of  north. 
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[Note. — For  the  propriety  of  this  term  and  its  use  in  Mechanics,  see 
§§  114,  216,  and  339 ;  for  the  present  we  deal  only  with  the  geometrical 
nature  of  these  two  kinds  of  quantity.] 

85.  Plane  Figures. — Jnst  as  in  dealing  with  the  centre  of 
gravity  of  a  plane  figure  (§  23),  we  had  occasion  to  siiin  tlie 
&eY\Q&fsdF,  2  being  the  distance  of  any  element  of  areii,  dF, 
from  an  axis ;  so  in  subsequent  chapters  it  will  be  necessary  to 
know  the  value  of  the  series ysWi'' for  plane  figures  of  various 
shapes  referred  to  various  axes.  This  summation  JYdF  of 
the  products  arising  from  multiplying  each  elementary  area  of 
tlie  figure  by  the  square  of  its  distance  from  an  axis  is  called 
the  moment  of  inertia  of  the  plane  figure  with  respect  to  the 
axis  in  question  ;  its  symbol  will  be  I.  If  the  axis  is  perpen- 
dicular to  the  plane  of  the  figure,  it  may  be  named  the  polar 
mom.  of  inertia  (§  94) ;  if  the  axis  lies  in  the  plane,  the  rec- 
tangular mom.  of  inertia  (§§  90-93).  Since  tlie  /  of  a  plane 
figure  evidently  consists  oi  four  dimensions  of  lerigth,  it  may 
always  be  resolved  into  two  factors,  thus  /=  F¥,  in  which 
i^=  total  area  of  the  figure,  while  h  =  Vl  -r-  F,  is  called  the 
radius  of  gyration,  because  if  all  the  elements  of  area  were 
situated  at  the  same  radial  distance,  Jc,  from  the  axis,  the 
moment  of  inertia  would  still  be  the  same,  viz., 

/ = fk'dF  =  FfdF  =  F¥. 

For  example,  if  the  moment  of  inertia  of  a  certain  plane  figure  about  a. 
specified  axis  is  248  biquadratic  inches  (i.e.,  four-dimension  inches;  or  in.''), 
while  its  area  is  12  sq.  in.  (or  in.'),  the  corresponding  radius  of  gyration  is 
4;  =  l/248^  12=4.55  in. 

86.  Rigid  Bodies. — Similarly,  in  dealing  with  the  rotary 
motion  of  a  rigid  body,  we  shall  need  the  sum  of  the  series 
fp'dM,  meaning  the  summation  of  the  products  arising  from 
multiplying  the  mass  dM oi  each  elementary  volume  dY oi  a 
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rigid  body  bj  the  square  of  its  distance  from  a  specified  axis. 
Tills  will  be  called  the  moment  of  inertia  of  the  hody  with 
respect  to  the  particular  axis  mentioned  (often  indicated  by  a 
subscript),  and  will  be  denoted  by  /.  As  before,  it  can  often 
be  conveniently  written  Mk',  in  which  M  is  the  whole  mass, 
and  h  its  "radius  of  gyration"  for  the  axis  used,  k  being 
=  Vl-T-  M.  If  the  body  is  homogeneous,  the  heaviness,  y,  of 
all  its  particles  will  be  the  same,  and  we  may  write 

I=fp'dM=  {j  ~  g)fp'd  V^ir-^g)  Fk\ 

87.  If  the  body  is  a  homogeneous  plate  of  an  infinitely  small 
thickness  =  t,  and  of  area  =  F,  we  have  I  ^  {y  -^  g)f'P'd  F 
=  (x  -^  9)'^fp'dF;  i.e.,  —  (j  -^  g)  x  thickness  X  mom.  iner- 
tia of  the  plane  figure. 

88.  Two  Parallel  Axes.  Keduction  Formula.* — Fig.  99.  Let 
Z  and  Z'  be  two  parallel  axes.  Then  I^ 
=fiy'dM,  and I^.^fp'^dM.  But  d  being 
the  distance  between  the  axes,  so  that  a' 

^m     +  V=  d\  we  have  /3"'=  (a?  -  ay^{y-iy 

^  =(a;=  +  y")  ^d^-  <2.ax  -  %y,  and  .-. 

I^,  ^/p'dM-l-  d^fdM  —  2afxdM 

-%fydM.    .    (1) 

Fig.  99.  'Qxitfp^dM^  I^.fdM=  M,  and  from  the 

theory  of  tlie  centre  of  gravity  (see  §  23,  eq.  (1),  knowing  that 
dM  =yd  V~  g,  and  .-.  that  [fyd  F]  -=-  g=M)  we  h^yefo^M 
=  Mx  &nAfydM  =  My ;  hence  (1)  becomes 

I^,  =  7^  +  M{d'  —  2ax  -  2by),  ....     (2) 

in  which  a  and  h  are  the  x  and  y  of  the  axis  Z';  x  and  y  refer 
to  tiie  centre  of  gravity  of  the  body.  If  Z  is  a  gravity-axis 
(call  it  g),  both  x  and  y  =  0,  and  (2)  becomes 

I,,  =  7^  +  Md" or    h."  r=  V  +  <^-    •     •     (3) 

It  is  tlierefore  evident  that  the  mom.  of  inertia  about  a  grav- 
ity-axis is  smaller  than  about  any  other  parallel  axis. 
Eq.  (3)  includes  the  particular  case  of  a  plane  figure,  by 

*  The  particle  of  mass  =  dM,  shown  in  Fig.  99,  is  typical  of  the  vast 
number  of  particles  which  form  the  rigid  body.  That  is,  a,  b,  and  d 
are  constants,  but  x,  y,  z,  p,  and  />'  are  variables. 
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writing  area  instead  of  mass,  i.e.,  when  Z  (now  g)  is  a  gravity- 
axis, 

I^=I^-\-Fd? (4) 

89.  Other  Reduction  Formulae ;  for  Plane  Figures. — (The  axes 
here  mentioned  lie  in  tlie  plane  of  the  figure.)  For  two  sets 
of  rectangular  axes,  having  the  same  origin,  the  following  holds 
good.     Fig.  100.     Since 

Ix^ffdF,     and     Iy=fa?dF, 

we  have  /^  +  ly  =f{^  +  y'')dF. 

Similarly,  I^  +  ly  =/(««  +  'if)dF. 

But  since  the  x  and  y  of  any  dF\vA.VQ,  the  same  hypothenuse  as 
the  u  and  v,  we  have  «"-)-«''  =  ii-^  y\  .-.  I^J^  1^—  I^J^I^, 

Y 


FiQ.  100. 


Fio.  100a. 


Let  Xle  an  axis  of  symmetry  ;  then,  given  /^  ^^''d  Iy{0  is 
anywhere  on  X),  required  /p,  Uheing  am,  axis  through  0  amd 
malting  any  angle  a  with  X.   See  Fig.  lOOct. 

Ijj  =fv''dF=f{y  Qosa  —X  sin  afdF;  i.e., 

/p  —  cos"  afy^dF—  2  sin  a  cos  afxydF-{-  sin"  afx'dF. 

But  since  the  area  is  symmetrical  about  X,  in  summing  up  the 
products  xydF,  for  every  term  aj(  -(-  y)dF,  there  is  also  a  term 
»(  —  y)dF  to  cancel  it ;  which  gives  fxydF=  0.     Hence 

7p  =  cos"  ofT^  4"  si^'  ""-^r- 

The  student  may  easily  prove  that  if  two  distances  a  and  5 
be  set  off  from  0  on  X  and  Y^  respectively,  made  inversely 
proportional  to  VZx  and  Vly,  and  an  ellipse  described  on  a  and 
h  as  semi-axes  ;  then  the  moments  of  inertia  of  the  figure  about 
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any  axes  through  0  are  inversely  proportional  to  the  squares 
of  the  corresponding  semi-diameters  of  this  ellipse ;  called 
therefore  tlie  Ellipse  of  Inertia.  It  follows  thei-efore  that  the 
moments  of  ineitia  about  all  gravity-axes  of  a  circle,  or  a 
regular  polygon,  are  equal ;  since  their  ellipse  of  inertia  must 
be  a  circle.  Even  if  the  plane  figure  is  not  symmetrical,  an 
"  ellipse  of  inertia"  can  be  located  at  any  point,  and  has  the 
properties  already  mentioned ;  its  axes  are  called  the  principal 
axes  for  that  point. 

90.  The  Rectangle. — First,  about  its  base.     Fig.  101.     Since 
all  points  of  a  strip  parallel  to  the  base 
— ^.-^         -t-b-'y      have  the  same  co-ordinate,  z,  we  may  take 
dz  the  area  of  such  a  strip  for  dF:=  bds; 

.■.Ib=J   z^dF=bJ    s'dz 

r*   °  °  - 

Lo 

Secondly,  about  a  gravity-axis  parallel  to  base. 

dF=  bds  .:  I,  =fz'dF  =  bj    s'dz  =  ^}i\ 

Hence  the  radius  of  gyration  =k  =  h-^\'  12. 

Thirdly,  about  any  other  axis  in  its  plane.  Use  the  results 
already  obtained  in  connection  with  the  reduction-formulae  of 
§§88,  89. 

90a.  The  Triangle. — First,  about  an  axis  through  the  vertex 

and  parallel  to  the  base  ;  i.e.,  ly      , :^ _v       ^ ^. 

in  Fig.  103.  Here  the  length 
of  the  strip  is  variable  ;  call  it  y. 
From  similar  triangles 

y  =^{b  -^  h)z; 


i>l 

? 

! 

Fio.  101. 


Fio.  102. 


Fio.  103. 


Fia.  104. 


.-.  ly  =J'z''dF=  fz'ydz  =  {b^  h)J^z'dB  =  ^bh'. 

Secondly,  about  g,  a  gravity-axis  parallel  to  the  base.     Fig 
104.     From  §88,  eq.  (4),  we  have,  since  F=  ^bh  and 

d  =  fA,  Ig  =  Iy-Fd^  =  ibh'  -  ibh  .  ^h'  =  ^h'. 


-  5k  r 
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Thirdly,  Fig.  104,  ahoiit  the  hase  ;  Ib  = '^-  From  §  88,  eq. 
(4),  Ib  —  Ig-{- Fd?,  with  d—\h\  hence 

4  =  ^^W  +  \lh  .  \h'  =  ^W. 

91.  The  Circle. — Abont  any  diameter,  as  g,  Fig.  l05.  Polar 
co-ordinates,  Jg  ^  Jz^dF.  Here  we  take  dF^  area  of  an  ele- 
mentary  rectangle  =  pdq) .  dp,  while  z=-  p  sin  (p. 

h~~-^--^ 


■i*,- 


ft, 


i~Jc 

c 


-+&i- 


FiG.  105. 


Fig.  106. 


Ig=   I  I  iP  ®^"  (pfpdqtdp  =J       sin°  cpdcpj    p'dp  \ 

=  -T  I     sin'  9»(^9>  =  -J  /     i(l  —  cos  '2,(p)d(p 

=  -J^  1^2  ^9^  -  J  •  cos  2cpd{^<p)^ 
1     r^'fl         1  \ 

=ri,  l2^~4 '"'^^i 

=  r{(T  -  O)  -  (0  -  0)].     i.e.,  Ig  =  ^Tr*. 

Hence  the  radius  of  gyration  =  Jr. 

92.  Compound  Plane  Figures. — Since  I  =  /s'dF  is  an  in- 
finite series,  it  may  be  considered  as  made  up  of  separate 
groups  or  subordinate  series,  combined  by  algebraic  addition, 
corresponding  to  the  subdivision  of  the  compound  iigure  into 
component  figures,  each  subordinate  series  being  the  moment  of 
inertia  of  one  of  these  component  figures ;  but  these  separate 
moments  must  ail  he  referred  to  the  same  axis.  It  is  con- 
venient to  remember  that  the  (rectangular)  I  of  a  plane 
figure  remains  unchanged  if  we  conceive  some  or  all  of  its 
elements  shifted  any  distance  parallel  to  the  axis  of  refer- 
ence. E.g.,  in  Fig.  106,  the  sum  of  the  Ig  of  the  rectangle  CF, 
and  that  of  FD  is  =  to  the  /^  of  the  imaginary  rectangle 
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formed  by  shifting' one  of  them  parallel  to  B,  until  it  touches 
the  other ;  i.e.,  I^  of  GE-\-  Ib  of  FD  =  ^IX'  (§  90).  Hence 
the  Ib  of  the  T  shape  in  Fig.  106  will  be  =  7^  of  rectangle 
'AB  -  Ib  of  rect.  CE  -  Ib  of  rect.  FD. 

That  is,  Jb  of  T  =  i[M.'  -  J.A,'].  .  .  .  (§  90).     .     .     (1) 

About  the  graA)ity-axis,  g,  Fig.  106.  To  find  the  distance  d 
from  the  base  to  the  centre  of  gravitj',  we  may  make  use  of 
«q.  (3)  of  §  23,  writing  areas  instead  of  volnmes,  or,  experi- 
mentally, having  cut  the  given  shape  out  of  sheet-metal  or 
■card-board,  we  may  balance  it  on  a  knife-edge.  Supposing  d 
to  be  known  by  some  such  method,  we  have,  from  eq.  (4)  of 
§  88,  since  the  area  F=bh  —  bX,  Ig^Ia—  Fd" ; 

i.e.,  I„  =  \\bh'  -  bji^]  -  {bh  -  bA)d'.    .     .     (2) 
The  double-T  (orx),  and  the  box  forms  of   Fig.  106a,  if 

symmetrical  about  the  gravity- 
axis  g,  have  moments  of  inertia 
alike  in  form.  Here,  the  grav- 
ity-axis (parallel  to  base)  of  the 
compound  figure  is  also  a  grav- 
Fio.  106a.  ity  axis  (parallel  to  base)  of  each 

of  the  two  component  rectangles,  of  dimensions  b  and  A,  5,  and 
A„  respectively. 

Hence  by  algebraic  addition  we  have  (§  90),  for  either  com- 
pound figure. 


-fr , 


1 

tT 
'  i 

1 

-tbr 

♦ ft 


!<,=  ^\}h'  -  ^K'l 


(3) 

(If  there  is  no  axis  of  symmetry  parallel  to  the  base  we  must 
proceed  as  in  dealingwith  the  T-form.)  Similarly  for  the  ring, 


Fio.  107.  Fio.  108. 

Fig.  107,  or  space  between  two  concentric  circumferences,  we 
/lave,  about  any  diameter  or  g  (§  91), 

A  =  M<-0 (4) 
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The  rhombus  about  a  gravity-axis,  g,  pei-pendicular  to  a 
diagonal,  Fig.  108. — This  axis  divides  tlie  figure  into  tvco 
equal  triangles,  symmetrically  placed,  hence  the  /„  of  tlie 
rliombus  equals  double  the  moment  of  inertia  of  one  uiangle 
about  its  base ;  hence  (§  90a) 

/„  =  2.^5(iAy=^A» (5) 

(The  result  is  the  same,  if  either  vertex,  or  both,  be  shifted 
any  distance  parallel  to  AB.) 

For  practice,  the  student  may  derive  results  for  the  trapezoid; 
for  the  forms  in  Fig.  106,  when  the  inner  corners  are  rounded 
into  equal  quadrants  of  circles;  for  the  double- T,  when  the 
lower  flanges  are  shorter  than  the  upper;  for  the  regular 
polygons,  etc.  (See  table  in  the  Cambria  Steel  Co.'s  hand-book.) 

93.  If  .the  plane  figure  be  bounded,  wholly  or  partially,  by 
curves,  it  may  be  subdivided  into  an  infinite  number  of  strips, 
and  the  moments  of  inertia  of  these  (referred  to  the  desired 
axis)  added  by  integration,  if  the  equations  of  the  curves  are 
hnown  ;  if  not,  Simpson's  Kule,*  for  a  finite  even  number  of 
strips,  of  equal  width,  may  be  employed  for  an  approximate 
result.  If  these  strips  are  parallel  to  the  axis,  the  /  of  any  one 
strip  =  its  length  X  its  width  X  square  of  distance  from  axis; 
while  if  perpendicular  to,  and  terminating  in,  the  axis,  its 
/  =  ^  its  width  X  cube  of  its  length  (see  §  90). 

A  graphic  method  of  determining  the  moment  of  inertia  of 
a:iy  irregular  figure  will  be  given  in  a  subsequent  chapter.* 

94.  Polar  Homent  of  Inertia  of  Plane  Figures  (§  88). — Since 
the  axis  is  now  perpendicular  to  the  plane  of  the  figure,  inter- 
secting it  in  a  point,  0,  the  distances  of  the  ele- 
ments of  area  will  all  radiate  from  this  point, 
and  would  better  be  denoted  by  p  instead  of  3 ; 
hence.  Fig.  109,  fp'dF  is  the  polar  momeut  of 
inertia  of  any  plane  figure  about  a  specified 
point  0 ;  this  may  be   denoted  by  Ip.     But  p'         Fio.  io». 

=  a;'  -[-  y',  for  each  dl^;  hence 

Ip  =/(«''  +  f)dF=fx'dF+fy'.dir=I^+  r^. 

7 

*  See  pp.  13,  79,  80,  and  81  of  the  author's  "Notes  and  Examples  in 
Mechanics,"  and  p.  454  of  this  book. 
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i.e.,  the  polar  moment  of  inertia  about  any  given  point  m 
the  plane  equals  the  sum  of  the  recta/ngular  moments  of  iner- 
tia about  any  two  axes  of  the  plans  figure,  which  intersect  at 
right  angles  in  the  given  point.  "We  liave  therefore  for  the 
circle  about  its  centre 

I^  =  \nr'  +  \7cr'  =  \nr' ; 
Per  a  rvng  of  radii  r^  and  r,, 

/p  =  \«  -  <) ; 
Por  the  rectangle  about  its  centre, 

For  the  square,  this  reduces  to 

(See  §§90  and  91.) 

95.  Slender,  Prismatic,  Homogeneous  Rod. — ^Ketnrning  to  the 

moment  of  inertia  of  rigid  bodies,  or  solids,  we  begin  vritli  that 
of  a  material  line,  as  it  might  be  called,  about 
an  axis  through  its  extremity  making  some  an- 
gle a  with  the  rod.  Let  I  =  length  of  the  rod, 
^its  cross-section  (very  small,  the  result  being 
strictly  true  only  when  F  =  0).  Subdivide 
Fio.  no.  the  rod  into  an  infinite  number  of  small  prisms, 

each  having  ^as  a  base,  and  an  altitude  ~  ds.  Let  /  =  the 
heaviness  of  the  material ;  then  the  mass  of  an  elementary 
prism,  or  dM,  =  (y  -i-  g)Fds,  while  its  distance  from  tlie  axis 
Z  is  p  =  s  sin  a.  Hence  the  moment  of  inertia  of  the  rod 
with  respect  to  Z  as  an  axis  is 

Iz  =  fp'dM^  (r  -=-  ^)i^sin''  aj's'ds  =  i(-7-*-y)i^'''sin»  a. 

But  yFl  -r-  g  =  mass  of  rod  and  Z  sin  a  =  a,  the  distance  ot 
the  further  extremity  from  the  axis  ;  hence  /^  =  ^Ma'  and 
the  radius  of  gyration,  or  Jc,  is  found  l>y  writing  ■JJ/a'=  Mk'' ; 
.-.  k'  =  ^a%  ork  =  Via  (see  §  86).     If  a  =  90°,  a=L 

96.  Thin  Plates.  Axis  in  the  Plate.— Let  the  plates  be  homo- 
geneous and  of  small  constant  thickness  =  t.     If  the  surface  of 
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the  plate  be  =  F,  and  its  heaviness  Yt  tten  its  mass  =  yFt  -7-  g. 

From  §  87  we  have  for  the  plate,  about  any  axis, 

/  =  (;k  H-  g)r  X  mom.  of  inertia  of  the  plane  figure  form,ed  iy 

the  shape  of  the  plate (1) 

Rectangular  plate.     Oravity-axis parallel  to  base. — Dimen- 
sions h  and  h.     From  eq.  (1)  and  §  90  we  have 

^Mr  -  9)r  .  -hU'  =  {y'bhr  -  g)^h'^  ^^Mh";  .:  ¥  =  ^h\ 
Similarly,  if  the  hase  is  the  axis,  I^  =  \M}^,  .-.  ¥  =  -JA'. 
Triangula/r  plate.     Axis  through  vertex  parallel  to  hase. — 

From  eq.  (1)  and  §  90a,  dimensions  being  h  and  h, 

Iy  =  {y^  g)rlW  =  {y^lhr  -^  g)ih"  =  i^h';  .:  h'  =  ih\ 

Circular  plate,  with  any  diameter  as  axis. — From  eq.  (1) 
and  §  91  we  have 

Jg  =  {y^  g)r\nr''  —  {ynr^r  -^  g)^''  =  ^Mr';  .-.  ¥  =  ^r". 

97.  Plates  or  Right  Prisms  of  any  Thickness  (or  Altitude). 
Axis  Perpendicular  to  Surface  (or  Base). — As  before,  the  solid  is 
homogeneous,   i.e.,  of   constant  heaviness   y; 
let  the  altitxide  =  h.     Consider  an  elementary 
prism,  Fig.  Ill,  whose  length  is  parallel  to  the 
axis  of  reference  Z.     Its  altitude  =  A  =  that 
of  the  whole  solid  ;  its  base  =  dF  ^  an  element 
of  F  \\\&  area  of  the  base  of  solid  ;  and  each 
point  of  it  has  the  same  p.     Hence  we  may         fig.  111. 
take  its  mass,  =  yhdF -i-  g,  as  the  dMm  summing  the  series 
h=fp'dM; 
.:Iz={yh^g)fp^dF 

=  {yh  -^  g)  X  polar  mom.  of  inertia  of  base.   .    .    (2) 

By  the  use  of  eq.  (2)  tind  the  results  in  §94  we  obtain  the 
following : 

Circular  plate,  or  right  circular  cylinder,  about  the  geo- 
metrical axis,     r  =  radius,  h  =  altitude. 

/„  =  {yh  ^  g)\7tr'  =  (yhnr'  ^  g)^'  =  k^r';  .:  k'  =  4r'. 

Right  parallelepiped  or  rectangular  plate. — Fig.  112, 
I,  =  {yh  -  g)i^lHK  +  V)  =  M-^%  .:  F  =  i^. 
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For  a  hoUow  cylinder,  about  its  geometric  axis, 


Fig.  112.  Fio.  113. 

98.  Circular  "Wire. — Fig.  113  (perspective).  Let  Z  he  n 
gravity-axis  perpendicular  to  tlie  plane  of  the  wire ;  JT  and  T 
lie  in  this  plane,  intersecting  at  right  angles  in  the  centre  0. 
The  wire  is  homogeneous  and  of  constant  (email)  cross-section. 
Since,  referred  to  Z,  each  dM  has  the  same  p  =  r,we  have 
Iz  =fi'dM=  Mr'.  Now  Ix  must  equal  ly,  and  (§  94)  their 
sum  =  /^, 

.-. 7x5  or /y,  =|Jf/''',         and        Tcx,oi- Icy  =  ¥'"'• 

99.  Homogeneous  Solid  Cylinder,  about  a  diameter  of  its  hase. 
— Fig.  114.  Ix  =  ?  Divide  the  cylinder  into  an  infinite  num- 
ber of  larainse,  or  thin  plates,  parallel  to  the 
base.  Each  is  some  distance  s  from  X,  of 
thickness  ds,  and  of  radius  r  (constant).  In 
each  draw  a  gravity-axis  (of  its  own)  parallel  to 
X.     We  may  now  obtain  the  7y  of  the  whole 

cylinder  by  adding  the  /^'s  of  all  the  laminge.  The  Ig  of  am,y 
one  lamina  (§96,  circular  plate)  =  its  mass  X  i^';  hence  its 
Ix  (eq.  (3),  §  88)  =  its  Ig  +  (its  mass)  X  z\  Hence  for  the 
whole  cylinder 

Jt  =  /'  [{ydzTtr^  -  g){^'  +  3')] 


Fio.  114. 


(nr'y  -  ^)[i^'/''  ds  +^f^ s'ds']; 


i.e.,  Ix  =  {Ttr'hr  -  9)0^'  +  m  =  M(^r'  +  ^h'). 
-'   100.  Let  the  student  prove  (1)  that  if  Fig.  114  represent 
any  right  prism,  and  k^  denote  the  radius  of  gyration  of  any 
one  lamina,  referred  to  its  gravity-axis  parallel  to  X,  then  tlie 
Ixoi  whole  prism  =  M{k/ -\- ih');  and  (2)  that  the  moment 
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of  inertia  of  the  cylinder  about  a  gravity-axis  parallel  to  the 
base  is  =  Mi^'  +  ^V^')- 

101.  Homogeneous  Right  Cone. — Fig.  115.  First,  about  an 
axis  Y,  through  the  vertex  and  parallel  to  the  base.  As  before, 
divide  into  laminae  parallel  to  the  base.  Each  is  a 
circular  thin  plate,  but  its  radius,  x,  is  not  =  /■,  but,  ^ 
from  proportion,  is  a5  =  (r-  -^  h)z.  \  ^?^ 

The  /of  any  lamina  referred  to  its  own  gravity-  ^ 
axis  parallel  to  Fis  (§96)  =  (its  mass)  X  i*',  and  [ 
its  ly  (eq.  (3),  §88)  is  .-.  —  its   mass   X   ias"  +     fio.  iis. 
its  mass  X  s°. 

Hence  for  the  whole  cone, 

ly  =£  (jtx^dzY  ^  g\^'  +  s'] 

Secondly,  about  a  gravity-axis  parallel  to  the  hose. — From 
eq.  (3),  §  88,  with  d=ih  (see  Prob.  7,  §  26),  and  the  result 
just  obtained,  we  have  /=  .M-^lr'  -\-  ^h']. 

Thirdly,  about  its  geometric  axis,  Z. — Fig.  116.  Since  the 
ftxis  is  perpendicular  to  each  circular  lamina  through  the  centre, 
its7^(§97)is 

=  its  mass  X  Krad.)'  =  {ynx^dz  -^  g)^^. 
Now  »?  =  (?•-=-  h)z,  and  hence  for  the  whole  cone 

7^  =  ^{ynr'  -=-  gh')  t  z^dz  =  {Why  --  g)^r'  =  M^r'. 


Fio.  116. 


FiQ.  118. 


102.  Homogeneous   Right  Pyramid  of  Rectangular  Base. — 

About  its  geometrical  axis.     Proceeding  as   in  the  last  para- 
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graph,  we  derive  Iz  =  IQj^d',  in  wliicli  d  is  the  diagonal  of  the 
base. 

103.  Homogeneous  Sphere. — About  any  diameter.  Fig.  118. 
Iz  =^  '^-  Divide  into  lauiinse  perpendicular  to  Z.  By  §  97,  and 
noting  that  a?"  =  r' —  s',  we  have  finally,  for  the  whole  spiiere, 

Iz  =  (r^  -  2^)[  V*^  -  ir'2'  + 1^0  =  ^\r^r^  -^  g 

For  a  segment,  of  one  or  two  bases,  put  proper  limits  for  z 
in  the  foregoing,  instead  of  -|-  ^  and  —  r. 

104.  Other  Cases. — Parabolic  plate,  Fig.  119,  homogeneous 
Y  and  of  (any)  constant  thickness,  about 

an  axis  through  0,  the  middle  of  the 
)-X  chord,  and  perpendicular  to  the  plate. 

This  is 


Fio.  119.  Fig.  120.  /  =  M^{^s'  -\-  |A'). 

The  area  of  tlie  segment  is  =  %hs. 

For  an  elliptic  plate,  Fig.  120,  homogeneous  and  of  any 
constant  thickness,  semi-axes  a  and  i,  we  have  about  an  axis 
through  0,  normal  to  surface  Iq  =  M^d  -j-  J']  ;  while  for  a 
very  small  constant  thickness 

I^  =  M\V,     and     Iy=Mia\ 

The  area  of  tlie  ellipse  =  Ttah. 

Considering  Figs.  119  and  120  as  plane  figures,  let  the 
student  determine  their  polar  and  rectangular  moments  of 
inertia  about  various  axes. 

For  numerous  other  cases  Kent's  Mechanical  Engineers' 
Pocket-Book  may  be  consulted ;  also  Trautwine's  Civil  Engi- 
neers' PocketrBook. 

105.  Numerical  Substitution. — The  moments  of  inertia  of 

plane  figures  involve  dimensions  of  length  alone,  and  will  be 
utilized  in  tlie  problems  involving  flexure  and  torsion  of  beams, 
where  the  inch  is  the  most  convenient  linear  unit.     E.g.,  the 
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polar  moment  of  inertia  of  a  circle  of  two  inches  radius  about 
its  centre  is  ^rcr*  —  25.13  -|-  iiquadratio,  or  four-dimension, 
inches,  as  it  may  be  called.  Since  this  quantity  contains  four 
dimensions  of  length,  the  use  of  the  foot  instead  of  the  inch 
would  diminish  its  numerical  value  in  the  ratio  of  the  fourth 
power  of  twelve  to  unity. 

The  moment  of  inertia  of  a  rigid  hody,  or  solid,  however, 
=  Ml^  =  (<7  -f-  ^)F,  in  which  G,  the  weight,  is  expressed  ia 
anits  oi  force,  g  involves  both  time  and  space  (lerigth),  while  A' 
involves  length  (two  dimensions).  Hence  in  any  homogeneous 
formula  in  which  the  /  of  a  solid  occurs,  we  must  be  careful  to 
employ  units  consistently ;  e.g.,  if  in  substituting  O  -^  g  for  M 
(as  will  always  be  done  numerically)  we  put  g  =  32.2,  we 
should  use  the  second  as  unit  of  time,  and  the  foot  as  linear 
unit. 

106.  Example. — Kequired  the  moment  of  inertia,  about  the 
axis  of  rotation,  of  a  pulley  consisting  of  a  rim,  four  parallelo- 
pipedical  arms,  and  a  cylindrical  hub  which  may  be  considered 
solid,  being  filled  by  a  portion  of  the  shaft. 
Fig.  121.  Call  the  weight  of  the  hub  G, 
its  radius  »•;  similarly,  for  the  rim,  G,,  r, 
and  r^ ;  the  weight  of  one  arm  being  =  G^. 
The  total  /  will  be  the  sum  of  the  Pa  of 
the  component  parts,  referred  to  ilie  same 
axis,  viz. :  Those  of  the  hub  and  rim  will 
be  {G  -f-  g)\r-^  and  {G,  -  ^)KV  +  ^,'), 
respectively  (§  9T),  while  if  the  arms  are  ^'o- 1"^- 

not  very  thick  compared  with  their  length,  we  have  for  them 
(§§  95  and  88) 

*  (^1-  g)  IW.  -  rr  -  i{r,  -  ry  +  [/•  +  |(r,  -  r)]'], 
i-e.,  4(GiH-j)[K?-2-r)2  +  rr2]        ....     (4) 

as  an  approximation  (obtained  by  reduction  from  the  axis  at 
the  extremity  of  an  arm  to  a  parallel  gravity-axis,  then  to  the 
required  axis,  th^n  multiplying  by  four).  In  most  fly-wheels, 
the  rim  is  proportionally  so  heavy,  besides  being  the  farthest 
removed  from  the  axis  of  rotation,  that  the  moment  of  inertia 
of  the  other  parts  is  only  a  small  part  of  the  whole. 
Numerically  let  us  have  given  r=4,  r,  =  36,  and  ri  =  37   inches;   the 
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respective  weights  being  (?2  =  S00  lbs.  for  the  rim,  (?i  =  48  lbs.  for  each 
arm,  and  G=120  lbs.  for  the  hub.  The  quantity  3  will  be  retained  as 
a  mere  symbol.  Using  the  foot-pound-second  system  of  units  we  then 
ha-'e  for  the  moment  of  inertia  of  the  hub  (120-^ff)i[JP=  6.66-=-?; 
for  that  of  the  four  arms  [by  substitution  in  eq.  (4)  above] 

while  for  the  rim  we  obtain  (500-=-ff)-i    f  ^j  -f-  (:^\  =4627.0   -^g. 

These  results  are  seen  to  be  approximately  in  the  ratio  of  the  numbers 
1,  100,  and  700;  showing  that  the  neglect  of  the  hub  and  arms  in  com- 
puting the  moment  of  inertia  would  give  a  result  about  J  too  small. 

Adding,  we  find  for  the  total  moment  of  inertia  of  the  body  about 
the  axis  of  rotation  the  quantity  7  =  5280.8 -=-3,  for  the  units  foot  and 
pound.     The  unit  of  time  is  still  involved  in  the  quantity  g. 

We  are  now  ready  to  compute  the  square  of  the  corresponding  radius  of 
gyration,  viz.,  fc',  by  dividing  I  by  the  whole  mass  M,  =8l2-T-g  (see  §  86); 
whence 


-(f^)*(T)-— • 


and  therefore  k  itself  =  2.55  ft. 

This  is  seen  to  be  a  little  less  than  the  3.04  ft.  value  for  k  which  would 
be  implied  in  the  approximate  assumption  that  the  moment  of  inertia 
is  the  same  as  if  the  whole  mass  were  concentrated  at  the  mid-point 
of  the  thickness  of  the  rim,  which  assumption  would  be  very  nearly 
true  if  the  masses  of  the  hub  and  arms  could  be  neglected. 

107.  Ellipsoid  of  Inertia. — The  moments  of  inertia  about 
all  axes  passing  rhrough  an 3'  given  point  of  any  rigid  bod)' 
whatever  may  be  proved  to  be  inversely  propoitional  to  tlie 
squares  of  the  diameters  which  they  intercept  in  an  imaginary 
ellipsoid,  whose  centre  is  the  given  point,  and  whose  position 
in  the  body  depends  on  the  distribution  of  its  mass  and  the 
location  of  the  given  point.  The  three  axes  whicli  contain  the 
three  principal  diameters  of  the  ellipsoid  are  called  the  JPrinci- 
pal  Axes  of  the  body  for  the  given  point.  This  is  called  the 
ellipsoid  of  inertia.  (Compare  §  89.)  Hence  the  moments  of 
inertia  of  any  homogeneous  regular  polyedron  about  all  gravity- 
axes  are  equal,  since  then  the  ellipsoid  becomes  a  sphere.  It 
can  also  be  proved  that  for  any  I'igid  body,  if  the  co-ordinate 
axes  X^  Y,  and  Z,  are  taken  coincident  with  the  three  principal 
axes  at  any  point,  we  shall  have 

ixydM  =  0 ;   fyzdM  =  0  ;    and   /sxdM  =  0. 

Note. — These  three  summations  are  called  the  "  produc:s  of  inertia,"  and 
will  occur  in  §  114  of  this  book. 
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CHAPTEK  V. 
KINETICS  OF  A  RIGID  BODY. 

108.  General  Method. — Among  the  possible  *  motions  of  a 
rigid  body  tlie  most  important  for  practical  purposes  (and  for- 
tunately the  most  simple  to  treat)  are  :  a  motion  of  translaUon, 
in  which  the  particles  move  in  pai'allel  right  lines  with  equal 
accelerations  and  velocities  at  any  given  instant ;  and  rotation 
about  a  fixed  axis,  in  which  the  particles  describe  circles  in 
parallel  planes  with  velocities  and  accelerations  proportional 
(at  any  given  instant)  to  their  distances  from  the  axis.  Other 
motions  will  be  mentioned  later.  To  determine  relations,  or 
equations,  between  the  elements  of  the  motion,  the  mass  and 
form  of  the  body,  and  the  forces  acting  (which  do  not  neces- 
sarily form  an  unbalanced  system),  the  most  direct  method  to 
be  employed  is  that  of  two  equivalent  systems  of  forces  (§  15), 
one  consisting  of  the  actual  forces  acting  on  the  body,  con- 
sidered free,  the  other  imaginary,  consisting  of  the  infinite 
number  of  forces  which,  applied  to  the  separate  material  points 
composing  the  body,  would  account  for  their  individual  mo- 
tions, as  if  they  were  an  assemblage  of  particles  without  mutual 
actions  or  coherence.  If  the  body  were  at  rest,  then  considered 
free,  and  the  forces  referred  to  three  co-ordinate  axes,  they 
would  constitute  a  balanced  system,  for  which  the  six  summa- 
tions 2X,  2Y,  2Z,  ^(mom.)x,  2(mom.)y,  and  ^(mom.)^, 
would  each  =  0 ;  but  in  most  cases  of  motion  some  or  all  of 
these  sums  are  equal  (at  any  given  instant),  not  to  zero,  but  to 
the  corresponding  summation  of  the  imaginary  equivalent 
system,  i.e.,  to  expressions  involving  the  masses  of  the  particles 
(or  material  points),  their  distribution  in  the  body,  and  the 
elements  of  the  motion.  That  is,  we  obtain  six  equations  by 
putting  the  i"X  of  the  actual  system  equal  to  the  IX  of  the 
imaginary,  and  so  on;  for  a  definite  instant  of  time  (since  some 
of  the  quantities  may  be  variable). 

*  Motions  of  such  character  that  the  particles  of  the  body  do  not 
change  their  relative  positions.     In  other  words,  the  body  remains  rigid. 
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108a.  The  "Imaginary  System." — In  conceiving  the  imagi- 
nary equivalent  system  in  §  108,  applied  to  the  material  points 
or  particles  (supposed  destitute  of  mutual  action,  and  not 
exposed  to  gravitation),  which  make  up  the  rigid  body,  we 
employ  the  simplest  system  of  forces  that  is  capable,  by  the 
Mechanics  of  a  Material  Point,  of  producing  the  motion,  which 
the  particles  actually  have.  If  now  the  mutual  actions,  co- 
herence, etc.,  were  suddenly  re-established,  there  would  evi- 
dently be  no  change  in  the  motion  of  the  assemblage  of  parti- 
cles; that  is,  in  what  is  now  a  rigid  body  again,  hence  the  imagi- 
nary system  is  equivalent  to  the  actual  system. 

In  applying  this  logic  to  the  motion  of  translation  of  a  ri^d 
body  (see  §  109  and  Fig.  122,)  we  reason  as  follows : 

If  the  particles  or  elementary  masses  did  not  cohere  together, 
being  altogether  without  mutual  action  and  not  subjected  to 
gravitation,  their  actual  rectihnear  motion  in  parallel  lines,  each 
having  at  a  given  instant  the  same  velocity  and  also  the  sam,} 
acceleration,  p,  as  any  other,  could  be  maintained  only  by  the 
application,  to  each  particle,  of  a  force  having  a  value =1^  mass 
X  p,  directed  in  the  line  of  motion.  In  this  way  system  (II.)  is 
conceived  to  be  formed  and  is  evidently  composed  of  parallel 
forces  all  pointing  one  way,  whose  resultant  must  be  equal  to  their 
sum,  viz.  (  dMXp.  But  since  at  this  instant  p  is  common 
to  the  motion  of  all  the  particles,  this  sum  can  be  written 
p  1  dM,  =the  whole  mass  MXp. 

If  now  the  mutual  coherence  of  contiguous  particles  were  sud- 
denly to  be  restored,  system  (II.)  still  acting,  the  motion  of  the 
assemblage  of  particles  wovld  not  be  affected  (precisely  as  the  fall- 
ing motion  in  vacuo  of  two  wooden  blocks  in  contact  is  just  the 
same  whether  they  are  glued  together  or  not)  and  consequently 
we  argue  that  the  imaginary  system  (II.)  is  the  equivalent  of 
whatever  system  of  forces  the  body  is  actually  subjected  to, 
viz.  system  (I.),  (in  which  the  body's  own  weight  belongs) 
producing  the  actual  motion. 

Since  the  resultant  of  system  (II.)  is  a  single  force, =^1/^, 
parallel  to  the  direction  of  the  acceleration,  and  in  a  line  passing 
through  the  center  of  gravity  of  the  body,  it  follows  that  the 
resultant  of  the  actual  system  is  the  same. 
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109.  Translation. — Fig.  122.     At  a  given  instant  all  the  par- 
ticles have  the  same  velocity  =  v,  in  pai-allel  right  lines  (par- 
allel to  the  axis  X,  say),  and  the 
same    acceleration  p.      Required 
JMp       the    ^X   of    the   acting    forces, 

/  imaginary  equivalent  system,  con- 

sisting of  a  force  =  mass  X  ace. 
^       =  <^J!/^  applied  parallel  to  JTto 
each  particle,  since  such  a  foi'ce 
would  be  necessary  (from  eq.  (lY.) 
§  55)  to  account  for  the  accelerated  rectilinear  motion  of  the 
particle,  independently  of  the  others.    Putting  {2X)j={2X)ii, 


FlQ.    12J 


we  have 


(2X)j  =/pdM  =p/dM  =  Mp. 


(V.) 


It  is  evident  that  the  resultant  of  system  (II.)  must  be  paral- 
lel to  X;  hence*  that  of  (I.),  which  =  {2X)j  and  may  be  de- 
noted by  H,  must  also  be  parallel  to  X;  let  a  =  perpendicular 
distance  from  B  to  the  plane  YX;  a  will  be  parallel  to  Z. 
Now  put  [.2'(mom.)yJj  =  [J2'(mom.y)]jj,  (!Fis  an  axis  perpen- 
dicular to  paper  through  0)  and  we  have  —  Ra  =  —fdMps 
—  —pfdMz  =  —  pMs  (§88),  i.e.,  a  =  z.  A  similar  result 
may  be  proved  as  regards  y.  Hence,  if  a  rigid  body  has  a 
motion  of  translation,  the  resultant  force  m.ust  act  in  a  line 
through  the  centre  of  gravity  (here  more  ])roperly  called  the 
centre  of  mass),  and  parallel  to  the  direction  of  motion.  Or, 
practically,  in  dealing  with  a  rigid  body  having  a  motion  of 
translation,  we  may  consider  it  concentrated  at  its  centre  of 
mass.  If  the  velocity  of  translation  is  uniform,  H  =  M  X  0 
=  0,  i.e.,  the  forces  are  balanced. 

109a.  Example. —  The  symmetrical  rigid  body  in  Fig.  122a  weighs 
(G==)  4  tons,  and  touches  a  smooth  horizontal  floor  at  the  two  points 
0  and  B,  symmetrically  situated.  Its  center  of  gravity,  C,  is  6  ft.  above 
the  floor;  and  it  is  required  to  find  the  effect  of  applying  a  horizontal 
lorce  of  P=l  ton,  pointing  to  the  right  and  4  ft.  below  the  level  of  the 
center  of  gravity  C.  Evidently  a  motion  of  translation  will  ensue  from 
left  to  right,  with  some  acceleration  p,  unless  the  body  should  begin 
to  overturn  about  0  or  B  as  a  nivot.     The  latter  would  be  proved  to 


*  The  forces  of  system  (I.)  cannot  form  u,  couple;  since  those  of  system 
(II.)  do  not  reduce  to  a  couple,  all  pointing  one  way. 
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be  the  case  if  either  reaction,  F,,  or  V,  of  the  floor  against  the  body  at 
0  and  B,  is  found  to  be  negative  as  the  result  of  an  analysis  which 
assumes  translation  to  occur.     The  actual  forces  acting  on  the  body 

are  only  four,  viz.:  G  and  P,  and  the 
unknown  vertical  reactions  V  and  V,. 
A  special  device  (very  convenient  for 
the  present  case)  v.'ill  now  be  used  as  a 
means  of  solution.  The  resultant  of  the 
"equivalent  system,"  II,  in  this  case 
of  translation  (see  Fig.  122),  is  R,  =  Mp, 
lbs.,  acting  through  the  center  of  gravity 
in  a  line  parallel  to  that  of  the  motion 
and  in  the  direction  of  the  acceleration, 
and  hence  is  also  the  resultant  of  the 
actual  system  (just  described).  If,  there- 
fore, we  annex  to  the  actual  system  its 
anti-resultant  (which  is  a  force,  R',  of  the 
same  value,  Mp,  as  R,  and  in  same  line,  but  pointing  in  the  opposite 
direction)  we  thereby  form  a  system  under  which  the  body  would  be  in 
equilibrium;  which  would  justify  our  writing  2X  =  0,  ZZ  =0,  -(moms.) 
=  0,  etc.  {R'  is  called  the  "reversed  inertia  force"  and  is,  of  course, 
fictitious).  With  this  system,  then,  in  view,  putting  2X  —  0  we  obtain 
P—R'  =  Q;  i.e.,  B',  =Mp,  =lton;  whence  the  acceleration  p=l-7- (G^j) 
=  1^(4 -=-32.2)  =  8.05  ft./sec' 

By  -(moms,  about  point  A)  =  0  we  find  iJ'X4'-|-Gx2'-Fx4'  =  0 
or  y  =  3.0  tons;  and,  by  SZ  =  0,  V+Vo-G  =  0,  or  Fo=4-3.0=1.0  tons. 
Since  neither  F  nor  Fq  is  found  to  be  negative  the  body  does  not  tend 
to  overturn  but  moves  parallel  to  itself  (i.e.,  translation)  with  a  uniformly 
accelerated  motion,  the  value  of  the  acceleration  being  p  =  8.05  ft. /sec.'; 
so  that  at  the  end  of  the  first  second  the  body  would  be  4.025  ft.  from 
the  start  (no  initial  velocity);  at  the  end  of  the  second  second,  16.1  ft. 
If  P  were  zero,  or  if  P  were  applied  horizontally  through  the  center 
of  gravity,  V  and  F„  would  each  be  one  half  of  G,  i.e.  2  tons.  It  appears, 
therefore,  that  the  effect  of  the  eccentric  application  of  P  (viz.  4  ft. 
below  the  center  of  gravity  C)  is  to  increase  F  by  1.0  ton  and  diminish 
Fo  by  an  equal  amount.  If  P  acted  4  ft.  above  C,  V  and  V„  would 
change  places  in  this  respect.  For  Fo  to  be  just  zero,  P  (in  its  present 
position)  would  need  to  have  a  value  of  2  tons,  and  the  body  would 
be  on  the  point  of  overturning  toward  the  left.  Or,  again,  with  P 
=  1  ton,  its  line  of  application  would  have  to  be  8  ft.  below  or  above 
C,  for  one  of  the  reactions  to  be  just  zero.  In  fact,  in  the  fictitious 
equilibrated  system  which  includes  R',  since  P=R'  (in  this  simple  case) 
they  form  a  couple ;  and  hence  the  three  forces  G,  V,  and  Fj  are  equiva- 
lent to  a  couple  of  equal  and  opposite  moment  (viz.  4  ft.-tons  in  Fig.  122a). 
From  the  above  it  is  seen  that  in  the  case  of  the  last  car  of  a  railroad 
train,  when  it  has  an  accelerated  motion  (just  leaving  a  station),  the 
pressures  under  the  front  and  rear  trucks  will  be  slightly  different  from 
their  values  when  tae  moUoa  is  uniform  or  zero,  if  the  pul'  in  the  coupling 
does  not  pass  through  the  center  of  grav  ity  of  the  car. 
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110.  Rotation  about  a  Fixed  Axis. — First,  as  to  the  elements 
of  space  and  time  involved.  Fig.   123.     Let  0  be  the  axis  of 

rotation   (perpendicular  to  paper),  OY  a.  fixed      q-> .^^ 

line  of  reference,  and  OA  a  convenient  line  of  r^      "~/N\ 
the  rotating  body,  passing  throngli  the  axis  and  /  y\„    1 

perpendicular  to  it,  accompanying  the  body  in  1    0   — — j~ 
its  angular  motion,  which  is  the  same  as  that  of  V^ — ' 
OA.     Just  as  in  li.near  motion  we  dealt  with        ^"'-  ■'^• 
linear  space  (s),  linfear  velocity  (v),  and  linear  acceleration  (p), 
80  here  we  distinguish  at  any  instant ; 

a,  the  angular  space  between  OY  and  OA,  (radians;   or  de- 
grees, or  revolutions) ; 

(1)  =  -^,  the  angular  velocity,  or  rate  at  which  a  is  changing, 

(such  as  radians  per  sec. ,  or  revolutions  per  minute,  etc.);  and 

p=-3r  =  -j^,   the  angular   acceleration,   or  rate  at  which  a) 

is  changing  (radians  per  sec.  per  sec,  e.g.) 

These  are  all  in  angular  measure  and  may  be  +  or  — ,  ac- 
cording to  their  direction  against  or  with  the  hands  of  a  watch. 
da  is  a  small  increment  of  a,  while  d^a.  is  the  difference  be- 
tween two  da's  described  iu  two  consecutive  small  and  equal 
time-intervals,  ea.ch=  dt. 

(Let  the  student  interpret  the  following  cases :  (1)  at  a  cer- 
tain instant  oo  is  -|-,  and  B  — ;  (2)  ao  is  — ,  and  6  -\-;  (3)  a  is 
— ,  oo  and  6  botli  +;  (4)_£ -|-._9' JJjd ^  both  — .)'p  For  rotary 
motion  we  have  therefore,  in  general, 

-  =  % (^i-)    «  =  ff  =  S^   •   (vn.) 

and     .-.  (by  elimination)  oodto  =  6 da; C^HI.) 

corresponding  to  eqs.  (I.),  (II.),  and  (III.)  in  §  50,  for  rectilinear 
motion. 

Hence,  for  uniform,  rotary  motion,  w  being  constant  and 
^  =  0,  we  have  a  ^  cat,  t  being  reckoned  from  the  instant 
when  or  =  0. 


(/ 


*  See  pp.  132,  133,  of  the  "Notes,"  eto,  for  further  illustration. 
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For  uniformly  accelerated  rotary  motion  6  is  constant,  and 
if  Wo  denote  the  initial  angular  velocity  (when  a  and  i  =  0)  we 
may  derive,  as  in  §  56,  denoting  the  constant  d  by  di, 
ca=co,  +  dit;      .     .     (1)  a=  a>,t  +  idit'2;.     .     (2) 

«  =  ^^^^;      .     .     (3)     and     a  =  ^{cj,  +  oc)t.    .     .     (4) 

If  in  any  problem  in  rotary  motion  6,  oo,  and  ot  have  been 
determined  for  any  instant,  the  corresponding  linear  values  for 
any  point  of  the  body  whose  radial  distance  from  the  axis  is  p, 
will  be  s  =  a/3  (=  distance  described  by  the  point  measured 
along  its  circular  path  from  its  initial  position),  v  =  cop  =  its 
velocity,  and^^  =^  dp  its  tangential  acceleration,  at  the  instant 
in  question,   if  a,  «  and  d,  are  expressed  in  radians. 

Example. — (1)  What  value  of  a),  the  angular  velocity,  is 
implied  in  the  statement  that  a  pulley  is  revolving  at  the  rate 
of  100  revolutions  per  minute  if  the  radian  is  unit  angle? 

100  revolutions  per  minute  is  at  the  rate  of  27rXlOO 
=  628.32  radian  units  of  angular  space  per  minute  =  10.472 
per  second.  .•.  w  =  628.32  radians  per  minute  or  10.472 
radians  per  second. 

(2)  A  grindstone  whose  initial  speed  of  rotation  is  90  revo- 
lutions per  minute  is  brought  to  rest  in  30  seconds,  the  an- 
gular retardation  (or  negative  angular  acceleration)  being  con- 
stant ;  required  the  angular  acceleration,  di,  and  the  angular 
space  a  described.  Use  the  second  and  radian  as  units, 
wo  =  27:11  =  9.4248  radians  per  second;   ,•.  from  eq.  (1) 

(o —  wo 
6i= — 1 — =  —  9. 424 -=-30=  —0.3141  radians  per  sec.  per  sec. 

The  angular  space,  from  eq.  (2)  is 

a=wo<  +  i^i«2  =  30X9.42-J(0.314)900  =  141.3 
radians;    that  is,  the   stone   has   made    22.4   revolutions   in 
coming  to  rest  and  a  point  2  ft.  from  the  axis  has  described  a 
distance  s  =  ajO  =  141.3x2  =282.6  ft.  in  its  circular  path. 

'111.  Rotation.     Preliminary  Problems.     Axis  Fixed. — For 

clearness  in  subsequent  matter  we  now  consider  the  following 
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problem.  Fig.  124  shows  a  rigid  homogeneous  right  cylin- 
der A  of  weight  G  =  200  lbs.  and  radius  r=2  ft.,  mounted  on 
a  horizontal  axle  and  concentric  with  the  same.  The  center 
of  gravity  of  the  cylinder  is  in  the  axis  of  rotation  (Z).  The 
axle  carries  a  light  and  concentric  drum,  of  10  in.  radius,  from 
which  a  Ught  inextensible  cord  may  unwind  as  the  attached 
weight  B  descends,  thus  imparting  an  accelerated  rotary  motion 
to  the  cylinder.  The  weights  and  masses  of  the  drum,  cord, 
and  axle,  and  all  friction,  will  be  neglected;  and  the  two  journals 
will  be  considered  as  one.    The  cyUnder  being  originally  at  rest 

we  wish  to  deter- 
vV,,       X     --—I         K\  mine  its   motion 

as  produced  by 
a  constant  down- 
ward pull  or  ten- 
sion of  80  lbs.  in 
the  vertical  cord. 

(J.)  -\.^_L^^B"fn)        (^^^      necessary 

V        Fig.  124.  \t  weight,  G',  of  the 

body  to  be  used  at  B*,  to  secure  this  80  lbs.  tension  in  the 
cord,  will  be  found  later.)  During  this  motion  the  real  system 
of  forces  (system  (I))  acting  on  the  body  A  consists  of  the  weight 
200  lbs.,  always  acting  through  Z,  the  fixed  axis  of  rotation; 
the  downward  pull  of  80  lbs.  at  10  in.  from  the  axis;  the  ver- 
tical component  V  of  the  reaction  of  the  bearing;  and  the 
horizontal  component  (if  any),  H.  At  (II),  Fig.  124,  is  shown 
an  imaginary  equivalent  system  capable  of  producing  the  same 
motion  in  the  particles,  each  of  mass=dM,  if  they  were  inde- 
pendent. Since  each  particle  is  moving  in  a  circle  of  some 
-idius  p  with  some  linear  (tangential)  acceleration  pt  at  any 
instant,  the  cylinder  having  at  that  same  instant  some  an- 
gular velocity  w  and  some  angular  acceleration  d,  we  have 
v=ojp  and  pt  =  Bp-     {oj  and  6  in  radians.) 

This  circular  motion  of  each  particle  could  be  produced 
(see  eq.  (5),  p.  76)  by  a  tangential  force  dT  lbs.,  =dMpt, 
=  OdMp,  accompanied  by  a  normal  force  dN  lbs.,  =dMv^^p, 
=  w^dMp.  Our  equivalent  system,  then,  in  (II),  consists  of 
a  dT  and  a  dN  of  proper  value  applied  to  each  particle  of  body 
A  at  a  given  instant.    Axes  X  and  Y  are  shown  in  Fig.  124, 


*The  body  B  is  not  shown  in  the  figure. 
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axis  Z,  the  axis  of  rotation,  being  t  to  the  paper  through 
origin  0.  Let  us  now,  for  any  instant  of  the  motion,  equate 
2  (moms.)^  of  the  actual  system,  (I),  to  I  (moms^j  in  sys- 
tem (II) ;  using  the  integral  sign  to  denote  a  summation  which 
extends  over  all  the  particles  of  body  A  (for  this  instant ;  the 
integral  might  therefore  be  called  an  instantaneous  integral). 
This  gives,  if  we  note  that  each  of  the  normal  forces  dN  of 
system  (II)  has  no  moment  about  axis  Z,  and  that  6  is  common 
to  all  the  particles  at  this  instant,  (with  ft.-lb.-sec.  units), 
+80X10112= +/dT.p=+d/dMf^= +61,.        .     (1) 

The  summation  (instantaneous)  /dMfP  is  seen  to  be  the 
quantity  called  "moment  of  inertia,"  about  axis  Z,  of  the 
body  A  and  remains  constant,  since  the  p's  do  not  change 
in  value  as  the  motion  proceeds.  For  a  solid  homogeneous 
cylinder  I^=^Mr^  (p.  99),  and  hence 

800 =6e[200H- 32.2] (2)2;    i.e.,    (?  =  5.37  rads./sec.^ 

That  is,  6  is  constant  and  the  rotary  motion  of  the  cylinder 
Is  uniformly  accelerated. 

(N.  B. — From  eq.  (1)  we  note  that,  in  general,  in  order  to  obtain  the 
angular  acceleration,  8,  of  the  rotary  motion  [of  a  rigid  body  about  a 
fixed  axis  Z  we  have  only  to  treat  the  body  as  a  "free  body"  and  write 
I  (moms.)  about  axis  of  rotation  =  angul.  accel.Xmom.  of  inertia  about  Z.) 

112.  Further  Results  in  Preceding  Problem.  —  As  to  the  necessary  weight, 
G',  of  body  B  (suspended  on  the  cord  and  causing  the  motion  of  both 
bodies),  in  order  to  produce  the  80  lbs.  tension  in  the  cord,  we  note 
that    body   B   has  the    same    motion   (only   in    a  right  line),   as  a  point 

in  the   circumference  of   the   drum,   where  the   acceleration   is   'p'  =  6y.rr^ 

=  4.48  ft./sec.^  That  is,  the  motion  of  B  wUl  be  uniformly  accelerated, 
with  an  acceleration  of  4.48  ft./sec.^  Hence  the  weight  of  B  must  not 
only  produce  the  80  lbs.  tension  in  the  cord  but  also  accelerate  the  mass 
of  B,  {M'  =  G'^g)  with  an  acceleration  of  4.48  ft./sec'  I.e.,  we  have 
0' =  80+ {G'-^g)p';  which  is  nothing  more  than  saying  that  the  net 
accelerating  force,  G'  —  80,  =  mass  X  accel. ;  whence  we  find,  on  solving, 
G'  =  92.9  lbs.  for  the  weight  of  the  body  to  be  used  at  B. 

For  example,  in  the  first  3  sec.  of  time,  starting  from  rest,  B  will 
descend  a  distance  (see  p.  54),  S3  =  ^p'(3)^  =  20.16  ft.  and  will  have  ac- 
quired a  (linear)  velocity  of  r'3  =  p'X3=  13.44  ft. /sec;  while  *body  A 
will  have  turned  through  an  angle  of  a3  =  i0(3)^  =  24.2  radians,  (or  3.85  revo- 
lutions) and  will  possess  an  angular  velocity  of  W3  =  0X3  =  16.l  rads./sec.  or, 
(16.1-^2!^  =  ),  2.57  revs./sec. 

Reaction  of  the  bearing;  (two  journals  considered  as  one).  To  find 
the  two  components  H  and  V  of  this  reaction,  we  again  have  recourse 
to  the  two  equivalent  systems  of  ,Fig.  124,  acting  on  body  A.  (N.B. — 
The  upward  80  lbs.  and  the  force  G'  do  not  belong  to  system  (I),  since 
they  act  on  body  B.)  During  the  motion,  the  coordinates  x  and  y  of  each 
particle    (of   mass  =  dM)    are   continually  changing,    as   also   the   angle    4> 
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between  the  p  of  the  particle  and  axis  Y  (but  not  p  itself)-     At  any  given 

instant  we  note  that  x  =  paiii<j>  and  y  =  p  cos  cj>,  for  each  particle.     Let  us 

now  put  lY  of  system  (I)  equal  to  2 F  of  system  (II).     This  gives  us 

F-200-80=/drsin  ^-/dATcos^  .     ....     (2) 

As  before,  these  integrals  are  "instantaneous  integrals,"  being  extended 
over  all  the  particles  of  the  body  at  a  given  instant  of  time,  [so  that  in 
general  the  value  of  each  may  change  with  the  progress  of  the  motion. 

Substituting  for  dT  and  dN,  etc.,  this  may  be  written 

V-2QQ-&Q=efdMp  sin  4,-<u'^fdMp  cos  <j>        ...     (3) 
or,  V-2QQ-S.Q=d/dMx-a)''fdMy, (4) 

Note  that  the  value  of  6,  and  also  of  cd,  at  this  single  instant  are 
common  to  all  the  particles  and  have  been  factored  out,  as  shown. 

But  the  summation  of  fdMx  is  nothing  more  than  Mx;  where  M 
is  the  mass  of  the  whole  cylinder  A  (  =  200-T-5r)  [see  p.  18,  eq.  (1)],  and 
X  is  the  X  coordinate  of  its  center  of  gravity;  and,  similarly,  fdMy  =  My. 
We  may  therefore  write  _  _ 

y-200-80  =  eMx-wWi/ (5) 

But  in  the  present  case,  since  the  center  of  gravity  of_body  A  is  in 
the  axis  of  rotation  at  all  times,  we  have  both  x  and  y  =  zeTO  at  all 
times;   and  hence  finally  F- 200 -80=0;   or  F  =  280  lbs. 

As  to  the  horizontal  component,  H,  of  the  bearing  reaction,  we  place 
2X  of  system  (I)  equal  to  IX  of  system  (II)  and  obtain 

H  =  -fdT  cos  <p  -/dN  sin  ^  =  -  6fdMp  cos  <j>  -  w'^/dMp  sin  <f>,     (6) 
i.e.,  H=-efdMy-a>''fdMx,=  -eMi-a>m'i (7) 

But  since  x  and  y  are  zero  at  all  times,  H  must  be  zero,  from  (7) ;  and 
we  therefore  conclude  that  in  this  case  the  reaction  of  the  bearing  is 
purely  vertical  at  all  times  and  is  V,  =  280  lbs. 

113.  Centre  of  Percussion  of  a  Rod  suspended  from  one  End. — 

Fig.  126.  The  rod  is  initially  at  rest  (see  (1.)  in  figure),  is  stiaightf 

homogeneous,    and    of    constant 

(small)  cross-section.     Neglect  its 

weight.      A    horizontal   force  or 

pressure,  JP,  due  to  a  blow  (;ind 

varying   in    amount    during    tlie 

blow),  now  acts  upon  it  from  the 

left,  perpendicularly  to  the  axis, 

Z.  of  suspension.     An  accelerated 

rotary  motion  begins  about  the  fixed  axis  Z. 

free,  at  a  certain  instant,  with  the  reactions  JT,  and  Y„  put  in 

at  (?„.    (III.)  showsanimaginary  system  which  would  produce 

the  same  effect  at  this  instant,  and  consisting  of  a  dT  =  dMOo, 

and  a  dJV^  =  a>'dMp  applied  to  each  dM,  the  rod  being  composed 

of  an  infinite  number  of  dM^s,  each  at  some  distance  p  from 

tlie  axis.     Considering  that  the  rotation  has  just  begun,  oo,  the 


f-ls-'- 


►dT 


(I.) 


(11.)  (in.) 

Fig.  186. 

(II.)  shows  the  rod 
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angular  velocity  is  as  yet  small,  and  wiU  be  neglected.  Ke- 
quired  Yo  the  horizontal  reaction  of  the  support  at  0  in  terms 
of  P.     By  putting  lYn^lYm,  we  have 

p  _  7,  =/dT  =  e/pdM =eM^. 
.:  T,  =  P  —  BMp ;  p  is  the  distance  of  the  centre  of  gravity 
from  the  axis  (N.B.  J'pdM  =  M p  is  only  true  when  all  the 
/j's  are  parallel  to  each  other).  But  the  value  of  the  angular 
acceleration  d  at  this  instant  depends  on  P  and  a,  for  "2  (mom.)> 
in  (II.)  -  2  (inom.)z  in  (HI-))  whence  Pa  =  d/p'dM  =  dlz, 
where  /^  is  the  moment  of  inertia  of  tlie  rod  about  Z,  and  from 
§  95  =  iMl'.    Now  p  =  il;  hence,  finally, 

If  now  Y„  is  to  =  0,  i.e.,  if  there  is  to  be  no  shock  between 
the  rod  a/md  axis,  we  need  only  apply  /*  at  a  point  whose  dis- 
tance a^\l  from  the  axis ;  for  then  Y„  =  0.  This  point  is 
called  the  centre  of  percussion  for  the  given  rod  and  axis.  It 
and  the  point  of  suspension  0  are  interchangeable  (see  §  118). 
(Lay  a  pencil  on  a  table ;  tap  it  at  a  point  distant  one  third  of 
the  length  from  one  end  ;  it  will  begin  to  rotate  about  a  vertical 
axis  through  the  farther  end.  Tap  it  at  one  end  ;  it  will  begin 
to  rotate  about  a  vertical  axis  through  the  point  first  mentioned. 
Such  an  axis  of  rotation  is  called  an  axis  of  i/nsta/nta/neous  rota- 
tion, and  is  different  for  each  point  of  impact — ^just  as  th« 
point  of  contact  of  a  wheel  and  rail  is  the  one  point  of  the 
wheel  which  is  momentarily  at  rest,  and  about  which,  therefore, 
all  the  others  are  turning  for  the  instant.  Tap  the  pencil  at 
its  centre  of  gravity,  and  a  motion  of  translation  begins ;  see 
§  109.) 


114.  Botation.     Axis  Fixed. 


General  Formulse. — Considei" 
Z 


FiQ.  187.  Fio.  128. 

Jng  now  a  I'igid  body  of  any  shape  whatever,  let  Fig.  127  indi- 
cate the  system  of  forces  acting  at  amy  gvoen  instant^  Z  being 
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the  fixed  axis  of  rotation,  oo  and  0  tlie  angular  velocity  and 
angular  acceleration,  at  the  given  instant.  X  and  T  are  two 
axes,  at  right  angles  to  each  otiier  and  to  Z,  fixed  in  space.  At 
this  instant  each  dM  oi  the  body  has  a  definite  x,  y,  and  q} 
(see  Fig.  128),  wliicli  will  change,  and  also  a  p,  and  z,  which  will 
not  change,  as  the  motion  progresses,  and  is  pursuing  a  circu- 
lar path  with  a  velocity  =  cop  and  a  tangential  acceleration 
=  dp.  Hence,  if  to  each  dM  of  tiie  body  (see  Fig.  128)  we 
imagine  a  tangential  force  dT  —dM9p  -dnd  a  normal  force 
=  dM{oop)'  -i-  p=  Go'dMp  to  be  applied  (eq.  (5),  §74),  and 
these  alone,  we  have  a  sj'stem  comprising  an  infinite  number  of 
forces,  all  parallel  to  XT',  and  equivalent  to  the  actual  system 
in  Fig.  127.  Let  2X,  etc.,  represent  the  sums  (six)  for  Fig. 
127,  whatever  they  may  be  in  any  particular  case,  while  for 
128  we  shall  write  the  corresponding  sums  in  detail.  Noting 
that 

fdJV  cos  ip  =  aPfdMp  cos  (p  =  coydMy  =  ca'My,{%  88); 
that /cZiV sin  (p  —  oPJ'dMp  sin  cp  =  oo^dMx  =  w'Mx; 
and  similarly,  that  fdT  cos  cp  —  6/dMp  cos  <p  =  QMy,  and 
fdT  Bin  cp  =z  6Mx;  while  in  the  moment  sums  (the  moment 
of  dT  cos  cp  about  Y,  for  example,  being  —  dT  cos  cp  .  z  r= 
—  BdMp  (cos  cp)s^  —  ddMyz,  the  sum  of  themoms.y  of  all  the 
{dT aos  cpys  =  -  e/dMyz) 

fdT  cos  tpz  —  d/dMys,  fdN  sm  cpz  =  w^dMxz,  etc., 
we  have,  since  the  systems  are  equivalent, 

:SX=  +  ^J!f^-ft5'Jf^;  .     .    .    .      (IX.) 
SY  =  -eMx-oa'My;  .     .     .     .        (X.^ 

:SZ=      0; (XL) 

2  moms.2  =  -  O/dMxs  —  ooydMyz ;      .    (XIL) 

2  moms.y  =  -  dfdMyz  +  wydMxs  ;      .  (XIII.) 

2  moms.^  =      dfdMp'  =  91^.       .     •     .  (XIV.) 

These  hold  good  for  any  instant.     As  the  motion  proceeds  x 

and  y  change,  as  also  the  sums  fdMxz  and  fdMyz.     If  the 

body,  however,   is   homogeneous,  and  symmei/ricaZ  about  the 

plame  XY,  fdMxz  z.\\d  fdMys  would  always  =  zero;  since 
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the  z  of  any  (^Jtfdoesnot  change,  and  for  every  term  <?J^(+s). 
tJiere  would  be  a  term  dMy{—  z)  to  cancel  it ;  similarly  for 
fdMxs.  The  eq.  (XIV.),  2  (moms,  about  axis  of  rotat.)  = 
fdTp  =  dJ'dJfp'  =:  {angular  accel.)  X  {mom.  of  inertia  of 
hody  about  axis  of  rotat),  shows  how  the  smnfdMp'  arises  in 
problems  of  this  chapter.  That  a  force  dT  =  dMdp  should 
be  necessary  to  account  for  the  acceleration  (tangential)  Op  of 
the  mass  dJU,  is  due  to  the  so-called  inertia  of  the  mass  (§  54), 
and  its  moment  dTp,  or  OdMp',  might,  with  some  reason,  he 
called  the  moment  of  inertia  oi  tiie  dM,  awdfddMp'^^  BfdMp^ 
that  of  the  whole  body.  But  custom  lias  restricted  the  name 
to  the  snrafdMp',  which,  being  without  tlie  d,  has  no  term  to 
suggest  the  idea  of  inertia.  For  want  of  a  better  the  name  is 
still  retained,  and  is  generally  denoted  by  /.  (See  §§  86,  etc.) 
115.  Example  of  the  Preceding. — A  homogeneous  right  par- 
Y*<ft5^X  '  allelopiped  is  mounted  on  a  vertical 
--^^g^^  ~^---.  axle  (no  friction),  as  in  figure.  0  is 
at  its  centre  of  gravity,  hence  ioth 
X  and  y  are  zero.  Let  its  heaviness 
be  V,  its  dimensions  A,  h„  and  b  (see 
§  97).  XT  is  a  plane  of  symmetry, 
hence  both  fdMxz  and  fdMyz  are 
zero  at  all  times  (see  above).  The 
>^P,  '"  tension  P  in  the  (inextensible)  cord 
Fid.  189.  is  caused  by  the  hanging  weight  /*, 
(but  is  not  =  ^„  unless  the  rotation  is  uniform).  The  figure 
shows  both  rigid  bodies /ree.  P,  will  have  a  motion  of  trans- 
lation ;  the  parallelopiped,  one  of  rotation  about  a  fixed  axis. 
No  masses  are  considered  except  P,  -=-  g.  and  bhh^y  -^  g.  The 
Iz  =  Mkz  of  the  latter  =  its  mass  X  tV(^."  +  *");  §  97-  At 
any  instant,  the  cord  being  taut,  if  ^  =  linear  acceleration  of 
P.,  we  have  p=  da eq.  {a\ 

From  (XIV.),      Pa=dlz;    ..P^^BIz-a.    ...      <1) 

For    the  free  mass  P,  -^  §-  we   have    (§109)  P^  —  P  = 
mass  X  ace, 

=  {P.  -^9)P  =  (P.  -^  ff)ea  ;  .-.  P  =  P.(l  -da-i-  g).  (3) 

.Equate  these  two  values  of  P  and  solve  for  6,  whence 

f, Pia 

''-  Mk\  +  {P^^g)a^ (3) 
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■  All  the  terras  here  are  constant,  hence  d  is  constant ;  there- 
fore the  rotary  motion  is  uniformly  accelerated,  as  also  the 
translation  of  P,.  The  foimulae  of  §  56,  and  (1),  (2),  (3),  and 
(4)  of  §  110,  are  apj.)licable.  The  tension  P  is  also  constant ; 
seeeq.  (1).  As  ior  the  five  unknown  reactions  (components) 
at  0,  and  0„  the  bearings,  we  shall  find  that  they  too  are  con- 
stant ;  for 

from      (IX.)  we  have  X,+Xj=0;  (4) 

from       (X.)  we  have  P  +  T^  +  Y^  =  0 ;  (5) 

from     (XL)  we  have  ^2-0  =  0;  (6) 

from    (XII.)  we  have  P.  AO  +  Y^  .Ofi-Y^  .0J0  =  Q;  (7) 

from  (XIII.)  we  have  -X^.Ofi+X^  70^  =  0.   (8) 

Numerical  substitution  in  the  above  problem. — Let  the  parallelepiped 
be  of  wrought-iron;  let  Pi  =  48  lbs.;  a  =  6  in.  =  J  ft.;  6  =  3  in.  =  J  ft. 
(see  Fig.  112);  6i  =  2  ft.  3  in.  =  |^ft.;  and  ^1=4  in.  =  J  ft.  Also  let 
OiO  =  020  =  18  in.  =  |  ft.,  and  40  =  3  in.  =  i  ft.  Selecting  the  joot- 
■pound  second  system  of  units,  in  which  3  =  32.2,  the  linear  dimensions 
must  be  used  in  feet,  the  heaviness,  y,  of  the  iron  must  be  used  in  lbs. 
•per  cubic  foot,   i.e.,   ;-=480    (see    §  7),   and  all  forces  in  lbs.,   times  in 


The  weight  of  the  iron  will  be  G  =  yr=6&i'ir  =  i  •  I  •  iX480  =  90  lbs.; 
its  mass  =  90 -=-32.2  =  2.79;  and  its  moment  of  inertia  about  Z  = /z  =  Mfe' 
=Aft'^(bi'-H6')  =  2.79X0.426  =  1.191.  (That  is,  the  radius  of  gyration, 
kz,  =l/0.426  =  0.653  ft.;  or  the  moment  of  inertia,  or  any  result  depend- 
ing solely  upon  it,  is  just  the  same  as  if  the  mass  were  concentrated  in 
a  thin  shell,  or  a  liae,  or  a  point,  at  a  distance  of  0.653  feet  from  the 
axis.)    We  can  now  compute  the  angular  acceleration,  6,  from  eq.  (3); 

,,  48Xi  2±_ 

"     1.191 -I- (48-^32.2)  Xi      1.191-1-0.372 

radians  per  sec.  per  sec.     The   linear  acceleration  of  Pj  is  p  =  fia  =  7.68 
feet  per  sec.  per  sec.  for  the  uniformly  accelerated  translation. 

Nothing  has  yet  been  said  of  the  velocities  and  initial  conditions  of 
the  motions;  for  what  we  have  derived  so  far  applies  to  any  point  of 
time.  Suppose,  then,  that  the  angular  velocity  &>  =  zero  when  the  time, 
i  =  0;  and  correspondingly  the  velocity,  v  =  <^a,  of  translation  of  Pj, 
be  also  =  0  when  t  =  Q.  At  the  end  of  any  time  t,  u>  =  gt  (.§i(  56  and  110) 
and  v=pt  =  8at;  also  the  angular  space,  a  =  ^0i',  described  by  the 
parallelepiped  during  the  time  t,  and  the  linear  space  s=ipt'  =  iBat', 
through  which  the  weight  Pj  has  sunk  vertically.  For  example,  during 
the  first  second  the  parallelepiped  has  rotated  through  an  angle  a  =  ^gt'' 
=  iX15.36Xl  =  7.68  radians,  i.e.,  (7.68-^2,t)  =  1.22  revolutions,  while  P, 
has  sunk  through  s  =  i9at'  — 3.84:  ft.,  vertically. 
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The  tension  in  the  cord,  from  (2),  is 

P  =  48(l-15.36XiH-?)=48(l-0.24)  =  36.48  1bs. 

The  pressures  at  the  bearings  will  be  as  follows,  at  any  instant  r  from 
(4)  and  (8),  Xi  and  X^  must  individually  be  zero;  from  (6)  Z2  =  G  =  Vr 
=  90  lbs. ;  while  from  (5)  and  (7),  Y,^  -21.28  lbs.,  and  Y,=  - 15.20  lbs., 
and  should  point  in  a  direction  opposite  to  that  in  which  they  were 
assumed  in  Fig.  129  (see  last  lines  of  5  39). 

117.  The  Compound  Pendulum  is  any  rigid  body  allowed  to 
oscillate  without  friction  under  the  action  of  gravity  when 
mounted  on  a  horizontal  axis.  Fig.  131  shows  the 
body  .free,  in  any  position  during  the  progress  of 
the  oscillation.  G is  the  centre  of  gravity;  let  00 
=  s.  From  (XIV.),  §  114,  we  have  2  (mom.  about 
fixed  axis) 

=  angul.  ace.  X  mom.  of  inertia. 

.-.  —  Gs  sin  a  =  0/„, 
and  0  =  —  Os  sin  a  -h  /„  =  —  Mgs  sin  a  -=-  Mkl, 


i.e.. 


6  =  —  gs  sin  a  -=-  k' (1) 


Hence  d  is  variable,  proportional  to  sin  a.  Let  us  see  what 
the  length  I  =  OK,  of  a  simple  circular  pendulum,  must  be,  to 
have  at  this  instant  (i.e.,  for  this- value  of  a)  the  same  angular 
acceleration  as  the  rigid  body.  The  linear  (tangential)  accelera- 
tions of  K,  the  extremity  of  the  required  simple  pendulum 
would  be  (§  77)  Pt  —  ^  !/  siii  oc,  and  hence  its  angular  accelera- 
tion* would  =  —  gr  sin  a  -4-  ?.  Writing  this  equal  to  6  in  eq. 
(1),  we  obtain 

l^K^s (2) 

But  this  is  independent  of  a. ;  therefore  the  length  of  the  sinn- 
ple  pendulum  having  an  angular  acceleration  equal  to  that  of 
the  oscillating  body  is  the  same  in  all  positions  of  the  latter, 
and  if  the  two  begin  tooscillate  simultaneously  from  a  position 
of  rest  at  any  given  angle  «,  with  the  vertical,  they  will  keep 
abreast  of  each  other  during  the  whole  motion,  and  hence  have 

*  Most  eiisily  obtained  by  considering  that  if  the  body  shrinks  into  ii  mere 
point  at  K,  iiud  thus  becomes  a  simple  pendulum,  wt  have  both  ko  and  » 
equal  to  I ;  which  in  (1)  gives  b  =  —  jr  sin  <f  -f-  Z. 
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the  same  duration  of  oscillation  ;  which  is  .".  ,for8maU  ampl/i- 
tudes  (§  78), 

t'  =  71  VTT~g  =  n  s/h;  -^  gs,   ....    (3) 

K  is  called  the  centre  of  oscillation  corresponding  to  the  given 
centre  of  suspension  0,  and  is  identical  with  the  centre  of  per- 
cussion (§113). 

Example. — Required  the  time  of  oscillation  of  a  cast-iron 
cylinder,  whose  diameter  is  2  in.  and  length  10  in.,  if  the  axis 
of  suspension  is  taken  4  in.  above  its  centre.  If  we  use  32.2 
for  g,  all  linear  dimensions  should  be  in  feet  and  times  in 
seconds.     From  §  100,  we  have 

From  eq.  (3),  §  88, 

/.  =  Ic+Ms^  =  Ml-^  . ijP/  +  i]  =  -^  X  0.170 ; 


.-.  Tc,'  =  0.170  sq.  ft.;  .-.  f=  n  VO.170  -=-  (.32.2xi)  =  0.395  sec. 

118.  The  Centres  of  Oscillation  and  Suspension  are  Inter- 
changeable.— (Strictly  speaking,  these  centres  are  points  in  the 
line  through  the  centre  of  gravity  perpendicular  to  the  axis  of 
suspension.)  Eefer  the  centre  of  oscillation  K  to  the  centre 
of  gravity,  thus  (Fig.  132,  at  (I.) ) : 


l-s. 


Mh: 


s  = 


Ms 


_.  =  ^.       (1) 


Now  invert  the  body  and  suspend  it  at  K; 
required   CK^,  or  s„  to  iind  the  centre  of  [ 
oscillation  correspondhig  to  JT  as  centre  of  i' 
suspension.     By  analogy  from  (1)  we  have  s,! 
s,  =  he  -^  «, ;  but  from  (1),  ho  -=-«,  =  «  .•. 
«„  =  s ;  in  other  words,  JT^  is  identical  with  (i.) 


(11.) 


Fio.  132. 


0.     Hence  the  proposition  is  proved. 

Advantage  may  be  taken  of  this  to  determine  the  length  Z 
of  the  theoretical  simple  pendulum  vibrating  seconds,  and  tlius 
finally  the  acceleration  of  gravity  from  formula  (3),  §  117,  viz., 
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when  i!  =  1.0  and  I  (now  =  Z)  has  been  determined  experi' 
mentally,  we  have 

g  (in  ft.  per  sq.  second)  =  L  (in  ft.)  y,n*.    .     .     (2) 

This  most  accurate  method  of  determining  g  at  any  locality 
requires  the  use  of  a  bar  of  metal,  furnished  with  a  sliding 
weight  for  shifting  the  centre  of  gravity,  and  with  two  project- 
ing blocks  provided  with  knife-edges.  These  blocks  can  also 
be  shifted  and  clamped.  By  suspending  the  bar  by  one  knife- 
edge  on  a  proper  support,  the  duration  of  an  oscillation  is  com- 
puted by  counting  the  total  number  in  as  long  a  period  of 
time  as  possible;  it  is  then  reversed  and  suspended  on  the 
other  with  like  observations.  By  shifting  the  blocks  between 
successive  experiments,  the  duration  of  the  oscillation  in  one 
position  is  made  the  same  as  in  the  other,  i.e.,  the  distance  be- 
tween the  knife-edges  is  the  length,  I,  of  the  simple  pendulum 
vibrating  in  the  computed  time  (if  the  knife-edges  are  not  equi- 
distant from  the  centre  of  gravity),  and  is  carefully  measured. 
The  I  and  If  of  eq.  (3),  §  117,  being  thus  known,  g  may  be  com- 
puted. The  length,  in  /eef,  of  the  simple  pendulum  vibrating 
seconds,  at  any  latitude  /?,  and  at  a' height  oi  h  ft.  above  sea- 
level,  is  (Chwolson,  1902). 

L=3.2597l:-0.008441  cos  2/?-0.0000003A. 
119.  Isochronal  Axes  of  Suspension. — In  any  compound 
pendulum,  for  any  axis  of  suspension,  there  are  always  three 
others,  parallel  to  it  in  the  same  gravity-plane,  for  which  the 
oscillations  are  made  in  the  same  time  as  for  the  jirst.  For 
any  assigned  time  of  osciilatio!i  t\  oq.  (3),  §  llY,  compute  the 
cori'esponding  distance  CO  =  s  oi  0  from  C; 

,Ml-:       7i\Mla'  +  Ms' 


i.e.,  from         t'^  =  n' 


Mgs  Mgs 


we  have  s  =:^  {gt"'^27t')±  V{gH"-^4.7i')-]cc\  .     .     (1) 

Hence  for  a  given  t',  there  are  two  positions  for  the  axis  0 
pariiliel  to  any  axis  througli  C,  in  any  gravity-plane,  on  both 
sides;  \.e.,  four  parallel  axes  of  suspension,  in  any  gravity- 
plane,  giving  equal  times  of  vibration  ;  for  two  of  these  axes 
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we  must  reverse  the  body.  E.g.,  if  a  slender,  homogeneous, 
prismatic  rod  be  marked  off  into  thirds,  the  (small)  vibrations 
will  be  of  the  same  duration,  if  the  centre  of  suspension  is 
taken  at  either  extremity,  or  at  either  point  of  division. 

Example. — Required  the  positions  of  the  axes  of  suspension, 
parallel  to  the  base,  of  a  right  cone  of  brass,  whose  altitude  is 
six  inches,  radius  of  base,  1.20  inches,  and  weight  per  cubic  inch 
is  0.304  lbs.,  so  that  the  time  of  oscillation  may  be  a  half- 
second.  (N.B.  For  variety,  use  the  inch-pound-second  system 
of  units,  first  consulting  §  51.) 

120.  The  Fly-Wheel  in  Fig.  133  at  any  instant  experiences 
a  pressure  P'  against  its  crank-pin  from  the  conitecting-rod 
and  a  resisting  pressure  P"  from  the  teeth  of  a  spur-wheel  with 


Fig.  133. 


which  it  gears.  *  Its  weight  G  acts  through  C  (nearly),  and 
there  are  pressures  at  the  bearings,  but  these  latter  and  G  have 
no  moments  about  the  axis  C  (perpendicular  to  paper).  The 
figure  shows  it  free,  P"  being  assumed  constant  (in  practice 
this  depends  on  the  resistances  met  by  the  machines  which  P 
drives,  and  the  fluctuation  of  velocity  of  their  moving  parts). 
P',  and  therefore  T  its  tangential  component,  are  variable, 
depending  on  the  effective  steam-pressure  on  the  piston  at  any 
instant,  on  the  obliquity  of  the  connecting-rod,  and  in  high- 
speed engines  on  the  masses  and  motions  of  the  piston  and  con- 
necting-rod. Let  r  =  radius  of  crank-pin  circle,  and  a  the 
perpendicular  from  C  on  P" .  From  eq.  (XIV.),  §  114,  we 
have 

Tr  -  P"a  =  eig,  .-.  d  =  {Tr-  P"a)  ^  Ig,     •     (1 

♦Bearings  at  C  not  shown.     P  is  the  thrust  in  the  piston-rod  due 
to  steam  pressure  on  piston. 
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as  tlie  angular  acceleration  at  any  instant;  substituting wliicli in 
the  general  equation  (VIIL),  §  110,  we  obtain 

Jcoodoo  =  Trda  -  P"ada (2) 

From  (1)  it  is  evident  that  if  at  any  position  of  the  crank-pin 
the  variable  Tr  is  equal  to  the  constant  P"a,  Q  is  zero,  and 
consequently  the  angular  velocity  on  is  either  a  maximum  or  a 
minimum.  Suppose  this  is  known  to  be  the  case  both  at  m 
and  n ;  i.e.,  suppose  T,  which  was  zero  at  the  dead-point  A, 
lias  been  gradually  increasing,  till  at  n,  Tr  =  P"a\  and  there- 
after increases  still  further,  then  begins  to  diminish,  until  at  m 
Tr  again  =  P"a,  and  continues  to  diminish  toward  the  dead- 
point  B.  -The  angular  velocity  cb,  whatever  it  may  have  been 
on  passing  the  dead-point  A,  diminishes,  since  B  is  negative, 
from  A  to  n,  where  it  is  &?„,  a  minimum ;  increases  from  n  to 
?ra,  where  it  reaches  a  maximum  value,  co^.  n  aYid  m  being 
known  points,  and  supposing  co„  known,  let  us  inquire  what 
(»„  will  be.     From  eq.  (2)  we  have 

IcJ^  cada>=J^    Trda  —  P"J^    ada.      .     .     (3) 

But  rda  =  ds  —  an  element  of  the  path  of  the  crank-pin,  and 
also  the  "  vii'tual  velocity"  of  the  force  T,  and  ada  =  ds",  an 
element  of  the  path  of  a  point  in  the  pitch-circle  of  the  fly- 
wheel, the  sn)all  space  through  which  P"  is  overcome  in  dt. 
Hence  (3)  becomes 

I(A{oOm  -  <^n)  =y„    Tds  -  P"  X  linear  arc  EF.    (4) 

To  determine  /  Tds  we  might,  by  a  knowledge  of  the  vary- 
ing steam-pressure,  the  varying  obliquity  of  the  connecting-rod, 
etc.,  determine  T  for  a  number  of  points  equally  spaced  along 
the  curve  nm,  and  obtain  an  approximate  value  of  this  sum  by 
Simpson's  Rule ;  but  a  simpler  method  is  possible  by  noting 
^see  eq.  (1),  §  65)  that  each  term  Tds  of  this  sujn  =  the  corre- 

sponding  term  Pdx  in  the  series  /     Pdx,  in  which  P  =  the 
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effective  steam-pressure  on  the  piston  in  the  cylinder  at  any  in- 
stant, dx  the  small  distance  described  by  the  piston  while  the 
crank-pin  describes  -any  ds,  and  n'  and  m!  the  positions  of  the 
piston  (or  of  cross-head,  as  in  Fig.  133)  when  the  crank-pin  is 
at  n  and  m  respectively.     (4)  may  now  be  written 

/im'  

Iak{<^^  -  O  =J^,   Pdx  -  P"  X  linear  arc  EF,     (5) 

from  which  (»^  may  be  found  as  proposed.  More  generally,  it 
is  available,  alone  (or  with  other  equations),  to  determine  any 
one  (or  more,  according  to  the  nuinber  of  equations)  unknown 
quantity.  This  problem,  in  rotary  motion,  is  analogous  to  that 
in  §59  (Prob.  4)  for  rectilinear  motion.  Friction  and  the  in- 
ertia of  piston  and  connecting-rod  liave  been  neglected.  As 
to  the  time  of  describing  tlie  arc  nm,  from  equations  similar  to 
(5),  we  may  determine  values  of  oo  for  points  along  nm,  divid- 
ing it  into  an  even  number  of  equal  parts,  calling  them  (»„  <»„ 
etc.,  and  then  employ  Simpson's  Rule*  for  an  approximate  value 

of  the  sum   \     t=  I      —  (from  eq.  (VI.),  §  110) ;  e.g.,  with 

four  parts,  we  would  have 

Q=l(angle.t/^,inrads.)[^^  +  i-+|+l  +  ^].(6) 

121.  Numerical  Example.  Fly-Wheel.— (See  Fig.  133  and 
the  equations  of  §  120.)  Suppose  the  engine  is  non-condensing 
and  non-expansive  (i.e.,  that  P  is  constant),  and  that 

P  =  5500  lbs.,     r  =  6in.  =ift.,     a  =  2ft., 

and  also  that  the  wheel  is  to  make  120  revolutions  per  minute, 
i.e.,  that  its  mean  angular  velocity  is  to  be 

oo'  =  i//-  X  2;r,  i.e.,  co'  =  47r  "  radians"  per  sec. 

First,  required  the  amount  of  the  resistance  P"  (constant) 
that  there  shall  be  no  permanent  change  of  speed,  i.e.,  that  the 
angular  velocity  shall  have  the  same  value  at  the  end  of  a  com- 
plete revolution  as  at  the  beginning.  Since  an  equation  of  the 
form  of  eq.  (5)  holds  good  for  any  range  of  the  motion,  let 
*  See  p.  13  of  the  "Notes  and  Examples  in  Mechanics." 
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that  range  be  a  complete  revolution,  and  we  shall  have  zero  as 
the  left-hand  member ;  fPdx  =  P  X  2  f t.  =  5500  lbs.  X  2  ft., 
or  11,000  foot-pounds  (as  it  may  be  called);  while  P"  is  un- 
known, and  instead  of  lin.  arc  PJFvtq  have  a  whole  circumfer- 
ence of  2  ft.  radius,  i.e.,  4;r  ft.; 

.-.  0  =  11,000  -  P"  X  4  X  3.1416;  whence  P"  —  875  lbs. 
Secondly,  required  the  pi'oper  mass  to  be  given  to  the  fly- 
wheel of  2  ft.  radius  that  in  the  forward  stroke  (i.e.,  while  the 
crank-pin  is  describing  its  ujpjper  semicircle)  the  max.  angular 
velocity  w^  shall  exceed  the  minimum  <»„  by  onlj'-jijj-aj',  assum- 
ing (which  is  nearly  true)  that  \{oo^  ■\-  <»„)  =  oo  .  There  be- 
ing now  three  unknowns,  we  require  three  equations,  which 
are,  including  eq.  (5)  of  §  120,  viz.: 

M.lii\{w^  -f  (»„)((»,„  -  <»„) 

nin'  . 

=  /    Pdx  -  P"  X  linear  arc  EF\  (5) 

t/n' 

\{oo^-\-  (»„)=  aj'=  4;r ;  (7)     and     oo^- oo^  =  ^oo'  =  fn.  (8) 

The  points  n  and  m  are  found  most  easily  and  with  sufficient 
accuracy  by  a  graphic  process.*  Laying  off  the  dimensions  to 
scale,  by  trial  such  positions  of  the  crank-pin  are  found  that 
T,  the  tangential  component  of  the  thrnst  P'  produced  in  tlie 
connecting-rod  by  the  steam-pressure  P  (wiiich  maybe  resolved 
into  two  components,  along  the  connecting-rod  and  a  normal 
to  itself)  is  =(a  -=-  r)P",  i.e.,  is  =  3500  lbs.  These  points  will 
be  n  and  m  (and  two  otliers  on  the  lower  semicircle).  The 
positions  of  the  piston  n'  and  7n',  coi-responding  to  n  and  m  of 
the  crank-pin,  are  also  found  graphically  in  an  obvious  manner. 
We  thus  determine  the  angle  nCm  to  be  100°,  so  that  linear 
arc  FF^  -B^TT  X  2  ft.  =  ^tc  ft.,  while 

/    Pdx  =  5500  lbs.  X  /    -sfe  =  6500  X»iW= 5500  X  0.77  ft., 

n'm'  being  scaled  from  the  draft. 

Now  substitute  from  (7)  and  (8)  in  (5),  and  we  have,  with 
^0=2  ft,  (which  assumes  that  the  mass  of  the  fly-wheel  is  con- 
f-ontrated  in  the  rim), 

*  See  p.  85,  "Xotes  and  Examples,"  etc. 
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(^  H-  ^)  X  4  X  4rr  X  l^r  =  5500  x  C.T7  -  875  X  ^^, 
which  being  solved  for  O  (with  g  =  32.2  ;  since  we  have  used 
the  foot  and  second),  gives  G  =  600.7  lbs. 

The  points  of  max.  and  min.  angular  velocity  on  the  back- 
stroke may  be  found  similarly,  and  their  values  for  the  ily- 
wlieel  as  now  determined ;  they  will  differ  but  slightly  from 
the  00^  and  <»„  of  the  forward  stroke.  Professor  Cotterill  says 
that  the  rim  of  a  fly-wheel  should  never  have  a  max.  velocity 
>  80  ft.  per  sec;  and  that  if  made  in  segments,  not  more  than 
40  to  50  feet  per  second.  In  the  present  example  we  have  for 
tlie  forward  stroke,  from  eqs.  (7)  and  (8),  oo^=  13.2  (7r-measure 
units)  per  second;  i.e.,  the  corresponding  velocity  of  the  wheel- 
rim  is  v,^  =  co^a  =  26.4  feet  per  second. 

122.  Angular  Velocity  Constant.  Fixed  Axis. — If  oo  is  con- 
stant, the  angular  acceleration,  6,  must  be  =  zero  at  all  times, 
which  requires  2  (mom.)  about  the  axis  of 
rotation  to  be  =  0  (eq.  (XIY.),  §  114).  An 
instance  of  this  occurs  when  the  only  forces 
acting  are  the  reactions  at  the  bearings  on 
the  axis,  and  the  body's  weight,  parallel  to 
or  intersecting  the  axis;  the  values  of  these 
reactions  are  now  to  be  determined  for  dif- 
ferent forms  of  bodies,  in  various  positions  fiq.  134. 
relatively  to  the  axis.  (The  opposites  and  equals  of  these  reac- 
tions, i.e.,  theforces  with  which  the  axis  acts  upon  the  bearings, 
are  sometimes  stated  to  be  due  to  the  "  centrifugal  forces,"  or 
"centrifugal  action,"  of  the  revolving  body.) 

Take  the  axis  of  rotation  for  Z,  then,  with  6  =  0,  the  equa- 
tions of  §  114  reduce  to 

2X=  —  Go'Mx;    . 

2T=  ~-  co'My;    . 

2Z=       0 ;  .     .     . 

2  moms-x  =  —  oo'/dMyz ; 


2  moms.  J-  =;  -|"  <j^fdMxz  \ 
2  moms.^  =        0.    .     .     . 


(IX».) 
{Xa.) 
(Xla.) 
(XUa.) 
(Xllla.) 
(XIYa.) 
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For  greater  convenience,  let  us  suppose  the  axes  X  and  Y 
(since  their  position  is  arbitrary  so  long  as  they  are  perpen- 
dicular to  each  other  and  to  Z)  to  revolve  with  the  body  in  its 
uniform  rotation. 

122a.  If  a  homogeneous  body  have  a  plane  of  symmetry 
and  rotate  uniformly  about  any  axis  Z perpendicular  to  that 
plane  {intersecting  it  at  0),  then  the  acting  forces  are  equiva- 
lent to  a  single  force,  —  co'Mp,  applied 
at  0  and  acting  in  a  gravity-line,  but 
directed    away  from    the  cent/re  of 
gravity.      It  is  evident   that   such  a 
force  P  :^  co'Mp,  applied  as  stated 
^i«- 135  (see  Fig.  135),  will  satisfy  all  six  con- 

ditions expressed  in  the  foregoing  equations,  taking  X  through 
the  centre  of  gravity,  so  that  x  —  p.  For,  from  (IXa.),  P  must 
=  Go'^Mp,  wliile  in  each  of  tlie  other  summations  the  left- 
hand  member  will  be  zero,  since  P  lies  in  the  axis  of  X;  and 
as  their  right-luiiid  members  will  also  be  zero  for  the  present 
body  (y  =  0 ;  and  each  of  the  svLiasfdMys  and  fdMxs  is  zero, 
since  for  each  term  dMy{  +  s)  there  is  another  dMy{  —  z) 
to  cancel  it ;  and  similarly,  iovfdMxz),  they  also  are  satisfied ; 
Q.E.D.  Hence  a  single  point  of  support  at  0  will  suffice  to 
maintain  the  uniform  motion  of  the  body,  and  the  pressure 
against  it  will  be  equal  and  opposite  to  P.* 

First  Example. — Fig.  136.     Supposing  (for  greater  safety) 
that  the  uniform  rotation  of  210  revolutions 
per  minute  of  eacli  segment  of  a  fly-wheel  is  ^-■"" 

maintained  solely  by  the  tension  in  the  cor^  -^-^     — 
responding  arm,  P;  required  the  value  of  P       *        ? 
if  the  segment  and  arm  together  weigii  ^  of 
a  ton,  and  the  distance   of   their  centre  of  ^"'-  '^^■ 

gravity  from  the  axis  is  p  =  20  in.,  i.e.,  =  \  ft.  With  the/oo#- 
ton-second  system  of  units,  with  g  —  32.2,  we  have 

P=  co'Mp  =[s^X  2;r]'  X  [tjV  ^  32.2]  X  f  =  0.83  tons„ 
or  1660  lbs. 


*  That  is,  neglecting  gravity.     The  body's  weight,  if  considered,  will 
take  its  place  among  the  actual  forces  acting  on  the  body. 
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Second  Exwmple. — Fig.  137.  Suppose  the  uniform  rotation 
of  the  same  fly-wheel  depends  solely  on  tlie  tension  in  the  rim, 
required  its  amount.  The  figure  shows  the  half- 
rim  free,  with  the  two  equal  tensions,  P' ,  put  in  at 
the  surfaces  exposed.  Here  it  is  assumed  that  the 
arms  exert  no  tension  on  the  rim.  From  §  122<z  we 
have  2P'  =  oo''Mp,  where  Mis,  the  mass  of  the  half-  p' 
rim,  and  p  its  gravity  co-ordinate,  which  may  be  ob-  fig.  137. 
tained  approximately  by  §  26,  Problem  1,  considering  the  rim 
as  a  circular  wire,  viz.,  p  =  2r  -^  it. 

Let  M  =  (180  lbs.)  -^  g,  with  r  =  2  ft.     We  have  then 

P'  =  i(22)X180  -^  32.2)(4  -^  tt)  =  1718.0  lbs. 

(In  realitj'  neither  the  arms  nor  the  rim  sustain  the  tensions 
just  computed ;  in  treating  the  arms  we  have  supposed  no  duty 
done  by  the  rim,  and  vice  versa.  The  actual  stresses  are  less,  ■ 
and  depend  on  the  yielding  of  the  parts.  Then,  too,  we  have 
supposed  the  wheel  to  take  no  part  in  the  transmission  of  mo- 
tion by  belting  or  gearing,  which  would  cause  a  bending  of  the 
arms,  and  have  neglected  its  weight.) 

122b.  If  a  homogeneous  iody  have  a  line  of  symmetry  and 
rotate  uniformly  about  an  axis  parallel  to  it  {0  being  the  foot 
of  the  perpendicular  from  the  centre  of  gravity  on  the  axis), 
tlien  the  acting  forces  are  equivalent  to  a  single  force  P 
=  od'Mp,  applied  at  0  and  acting  in  a  gravity-line  away 

from    the    centre    of    gravity. 
Takins;  the  axis  X  throuorh  the 
(JM  centre  of  gravity,   Z  being  tlie 
"I    axis  of  rotation,  Fig.  138,  wliile 
Z'  is  the  line  of  symmetry,  pass 
an  auxiliary  plane  Z' Y'  parallel 
to  ZT.     Then  the  sum  fdMxs 
may  be  written  fdM{p  +  ^')^ 
which  =  'pfdMs    +   fdMx'z. 
FiO'  138.  BnifdMs  —  Mz  =  Q,  since  3 

=  0,  and  every  term  dM{-\-  x')s  is  cancelled  by  a  numei'ically 
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equal  term  dM{-—  x')z  of  opposite  sign.  'QencefdMxz  —  0. 
A\&o  J^dMyz  =  0,  since  each  positive  product  is  annulled  by  an 
equal  negative  one  (from  symmetry  about  Z').  Since,  also, 
y  =  0,  all  six  conditions  in  §  122  ai-e  satisfied.     Q.  E.  D. 

If  the  liomogeneous  body  is  any  solid  of  revolution  whose 
geomstrical  axis  is  paraUel  to  tlie  axis  of  rotation,  the  forego- 
ing is  directh'  applicable. 

122c.  If  a  homogeneous  iody  revolve  wniformly  about  any 
a/xis  lying  in  a  plane  of  symmetry,  the  acting  forces  are  equiv- 
alent to  a  single  force  P  =  cd'Mp,  acting  jpa/rallel  to  the  gra/ti- 
ity-line  which  is  perpendicular  to  tJie  axis  (Z),  and  a/wa/y 
from  the  centre  of  gravity,  its  distance  from  any  origin  0  in 
the  axis  Z  leing  =  \_fdMxz\  -=-  Mp  {the  plane  ZX  being  a 
gravity-plan^). — Fig.  139.  From  the  position  of  the  body  we 
have  p  =  X,  and  y  =  0;  hence  if  a 
value  oo'Jfp  be  given  to  P  and  it  be 
made  to  act  through  Z  and  parallel  to 
JT,  and  away  from  the  centre  of  gravity, 
all  the  conditions  of  §  122  are  satisfied 
except  (Xlla.)  and  (Xllla.).  But 
symmetry  about  the  plane  XZ  makes 
fdMys  =  0,  and  satisfies  (XI  la.),  and 
by  placing  ^  at  a  distance  a  =fdJifx2  -=-  Jifp  from  0  along  Z 
we  satisfy  (Xllla.).     Q.  E.  D. 

Example. — A  slender,  liomogeneons,  prismatic  rod,  of  length 
=  I,  is  to  have  a  uniform  motion,  about  a  ver-  q 
tical    axis    passing   through    one    extremity, 
maintained   by  a  cord-connectiou  witli  a  fixed    □ 
point  in  this  axis.     Fig.  140.     Given  oa,  cp,  I, 
(p  =  \l  cos  (p),  and  F  the  cross-section  of  the  ,: 
rod,  let  s  —  the  distance  from  0  to  any  dJif 
of  the  rod,  dM  being  =  Pyds  -t-  g.     The  x 
of  any  dM  =  s  cos  (p;  its  s  =  s  .  sin  cp; 

.-.fdMxz  =  {Fy  -H  g)  sin  tp  cos  cp  I  s'ds 

-—  i{Fyl  -^  g)r  sin  cp  cos  <p  —  ^MP  sin  q,  cos  <p. 


Fio.  140. 
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HeiKje  a,  —J'dMxz  ~  Mp,  is  =  f^  sin  q),  and  the  line  of  ac- 
tion of  P{=  Qo'Mp  =  of  {Fyl  ~  g) il  cos  cp)  is  tlierefore 
higher  up  than  the  middle  of  the  rod.  Find  the  intersection 
D  oi  G  and  the  horizontal  drawn  through  Z  at  distance  afvom 
0.  Determine  P'  bj  completing  the  parallelogi'ani  OP',  at- 
taching tht  cord  so  as  to  make  it  coincide  with  P';  for  this  will 
satisfy  the  condition  of  maintaining  the  motion,  when  once  he- 
gun,  viz.,  that  the  acting  forces  G,  and  the  cord-tension  P', 
shall  be  equivalent  to  a  force  P  =  od'Mp,  applied  horizontally' 
through  Z  at  a  distance  a  from  0. 

123.  Free  Axes.  Uniform  Rotation. — Keferring  again  to  §  1 22 
and  Fig.  134,  let  us  inquire  under  what  circumstances  the 
lateral  forces,  X^  Z",,  X„.  Y„  with  which  the  bearings  pi-ess 
the  axis,  to  maintain  the  motion,  are  individually  zero,  i.e.,  that 
the  hearings  are  not  needed,  and  may  therefore  he  remor,ed, 
(except  a  smooth  horizontal  plane  to  sustain  the  body's  weight>, 
leaving  the  motion  undisturbed  like  that  of  a  top  "asleep." 
For  this,  not  only  must  '2X  and  .2  Y  both  be  zero,  but  also 
(since  otherwise  X,  and  X„  might  form  a  couple,  or  Y^  and  Y^ 
similarly)  2  (moms.)xand  .2  (moms.)y  must  each  =  zero.  The 
necessary  peculiar  distribution  of  the  body's  mass  about  the 
axis  of  rotation,  then,  must  be  as  follows  (see  the  equations  of 
§122): 

First,  X  and  y  each  =  0,  i.e.,  the  axis  must  he  a  gra/>nty-axis. 

Secondly,  fdMyz  —  0,  undfdMxz  =  0,  the  origin  being  any- 
where on  Z,  the  axis  of  rotation. 

An  axis  (Z)  (of  a  body)  fulfilling  these  conditions  is  called 
a  Free  Axis,  and  since,  if  either  one  of  the  tiiree  Pn/icijud  Axes 
for  tlie  certre  of  gravity  (see  §  107)  be  made  an  axis  of  rotation 
(the  other  two  being  taken  for  X  and  Y),  the  conditions 
X  —  0,  y  =  0,  fdMx3  —  0,  and  fdMyz  =  0,  are  all  satisfied, 
it  follows  that  every  rigid  hody  has  at  least  three  free  axes, 
which  are  the  Principal  Axes  *  of  Inertia  of  the  cenl/re  of 
gra/oii/y  at  right  angles  to  each  other. 

In  the  case  of  homogeneous  hodies  free  axes  can  often  be 
determined  by  inspectioti  :  e.sr..  any  diameter  of  a  sphere ;  any 
*  See  §  107.  p.  104. 
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transverse  diameter  of  a  right  circular  cylinder  through  its 

centre  of  gravity,  as  well  as  its  geometrical  axis ;  the  geomet- 
rical axis  of  any  solid  of  revolution  ;  etc. 

124.  Eotation  about  an  Axis  which  has  a  Motion  of  Translation. 

— Take  only  the  particulcw  case  where  the  moving  axis  is  a 
(j7^  gravity-axis.     At   any  instant,  let   the 

^M  dP  velocity  and  acceleration  of  axis  2  be  v 
and  j> ;  the  angular  velocity  and  accelera- 
tion about  that  axis,  oo  and  6.  Then,  since 


Fig.  141. 


'P  the  actual  motion  of  a  dM  in  any  dt  is 
compounded  of  its  motion  of  rotation 
about  the  gravity-axis  and  the  motion  of 
translation  in  common  veith  that  axis, 
we  may,  in  forming  the  imaginary  equiva- 
lent system  in  Fig.  141,  consider  each  dM  as  subjected  to  the 
eimultaiieous  action  of  dP  =  dMp  parallel  to  X,  of  the  tan- 
gential dT  =  dMdp,  and  of  the  normal  dN  =^  dM{a)pf  -i-  p 
=  CfO^dMp.  Take  X'va.  the  direction  of  translation,  Z (perpen- 
dicular to  paper  through  G)  is  the  moving  gravity-axis;  T 
perpendicular  to  both.  At  any  instant  we  shall  have,  then,  the 
following  conditions  for  the  acting  forces  (remembering  that 
pm\.(p=.  y,fdMy  =  My  =  0 ;  etc.) : 

:SX  =fdP  -fdT sin  cp  -fdN oos,  (p  =  Mp;  .    (1) 

2T  =  fdT cos  cp-fdNsmcp  =0;.     .     (2) 

2  moms.2  =fdTp  -fdPy  =  d/dMp'  =  dl^  =  dJUkz',    (3) 

and  three  other  equations  not  needed  in  the  following  example. 
Example. — A  homogeneous  solid  of  revolution  roUs  {with- 
out slipping)  down  a  rough  inclitied 
plane.  Investigate  the  motion.  Con- 
sidering the  bodyy^e^,  the  acting  forces 
are  G  (known)  and  JV  and  P,  the  un-  ^  . 
known  normal  and  tangential  compo-  ''P 
nents  of  the  action  of  the  plane  on  the  -■-'^^ 
roller.     If  slipping  occurs,  then  P  is  the  ^"»-  i^- 

eliding  friction  due  to  the  pressure  iV'(§  156);  here,  however,  it  is 
less  by  hypothesis  (perfect  rolling).  At  any  instant  the  four 
unknowns  are  fomui  by  the  equations 
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2X,  i.e.,  O  sin  fi-  P,  =  {G-~-g)p;      .     (1) 

2Y,i.e.,  Gcosp  -  JV,  =  0;    ....     (2) 

2  moms.2,  i.e.,  Pa,  =  eMkz' ;      •     •     (3) 

while  on  account  of  the  perfect  rolling,     da=p.  ...     (4) 

Solving,  we  have,  for  the  acceleration  of  translation, 

i^  =  gr  sin  /3  -  [1  +  (A;/  -  «=)]. 
(If  the  body  slid  without  friction,^  would  =  g  sin  /?.)     Hence 
for  a  cylinder  (§  97),  ^/  being  =  ^0,%  we  have^  =  ^g  sin  yS  ; 
and  for  a  sphere  (§  103)  p  =  \g  sin  /3. 

(If  the  plane  is  so  steep  or  so  smooth  that  both  rolling  and 
slipping  occur,  then  da  no  longer  =  p,  but  the  ratio  of  P  to  iV 
is  known  from  experiments  on  sliding  friction ;  hence  there  are 
etill  four  equations.) 

The  motion  of  translation  being  thus  found  to  be  uniformly 
accelerated,  we  may  use  the  equations  of  §  56. 

Numerically,  if  a  homogeneous  solid  sphere  took  1.20  sec.  to  descend 
(from  restO  10  ft.  along  a  rough  inclined  plane,  with  ^  =  30°,  did  any- 
slipping  occur,  or  was  the  motion  perfect  rolling?  From  p.  54  we  have 
^=\vf,  that  is,  10  =  -J-  .;_£;_g^30°  .  f,  for  perfect  rolling;  from  which 
we  obtain  i  =  1.32  seconds,  which  is  >].20  sec.  Hence  some  slipping 
must  have  occurred.  (The  time  of  descent  would  have  been  only 
t  =  |/2s-^isr  =  1.114  sec,  if  the  surfaces  had  been  perfectly  smooth;  and 
the  sphere  would  have  had  simply  a  motion  of  translation,  the  force  P 
being  zero). 

N.B. — A  hollow  sphere  would  occupy  a  longer  time  than  a  solid  one  in 
descending  the  plane  (if  rough);  since  the  ratio  kn^a  is  greater  for  the 
former. 

125.  Parallel-Rod  of  a  Locomotive. — When  the  locomotive 
moves  uniformly,  each  d2f  of  the  rod  between  the  two  (or 
three)    driving-wheels    rotates    with  v  ; 

uniform  velocity  about  a  centre  of  its         9^     /   2  I     ^'^\r    I 
own  on  the  hne  ^Z>,Fig.l43,andwith  \^~7"~(i.)  \,^~\/ 
a  velocity  v*  and  radius  r  common         _. 
to  all,  and  likewise  has  a  horizontal      {   \  h  \        t  /\l) 
wwi/79r7w  motion  of  translation.  Hence  (n.)" 

if  we  inquire  what  are  the  reactions  P  ^i"-  i^3. 

,  *  Tliis  velocity  is  that  which  the  dM  has  relatively  to  the  frame  of  the 
locomotive,  in  a  circular  path.  E.g.,  if  the  locomotive  (frame;  has  a  veloclj' 
of  60  miles  per  hour  and  the  radius  r  is  one-third  of  the  radius  of  the  driver, 
then  «  is  20  miles  per  hour. 


1.32  MKCHANICS    OF   ENGIIfEEEING. 

of  its  supports,  as  induced  solely  ly  its  weight  cmd  motion, 
wlicu  in  its  lowest  position  (independently  of  any  thrust  along 
the  rod),  we  put  :ST  oi  (I.)  =  2Y  of  (II.)  (II.  shows  the 
imaginary  equivalent  system),  and  obtain 
2P  -  (?  =fdN  =fdMo'  ^r={v'^  r)/dM  =  Mv'  i-  r. 

Example.— Lei  the  velocity  of  translation  =  50  miles  per 
hour,  tlie  radius*  of  the  pins  be  18  in.  =  |  ft.,  and  =  half  that 
of  the  driving-wheels,  wliile  the  weight  of  the  rod  is  200  lbs. 
With  g  =  32.2,  we  must  use  the  foot  and  second,  and  obtain 

V  =■  i[50  X  5280  -=-  3600]  ft.  per  second  -  36.6 ; 
while  Jf  =  200  -=-  32.2  =  200  X  .0310  =  6.20  ; 

and  finally  P  =  ^[200  +  6.2(36.6)"h-  |]  =  2868.3  lbs., 
or  nearly  1^  tons,  about  thirty  times  that  due  to  the  weight 
alone. 

126.  So  far  in  this  chapter  the  motion  has  been  prescribed, 
and  the  necessary  conditions  deternnned,  to  be  fulfilled  by  the 
acting  forces  at  any  instant.  Problems  of  a  converse  nature, 
i.e.,  wliere  the  initial  state  of  the  body  and  the  acting  forces 
are  given  wliile  the  resulting  motion  is  required,  are  of  much 
gVeater  complexity,  but  of  rare  occurrence  in  practice. 

For  further  study  in  this  direction  the  reader  is  referred  to  Routh's 
"Rigid  Dynamics,"  Rankine's  "Applied  Mechanics,"  Schell's  "  Theorie 
der  Bewegung  und  der  Kraefle,"  and  Worthington's  "Dynamics  of  Roixp- 
tion"  (this  last  being  a  small  but  clearly  written  and  practical  book). 

In  Wood's  "Analytical  Mechanics"  will  be  found  the  proof  of  "Euler's 
Equations,"  which  are  the  basis  of  the  treatment  of  the  gyroscope  in  the 
book  of  that  name  by  Gen.  J.  G.  Barnard  (Van  Nostrand's  Science  Series, 
No.  90).  The  article  on  the  gyroscope  in  Johnson's  Cyclopaedia  is  by 
Gen.  Barnard.     Perry's  "Spinning  Tops"  is  an  interesting  popular  book. 

The  Brennan  "Monorail  Car"  (model)  is  described  in  the  Engineering 
Record  for  Aug.  31,  1907,  p.  226,  and  depends  for  its  stability  (there 
being  but  one  rail  under  the  car)  upon  two  gyroscope  wheels  revolving 
at  7000  revs,  per  min.  in  a  vertical  plane  parallel  to  the  rail.  See  also 
McClure's  Magazine  for  Dec,  1907,  p.  163. 

'■'  Or,  rather,  the  radius  of  the  circular  path  of  the  pin-centre,  whose 
velocity  in  this  path  is  25  miles  per  hour. 
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CHAPTER  YI. 

WORK,  ENERGY,  AND  POWER. 

127.  Remark. — Tliese  quantities  as  defined  and  developed 

iu  tliis  chapter,  though  compounded  of  the  fundamental  ideas 
of  matter,  force,  space,  and  time,  enter  into  theorems  of  such 
wide  application  and  practical  use  as  to  more  than  justify  their 
consideration  as  separate  kinds  of  quantity. 

128.  Work  in  a  Uniform  Translation.     Definition  of  Work. — 

Let  Fig.  144  represent  a  rigid  l)ody  iiaving  a  motion  of  trans- 
lation parallel  to  X,  acted  on  by  a  jtF; 
system  of  forces  P„  P,,  i?,,  and  Ii^,  ^?        — ""^"vKvY' 
wjiicli  remain  constant.*                          i"^ Js.,...g.-.^    -Vls-..i-jJ- 

Let  s  be  any  distance  described  by         [    *^  '  34-  ""  s" ) ^ 

the  body  during  its  motion  ;  then  2  X  «jV<^  -^-s-  \Y/yT~ 
must  be  zero  (§  109),  i.e.,  noting  that  ^t  ^-^^^^^  /\/'^^ 
a,  and  R^  have  negative   X  com-  ^1? 

ponents   (the    snpplements    of   tlieir  ^'°- 1**- 

angles  with  X&ve  used), 

P,  cos  a,  +  P,  cos  a^  —  S,  cos  a,  —  H,  cos  a,  =  0-; 

or,  multiplying  by  s  and  transposing,  we  have  (noting  that 
3  cos  a,  —  «j  the  projection  of  s  on  Pj,  that  s  cos  a^  =  s„  the 
prelection  of  s  on  P,,  and  so  on), 

P,s,  +  P,s,  =  P,S3  +  ^A («) 

Tlie  projections  s„  s„  etc.,  may  be  called  the  distances  de- 
scribed in  their  respective  directions  by  the  forces  Pj,  P„  etc.; 
P,  and  P,  having  moved  forward,  since  s,  and  s,  fall  in  front 
of  the  initial  position  of  their  points  of  application ;  H,  and  P, 
haclcwa/rd,  since  Sj  and  s,  fall  behind  the  initial  positions  in 
tlieir  case.     (By  forward  and  backward  we  refer  to  the  diree- 

*  Constaut  in  direction  ns  well  as  amount. 


134  MECHANICS    Of"   ENGINEKKING. 

tion  of  each  force  in  turn.)  The  name  Work  is  given  to  tlie 
product  of  a  force  iy  the  distam,ce  described  in  the  direction 
of  the  force  iy  the  point  of  application.  If  the  force  moves 
forward  (see  above),  it  is  called  a  worJcingforce,  and  is  said  to 
do  the  work  (e.g.-,  P^s^  expressed  by  this  product ;  while  if 
backward,  it  is  called  a  resistance,  and  is  then  said  to  have  the 
work  (e.g.,  H^s^,  done  upon  it,  in  overcoming  it  through  the 
distance  mentioned  (it  might  also  be  said  to  have  done  nega- 
tive work). 

Eq.  {a)  above,  then,  proves  the  theorem  that :  In  auniform 
translation,  the  working  forces  do  an  amount  of  work  which 
is  entirely  applied  to  overcoming  tlie  resistances. 

129.  Unit  of  Work. — Since  the  work  of  a  force  is  a  product 
of  force  by  distance,  it  may  logicallj^  be  expressed  as  so  many 
foot-pounds,  inch-pounds,  kilogram-meters,  according  to  the 
system  of  units  employed.  The  ordinary  English  unit  is  the 
foot-pound,  or  ft.-lb.  It  is  of  the  same  quality  as  the  mo- 
ment  of  a  force. 

130.  Power. — Work  as  already'  defined  does  not  depend  on 
the  time  occupied,  i.e.,  the  work  ^,s,  is  the  same  wliether  per- 
formed in  a  long  or  short  time;  but  the  element  of  time  is  of 
so  great  importance  in  all  the  applications  of  dynamics,  as  well 
as  in  such  practical  commercial  matters  as  water-supplj',  con- 
sumption of  fuel,  fatigue  of  animals,  etc.,  that  the  rate  of  work 
is  a  coiisideration  both  of  interest  and  necessitj'. 

Power  is  the  rate  at  which  work  is  done,  and  one  of  its 
units  is  one  foot-pound  per  second  in  English  practice  ;  a  larger 
one  will  be  mentioned  presently. 

'Y\\Q  power  exerted  by  a  working  force,  or  expended  upon  a 
resistance,  mjy  be  expressed  symbolically  as 

L  =  P,8^  -r- 1,    or    R^s^  -~  t, 

in  which  t  is  the  time  occupied  in  doing  the  work  P^s,  or  R  s 
(see  Fig.  144) ;  or  if  w,  is  the  component  in  the  direction  oi 
the  force  P,  of  the  velocity  v  of  the  body,  we  may  also  write 
L  =  PiDi,  ft.-lbs.  per  sec (J) 
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131.  Example. — Fig.  145,  shows  as  a  free  hody  a  sledge 
which  is  being  drawn  uniformly  up 
\  rougli  inclined  plane  by  a  cord 
parallel  to  the  plane.  Kequired  the 
total  power  exerted  (and  expended), 
if  the  tension  in  the  cord  is  P^  =  100 
lbs.,  the  weight  of  sledge  li^  —  160  "  '  fig.  145. 
lbs.,  /3  =  30°,  and  the  sledge  moves  240  ft.  each  minute.  If 
and  ^i?,  are  the  normal  and  parallel  (i.e.,  Ji^  =  friction)  com- 
ponents of  the  reaction  of  the  plane  on  the  sledge.  From  eq. 
(1),  §128,  the  work  done  wliile  the  sledge  advances  through 
s  =  240  ft.  may  be  obtained  either  from  the  working  forces, 
which  in  this  case  are  represented  by  P,  alone,  or  from  the 
resistances  H,  and  H^.  Take  the  former  method  first.  Pro- 
jecting s  upon  J^,  we  have  5^  =  s. 
Hence  P,s,  or  100  lbs.  X  240  ft.  =  24,000  ft.-lbs. 
of  work  done  in  60  seconds.  That  is,  the  power  exertedhy  the 
worTcing forces  is 

L  =  P,s^  -^  i  =  400  ft.-lbs.  per  second. 

As  to  the  other  method,  we  notice  that  ^3  and  R^  are  resist- 
ances, since  the  projections  s,=-  s  sin  /J,  and  s,  =  s,  would  fall 
bacic  of  their  points  of  application  in  tlie  initial  position,  while 
N  is  neutral,  i.e.,  is  neither  a  working  force  nor  a  resistance, 
since  the  projection  of  s  upon  it  is  zero. 

From  2X  =  0  we  have  —  B,—  Rz  sin  /?  -f-  P,  =  0, 

rtnd  from    2 F  =  0  (§  109)  JV  -  P^  cos  ^  =0; 

whence  P,  the  fi-iction  —  20  lbs.,  and  JV  =  138.5  lbs.  Also, 
since  s,  =■  s  sin  /S  =  240  X  i  =  120  ft.,  and  s,  =  4-,  =  240  ft., 
we  have  for  the  M'ork  done  upon  the  resistances  (i.e.,  in  over- 
coming them)  in  60  seconds 

B,s,;  -f  P,s^  =  160  X  120  +  20  X  240  =  24,000  ft.-lbs., 

iind  the  power  expended  in  overcoming  resistances, 

L  =  24,000  -f-  60  =  400  ft.-lbs.  per  second, 

as  already  derived.  Or,  in  words  the  power  exerted  by  the 
tension  in  the  cord  is  expended  entirely  in  raising  the  weight 
a  vertical  height  of  2  feet,  and  overcoming  the  friction  through 


136  MECHANICS   OF  ENaiJSEEKING. 

a  distance  of  4  feet  along  tlie  plane,  everj  second  ;  the  motion 
heing  a  uniform,  translation. 

132.  Horse-Power. — As  an  average,  a  horse  can  exerts  a  trac- 
tive effort  or  pull  of  100  lbs.,  at  a  uniform  pace  of  4  ft.  per  sec- 
ond, for  ten  hours  a  day  without  too  great  fatigue.  Tliis  gives 
a  power  of  400  ft.-lbs.  per  second ;  but  Boulton  &  Watt  in 
rating  their  engines,  and  experimenting  with  the  strong  dray- 
horses  of  London,  fixed  upon  550  ft.-lbs.  per  second,  or  33,000 
ft.-lbs.  per  minute,  as  a  convenient  large  unit  of  power.  (The 
French  horse-power,  or  cheval^vajpeur,  is  slightly  less  than  the 
English,  being  75  kilogrammeters  per  second,  or  32,550  ft.-lbs. 
per  minute.)  This  value  for  the  horse-power  is  in  common 
use.  In  the  example  in  §  131,  then,  the  power  of  400  ft.-lbs. 
per  second  exerted  in  raising  the  weight  and  overcoming  fric- 
tion may  be  expressed  as  (400-^550  =)  ^  of  a  horse-power.  A 
man  can  work  at  a  rate  equal  to  aboxit  -j^j-  of  a  horse-powei, 
with  proper  intervals  for  eating  and  sleeping. 

133.  Kinetic  Energy.     Retarded  Translation. — In  a  retarded 

translation  of  a  rigid  body  whose  mass  =  M,  suppose  there 
are  no  working-forces,  and  that  the  resistances  are  constant  and 
their  resultant  is  R.  (E.g..  Fig.  146  shows  such  a  case ;  a 
(,|sl  sledge,  liaving  an  initial  velocity  c  and  slid- 

ing on  a  rough  horizontal  plane,  is  gradu- 
ally retarded  by  the  friction  R.)     Bis,  par- 
•Q  allel  to  the  direction  of  translation  (§  109) 

Fig.  146.  ^and  the  acceleration  is  ^  =  —  S  -i-  M; 

hence  from  vdv  :^j>ds  we  have 

Jvdv  =:  -  (1  ^  M)fRds (1) 

But  the  projection  of  each  ds  of  the  motion  npon  It\%  ■=  d& 
itself ;  i.e.  (§  128),  Rds  is  the  work  done  upon  R,  in  overcom 
ing  it  through  the  small  distance  ds,  and  /Rds  is  the  sum  of 
all  such  amounts  of  work  throughout  any  definite  portion  ot 
the  motion.  Let  the  range  of  motion  be  between  the  points 
■where  the  velocity  =  c,  and  where  it  =  zero  (i.e.,  the  mass 
has  come  to  rest).  "Witli  these  Jimits  in  eq.  (1),  (0  and  s'  be- 
ing the  corresponding!  Mc^  C^' 
limits  for  s),  we  have  J     2        '^o  '     '     •     \^j 
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Tliat  is,  in  giving  up  all  its  velocity  o  the  lody  has  leen  able 

to  do  the  worhJ'Rds  (tliis,  if  B,  remains  coiistnnt,  reduces  to 

lie" 
Rs')  o\-  its  cqtiiil  — -— .     If,  then,  bj  energy  we  designate  the 

ability  to  perform  worh,  we  give  tiie  name  kinetic  energy  of 

a  moving  bodj  to  the  product  of  its  mass  hy  half  the  square 

lMv\ 
of  its  velocity  (— g— i;  i.e.,  energy  due  to  motion. 

Example.— If  the  sledge  in  Fig.  146  has  initially  a  velocity  of  t=10 
ft./sec.  and  its  weight  is  G  =  322  lbs.  (so  that  its  mass  in  the  ft.-lb.-sec. 
system  is  Af=10)  its  initial  kinetic  energy  is  il/c2^2  =  S00  ft.-lbs.  If 
the  friction  or  resistance,  R,  is  constant  and  has  a  value  of  20  lbs.,  we 
compute  s'  =  25  ft.  (from  500  =  iJs')  as  the  distanfce  the  sledge  will  go 
in  overcoming  this  resistance;  i.e.,  in  giving  up  all  its  kinetic  energy. 
If  the  sledge  goes  40  ft.  we  conclude  the  average  resistance  to  have  been 
only   12.5  lbs.;    since   500^-40  =  12.5.     Now    suppose  R  variable,   say 

=  (20+4s)  lbs.,   (s  in  ft.),  and  we  have  500=   /    [20  +  4s]ds  =  20s'+2s"; 
.-.  a'  =  n.6ft.  '^^ 

■     134.  Work  and  Kinetic  Energy  in  any  Translation. — Let  P 

be  the  resultant  of  tlie  working  forces  at  any  instant,  It  that 

of  tlie  resistances  ;  they  (§  109)  will  both  M 

not  in  a  gravity-line*  parallel  to  the  di-  < — 

rectioTi  of  translation.     The  acceleration    0^ _«.'. *o' 

at    any    instant    is   ^  =    {'2X  -^  M)        *  °     ^g.  m.      * 
=  (P  —  R)  -7-  M;  hence  from  vdv  =pds  we  have 

Mvdv  =  Pds  —  Rds (1) 

Integrating  between  any  two  points  of  the  motion  as  O  and  0' 
where  the  velocities  are  »„  and  v',  we  have  after  transposition 


->.«- 


tx 


/p*=/»+[^'-*i]. 


w 


But  P  being  the  resultant  of  P„  P„  etc.,  and  R  that  of 
R^,  R„  etc.,  we  may  prove,  as  in  §  62,  that  if  du,^  du^,  etc.,  be 
the  respective  projections  of  any  ds  upon  P,,  P„  etc.,  while 
dw^,  dw„  etc.,  are  those  upon  R^,  R^,  etc.,  then 

Pds=P,du,-{-P,du,-\- ....    and   Rds=R^dw,-\-R,dw ; 

and  (d)  may  be  rewritten 

*  That  is,  a  line  passing  through  the  centre  of  gTavitv. 
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f'  P,du,+J^ P,du,+  .  .  .  . 

=  f  R,dA^,  +f'B^dw,  +  •••■  +  [^'  -  ^']  ;  {e) 

or,  in  words  :  In  any  translation,  a  portion  of  the  worTc  done 
iy  the  working  forces  is  applied  in  overcoming  the  resistances 
while  the  remainder  equals  the  change  in  the  kinetic  energy  of 
the  hody. 

It  will  be  noted  that  the  bracket  in  {e)  depends  only  on  the 
initial  and  final  velocities,  and  not  upon  any  intermediate 
values  ;  hence,  if  the  initial  state  is  one  of  rest,  and  also  the 
final,  the  total  change  in  kinetic  energy  is  zero,  and  the  work 
of  the  working  forces  has  been  entirely  expended  in  the  work 
of  overcoming  the  resistances;  but  at  intermediate  stages  the 
former  exceeds  the  work  so  far  needed  to  overcome  resistances, 
and  this  excess  is  said  to  be  stored  in  the  moving  mass;  and  as 
the  velocity  gradually  becomes  zero,  this  stored  energy  becomes 
available  for  aiding  the  working  forces  (which  of  themselves 
are  then  insufficient)  in  overcoming  the  resistances,  and  is  then 
said  to  be  restored.  (The  function  of  a  fly-wheel  might  be 
stated  in  similar  terms,  but  as  that  involves  rotary  motion  it 
will  be  deferred.) 

Work  applied  in  increasing  the  kinetic  energy  of  a  body  is 
sometimes  called  "  work  of  inertia,"  as  also  the  work  done  by 
a  moving  body  in  overcoming  resistances,  and  thereby  losing 
speed. 

135.  Example  of  Steam-Hammer. — Let  us  apply  eq.  (e)  to 
determine  the  velocity  v'  attained  by  a  steam-hammer  at  the 
lower  end  of  its  stroke  (the  initial  velocity  being  =  0),  just 
before  delivering  its  blow  upon  a  forging,  supposing  that 
rlie  steam-pressure  P,  at  all  stages  of  the  downward  stroke  is 
sriven  by  an  indicator.  Fig.  148.  Weight  of  moving  mass 
is  322  lbs.;  .-.  M  =10  (foot-pound-second  system),  l=\  foot. 
The  working  forces  at  any  instant  are  P,=  G  =  322  lbs.;  P,, 
wliich  is  variable,  bnt  whose  values  at  the  seven  equally  spaced 
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Fig.  148. 


points  a,  h,  c,  d,  e,  f,  g,  are  800,  900,  900,  800,  600,  500,  450 

lbs.,  respectively,      i?,  the  exhaust-pressure  (16 

lbs.  per  sq.  inch  X  20  sq.  inches  piston-area)  = 

320  lbs.,  is  the  only  resistance,  and  is  constant. 

Hence  from   eq.  (e),  since   here  the  projections 

du^,  etc.,  of  any  ds  upon  the   respective  forces 

are  equal  to  each  other  and  =  ds, 

^- A  +/^^^*  =  ^/^^  +  ^--  (1) 
Tiie  term  fP^ds  can  be  obtained  approximately  * 
by  Simpson's  Rule,  using  the  above  values  for 
six  equal  divisions,  which  gives 

Jf  [800  +  4(900  +  800  +  500) 
+  2(900 -1-600) +450] 
=  725  ft.-lbs.  of  work.     Hence,  making  all  the  substitutions, 

we  have,  since  I  ds  =■  1  ft., 

322  X  1  +  725  =  320  X  1  +  iM'o";  ■■■  i^v"  =  727  ft.-lbs. 
of  energy  to  be  expended  on  the  foi'ging.  (Energy  is  evi- 
dently expressed  in  the  same  kind  of  unit  as  work.)  We  may 
then  say  that  the  forging  receives  a  blow  of  727  ft.-lbs. 
energy.  The  pressure  actually  felt  at  the  surface  of  the  ham- 
mer varies  from  instant  to  instant  during  the  compression  of 
the  forging  and  the  gradual  stopping  of  the  hammer,  and 
depends  on  the  readiness  with  which  the  hot  metal  yields. 

If  the  mean  resistance  encountered  is  R^,  and  the  depth  of 
compression  s",  we  would  have  (neglecting  the  force  of  gravity, 
and  noting  that  now  the  initial  velocity  is  v',  and  the  final 
zero),  from  eq.  (c), 

iMv"  =  i?„«" ;  i.e.,  i?^  =  [727  --  s'.'  (ft.)]  lbs. 

E.g.,  if  s"  =  ^  of  an  inch  =  ^  of  a  foot,  R^  =  43620  lbs., 
and  the  maximum  value  of  R  would  probably  be  about  double 
this  near  the  end  of  the  impact.  If  the  anvil  also  sinks  during 
the  impact  a  distance  s'",  we  must  substitute  s'"  +  s"  instead 
of  a" ;  this  will  give  a  smaller  value  for  R^. 

*  See  p.  13  of  "Notes  and  Examples  in  Mechanics." 
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Bjmeaii  value  for  R  is  meant  [eq.  (c)]  that  value,  Bm,  which 
satisfies  the  relation 


i?„s'  ^^J  Rds. 


This  may  be  called  more  explicitly  a  space-average,  to  dis- 
tinguish it  from  a  time- aA)er age,  which  might  appear  in  some 
problems,  viz,,  a  value  Rf^,  to  satisfy  the  relation  {t'  being  the 
duration  of  the  impact) 

Runt'    =f^  Rdt, 

and  is  different  from  R^. 

From  ^Mv'^  =  727  ft.-lbs.,  we  have  v'  —  12.06  ft.  per  sec, 
wiiereas  for  a  free  fall  it  would  have  been  1^2x32.2x1  =  8.03. 
(This  example  is  virtually  of  the  same  kind  as  Prob.  4,  §59, 
differing  chiefly  in  phraseology.) 


Mi 


136.  Pile-Driving.* — The  safe  load  to  be  placed  upon  a  pile 
after  the  driving  is  finished  is  generally  taken  as  a  fraction  (from 
^  to  ^)  of  the  resistance  of  the  earth  to  the  passage  of  the  pile  as 
indicated  by  the  effect  of  the  last  few  blows  of  the  ram,  in  ac- 
cordance with  the  following  approximate  theory  :  Toward  the 
»  end  of  the  driving  the  resistance  R  encountered  by 

!  the  pile  is  nearly  constant,  and  is  assumed  to  be  that 

]  met  by  the  ram  at  the  head  of  the  pile;  the  distance 

s'  through  which  the  head  of  the  pile  sinks  as  an 
effect  of  the  last  blow  is  observed.  If  O,  then,  is 
the  weight  of  the  ram,  =  Mg,  and  A  the  height  of 
free  fall,  the  velocity  due  to  h,  on  striking  the  pile, 
is  c  =  V'2,gh  (§  52),  and  we  have,  from  eq.  (c), 

^Mo\  i.e.,  Gh.  =  f  Rds^Rs'  .     .    (1) 

{R  being  considered  coustaTit)  ;  hence  R  =  Oh  —  s'. 
and  the  safe  load  (for  ordinary  wooden  piles), 

F  =  from  I  to  i  of  O/i  -i-s' (2) 

Maj.  Sanders  recoirnriends  ^  from  experiments  made  at  Fort 
*  See  also  p.  87  of  the  author's  Woies  and  Examples  in  Mechanics. 
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Delaware  in  1851;  Molesworth,  ^;  General  Barnard,  ^,  from 
extensive  experiments  made  in  Holland. 

Of  course  from  eq.  (2),  given  P,  we  can  compute  s' . 

(Owing  to  the  uncertaiijty  as  to  how  much  of  the  resistance 
R  is  due  to  friction  of  the  soil  on  the  sides  of  the  pile,  and 
how  much  to  the  inertia  of  the  soil  around  the  shoe,  the  more 
elaborate  theories  of  Weisbach  and  Rankine  seem  of  little 
practical  account.) 

137.  Example. — In  preparing  the  foundation  of  a  bridge-pier 
it  is  desired  that  each  pile  (placing  them  4  ft.  apart)  shall  bear 
safely  a  load  of  72  tons.  If  the  ram  weighs  one  ton,  and  falls 
12  ft.,  what  should  be  the  effect  of  the  last  blow  on  each  pile? 
Using  the  foot-ton-second  system  of  units,  and  Molesworth 
factor  ^,  eq.  (2)  gives 

s'  — 1(1  X  12  -j-  72)  =  jig-  of  a  foot  =\oi  an  inch. 

That  is,  the  pile  should  be  driven  until  it  sinks  only  J  inch 
inder  each  of  the  last  few  blows. 

138.  Kinetic  Energy  Lost  in  Inelastic  Direct  Central  Impact. — 

Eeferriiig  to  §  60,  and  using  the  same  notation  as  there  given, 
we  iind  that  if  the  united  kinetic  energy  possessed  by  two  in- 
elastic bodies  after  their  impact,  viz.,  ^M^C  -\-  ^M^C,  C hav- 
ing the  value  (Jf,c,  +  M^c^)  -^  (if,  +  -3/,),  be  deducted  from 
the  amount  l)efore  impact,  viz.,  iJif^c'  -{-  ^M^c^.  the  loss  of 
JcineUc  energy  chiring  impact  of  two  inelastic  bodies  is  * 

An  equal  amount  of  energy  is  also  lost  by  partially  elastic 
bodies  during  the  first  period  of  the  impact,  but  is  partly  re- 
gained in  the  second.  If  the  bodies  were  perfectly  elastic,  we 
would  find  it  wholly  regained  and  the  resultant  loss  zero,  from 
the  equations  of  §  60 ;  but  this  is  not  quite  the  reality,  on 
account  of  internal  vibrations. 

The  kinetic  energy  still  remaining  in  two  vndastic 
after  impact  (they  move  together  as  one  mass)  is 
»  See  Eng.  News,  July,  1888,  pp.  33  and  34. 
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^{M^  -\-  M^C,  or,  after  inserting  the  value  of 
C  =  {M,o,  +  M,G,)  -^  {M,  +  M,),  we  have 


W  =  - 

2 


1     [Ma+M^c,-]' 


t.  +  M, 


(2) 


M,| 


Examiple  1. — Tlie  weight  G^  =  M^g  falls  freely 
through  a  height  A,  impinging  upon  a  weight  6r, 
=  M^g,  which  was  initially  at  rest.  After  their  (m- 
elastic)  impact  they  move  on  together  with  the  com- 
bined kinetic  energy  just  given  in  (2),  which,  since 
c,  and  Cj,  the  velocities  before  impact,  are  respectively 
V'iigh  and  0,  may  be  reduced  to  a  simpler  form. 
This  energy  is  soon  absorbed  in  overcoming  the 
flange-pressure  M,  which  is  proportional  (so  long  as 
the  elasticity  of  the  rod  is  not  impaired)  to  the 
elongation  *■,  as  with  an  ordinary  spring.  If  from 
previous  experiment  it  is  known   that  a  force  It^ 

produces  an   elongation  s„  then  the  variable  H  =  {R^  —  s^s. 

Neglecting  the  weiglit  of  the  two  bodies  as  a  working  force, 

we  now  have,  from  eq.  {d), 


CD 


Fig.  150. 


0 


I.e., 


R. 


^/    5^5  +  0 
M:gh 


«„  ■  2     m,+m: 


(3) 


When  s  =  «',  i.e.,  when  the  masses  are  (momentarily)  at  rest 
iti  the  lowest  position,  the  flange-pressure  or  tensile  stress  in  the 
rod  is  a  maximum,  R'  =  {R^  -^  «„)«',  whence «'  =  R's,  -h  R,; 
and  (3)  may  be  written 


or 


M,  -f  m; 


(4) 


(5) 


Eq.  (3)  giviesthe  final  elongation  of  the  rod,  and  (5)  the  greatest 
tensile  force  upon  it,  provided  the  elasticity  of  the  rod  is  not 
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impaired.  The  form  iB's'  in  (4)  may  be  looked  upon  as  a  direct 
integration  of  J  Eds,  viz.,  the  mean  resistance  {^^E')  multi- 
plied by  the  whole  distance  («')  gives  the  work  done  in  over- 
coming the  variable  E  through  the  successive  dsh. 

If  the  elongation  is  considerable,  the  working-forces  O,  and 
G,  cannot  be  neglected,  and  would  appear  in  the  term -4- (6^, 
+  Oy  in  the  right-hand  members  of  (3\  (4),  and  (5).  The 
upper  end  of  the  rod  is  firmly  fixed,  and  the  rod  itself  is  of 
small  mass  compared  with  J/,  and  Jf,. 

Example  2.— Two  cars.  Fig.  151,  are  connected  by  an  elastic 
chain  on  a  horizontal  track.     Velocities  before  impact  (i.e., 

before  the  stretching  of  tlie  chain  be *c^    0        ^c, 

gins,    by   means   of    which    they    are        C33--_^-E3ri 
brought  to  a  common  velocity  at  the  wf'  mT — 

instant   of    greatest    tension    E',    and  rio.  151. 

elongation  s'  of  the  chain)  are  c,  =  c„  and  c^  =  0. 

During  the  stretching,  i.e.,  the  first  period  of  the  impact,  the 
kinetic  energy  lost  by  the  masses  has  been  expended  in  stretch- 
ing the  chain,  i.e.,  in  doing  the  work^iJV;  hence  we  may 
write  (the  elasticity  of  the  chain  not  being  impaired)  (see  eq.  (1)  ) 
M,M,c,^        1  i?„     8'^_E'\ 

*i/,  +  Jf,  -  2  ^^  '   -  5„    ■  2  -  2:^;'     ■     •     (^) 

in  which  the  different  symbols  have  the  same  meaning  as  in 
Example  1,  in  which  the  rod  corresponds  to  the  chain  of  this 
example. 

In  this  case  the  mutual  accommodation  of  velocities  is  due 
to  the  presence  of  the  chain,  whose  stretching  corresponds  to 
the  compression  (of  the  parts  in  contact)  in  an  ordinary  impact. 

In  numerical  substitution,  32.2  for  g  requires  the  use  of  the 
units  foot  and  second  for  space  and  time,  while  the  unit  of 
force  may  be  anything  convenient. 

139.   Work  and  Energy  in   Rotary  Motion.     Axis  Fixed.— 

The  rigid  body  being  considered  free,  let  an  axis  through  0 
perpendicular  to  the  paper  be  the  axis  of  i-otation,  and  resolve 
all   forces  not  intersecting  the  axis  into   components  parallel 
and  perpendicular  to  the  axis,  and  the  latter  again  into  com 
ponents  tangent  and  normal  to  the  cii'cular  path  of  the  poitit 


144 


MKCHANICS    OF   ENGINEERING. 


of  application.  These  tangential  com- 
ponents are  evidently  the  only  ones 
of  the  three  sets  mentioned  which 
have  moments  about  the  axis,  those 
having  moments  of  the  same  sign  as 
00  (the  angular  velocity'  at  any  instant) 
being  called  working  forces,  T„  T„ 
etc. ;  those  of  opposite  sign,  resist- 
ances, T/,  T,',  etc.;  for  when  in  time 
dt  the  point  of  application  £,,  of  T^,  describes  the  small  arc 
ds,  =  a^da,  whose  projection  on  T^  is  =  ds„  this  projection 
falls  ahead  (i.e.,  in  direction  of  force)  of  the  position  of  the 
point  at  the  beginning  of  dt,  while  the  reverse  is  true  for  T/. 
From  eq.  (XIV.),  §114,  we  have  for  6  (angul.  accel.) 

{T,a,  -^T^a,+  ....)-  (T/a,'  +  T,'a,'  +■■..) 


Fig.  158. 


6--= 


(1) 


which  substituted  in  oodoo  =  dda  (from  §  110)  gives  (remem- 
bering that  a,da!  =  ds„  etc.),  after  integration  and  transposition, 

r  T,ds,  +  r  T,ds,  +  etc. 

=  /"  T/ds:  +  r  T^ds:  +  etc.  +  ikoo^I  -  i(»„V],  (2) 

where  0  and  n  refer  to  any  two  (initial  and  iinal)  positions  of 
the  rotating  body.     Eq.  (4),  §  120,  is  an  example  of  this. 

Now  \oo^I=  \w^fdMp^  =fidM{oo^p)\  which,  since  oo^p 
is  the  actual  velocity  of  any  c^JTat  this  (final)  instant,  is  nothing 
more  than  the  sum  of  the  amounts  of  kinetic  energy  possessed 
at  this  instant  by  all  the  particles  of  the  body ;  a  similar  state- 
ment may  be  made  for  ^oo^I.-  {wo  and  ojn  in  radians.) 
Eq.  (2)  therefore  may  be  put  into  words  as  follows: 
Between  any  t/wo  positions  of  a  rigid  hody  rotating  about  a 
fixed  axis,  the  worh  done  hy  the  worMng  forces  is  pa/rfly  used 
in  overcoming  the  resistances,  and  the  remainder  in  changing 
the  kinetic  energy  of  the  individual  particles.  If  in  anv  case 
this  remainder  is  negative,  the  final  kinetic  energy  is  less  than 
the  initial,  i.e.,  the  work  done  by  the  working  forces  is  less  than 
that  necessary  to  overcome  the  resistances  tlirougli  their  respec- 
tive spaces,  a!id  the  deficiency  is  made  up  l)y  tlie  restoring  of 
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some  of  the  initial  kinetic  energy  of  tlie  rotating  body.     A 

moving  fly- wheel,  then,  is  a  reservoir  of  kinetic  energy. 

Example. —  A  668-Ib  pulley  (see  page  103)  is  found  to  have  a  radius 
of  gyration  of  ^7.91  ft.,  and  a  moment  of  inertia  about  its  axis,  Z,  of 
AfA;*  =  (668 -j-g)  7.91.  Let  us  suppose  it  mounted  on  a  short  shaft  of 
{t^  =  )  2  in.  radius  (whose  /z  may  be  neglected)  supported  in  proper 
bearings.  The  pulley  and  shaft  are  in  contact  with  nothing  except 
the  bearings,  which  offer  a  friction  T,',  tangent  to  outer  surface  of  shaft, 
of  120  lbs.  If  the  pulley  has  an  initial  rotary  speed  of  300  revs./min., 
in  how  many  turns,  n,  will  it  be  brought  to  rest?  Evidently  t^n  =  0, 
while  w,,,  =2!r300-=-60,  =31.41  rods. /sec.  That  is,  the  initial  kinetic 
energy  is  i%''Mk\  =i(31.41)2(668-=-32.2)  7.91,  =80,810  ft.-lbs.:  and 
the  final,  zero.     T/  =  120  lbs.,  constant,  and  the  work   done  on   T^'  is 


Jr«„ 


dsi'=120.n(27r)  .  i=125.6n    ft.-lbs.      Hence    from    eq.    (2)    we 
haveO=125.67i  +  [0-80,810];    i.e.,  n  =  643  turns.     Ans. 

140.  Work  of  Equivalent  Systems  the  Same. — If  two  plcme 
systems  offerees  acting  on  a  rigid  hody  are  equivalent  (§  15a), 
the  aggregate  work  done  hy  either  of  tliem  during  a  given  slight 
displacement  or  motion  of  the  iody  pa/rallel  to  their  jpUime  is 
the  saTne.  By  aggregate  work  is  meant  what  has  ah'eady  been 
defined  as  the  sum  of  the  "  virtual  moments"  (§§  61  to  64),  in 
any  small  displacement  of  tlie  body,  viz.,  the  algebraic  sum  of 
the  products,  2  {Pdu),  obtained  by  multiplying  eacli  force  by 
the  projection  (du)  of  the  displacement  of  (or  small  space 
described  by)  its  point  of  application  upon  the  force.  (We 
here  class  resistances  as  negative  working  forces.) 

Call  the  systems  A  and  £ ;  then,  if  all  the  forces  of  B  were 
reversed  in  direction  and  applied  to  tlie  body  along  with  those 
of  A,  the  compound  system  wotild  be  a  halanced  system,  and 
hence  we  should  have  (§  64),  for  a  small  motion  parallel  to  the 
plane  of  the  forces, 

2{Pdu)  =  0,  i.e.,  S{Pdu)  for  A  -  2{Fdu)  for  £  =  0, 

or  -f  2{Pdu)  for  A  ^ -{-  2{Pdu)  for  P. 

But  -(-  2  {Pdu)  for  A  is  the  aggregate  work  done  by  the  forces 
of  A  during  the  given  motion,  and  -\-  2{Pdu)  for  ^  is  a 
similar  quantity  for  tlie  forces  of  P  (not  reversed)  during  the 
same  small  motion  if  P  acted  alone.  Hence  the  theorem  is 
proved,  and  could  easily  be  extended  to  space  of  three  dimen 
sions. 

10 
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141.  Relation  of  Work  and  Kinetic  Energy  for  any  Extended 
Motion  of  a  Rigid  Body  Parallel  to  a  Plane. — (If  at  any  instant 

any  of  the  forces  acting  are  not 
parallel  to  tlie  plane  mentioned, 
their  components  lying  in  or 
parallel  to  that  plane,  will  be  used 
instead,  since  the  other  compo- 
nents obviously  would  be  neither 
working  forces  nor  resistances.) 
Fig.  153  shows  an  initial  position, 
0,  of  the  body;  a  final,  n  ;  and  any  intermediate,  as  q.  The 
forces  of  the  system  acting  may  vary  in  any  manner  during 
the  motion. 

In  this  motion  each  dJU  describes  a  curve  of  its  own  with 
varying  velocity  v,  tangential  acceleration  j>f,  and  radius  of 
cnrvature  r  ;  hence  in  any  position  q,  an  imaginary  system  £ 
(see  Fig.  154),  equivalent  to  the  actual  system  A  (at  q  in  Fig. 
153),  would  be  formed  by  applying  to  each  dlf  a 
tangential  force  cLT  ^=  dMpt,  and  a  normal  force  ^ 
dN  =  dMv'  -^  r.  By  an  infinite  number  of  con-  \ 
secutive  small  displacements,  the  body  passes  from 
o  to  11.  In  the  small  displacement  of  which  q\^  the 
initial  position,  eacli  (fJ[f  describes  a  space  (?s,  and  fio.  im. 
dT  does  tlie  work  dTds  =  dMvdv,  while  dJV  does  the  work- 
d]V  X  0  =  0.  Hence  the  total  work  done  by  £  in  the  small 
displacement  at  q  would  be 


■iM 


dT 


dM'v'dv'  +  dM"v"dv"  +  etc.. 


(1) 


including  all  the  dM's  of  the  body  and  their  respective  veloci- 
ties at  this  instant. 

But  the  work  at  q  in  Fig.  153  by  the  actual  forces  (i.e.,  of 
system  A)  during  the  same  small  displacement  must  (by  §  140) 
be  equal  to  that  done  by  £,  hence 

P,du,  -f  P,du,  +  etc.  =  dM'v'dv'  +  dM"v"dv"  -f  etc.  (q) 

Now  conceive  an  equation  like  {q)  written  out  for  each  of 
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the  small  consecutive  displacements  between  positions  o  and 
n  and  corresponding  terms  to  be  added ;  this  will  give 

P^du^  +  /    P^du^  -{-  etc. 

=  dM'f  v'd/o'  +  dM."f'v"dv"  +  etc. 

=  \dM'(v:'  - 1)/') + idM'Xv:''  -  vr) + etc. 

The  second  member  may  be  rewritten  so  as  to  give,  finally, 

f^  P,du,-^£  P,du,-^&i<^.=  '2{\dMv^)-:2{\dMv:\  (XV.) 

or,  in  words,  the  work  done  hy  the  acting  forces  {fireating  a  re- 
sistance as  a  negative  working  force)  ietween  any  imo  posi- 
tions is  equal  to  the  gain  {or  loss)  in  tJie  aggregate  kinetic 
energy  of  the  particles  of  the  iody  hetween  the  two  positions. 
To  avoid  confusion,  2  has  been  used  instead  of  the  signy  in 
one  member  of  (XV.),  in  which  v^  is  the  final  velocity  of  any 
dM  (not  the  same  for  all  necessarily)  and  v^  the  initial. 

(The  same  method  of  proof  can  be  extended  to  three  dimen- 
sions.) 

Since  kinetic  energy  is  always  essentially  positive,  if  an  ex- 
pression for  it  comes  out  negative  as  the  solution  of  a  problem, 
some  impossible  conditions  have  been  imposed. 

142.  Work  and  Kinetic  Energy  in  a  Moving  Machine. — 
Defining  a  mechanism  or  machine  as  a  series  of  rigid  bodies 
jointed  or  connected  together,  so  that  working-forces  applied 
to  one  or  more  may  be  the  means  of  overcoming  resistances 
occurring  anywhere  in  the  system,  and  also  of  changing  the 
amount  of  kinetic  energy  of  the  moving  masses,  let  us  for 
simplicity  consider  a  machine  the  motions  of  whose  parts  are 
all  parallel  to  a  plane,  and  let  all  the  forces  acting  on  any  one 
piece,  considered  free,  at  any  instant  be  parallel  to  the  same 
plane. 

Now  consider  each  piece  of  the  machine,  or  of  any  series  of 
its  pieces,  as  a  free  body,  and  write  out  eq.  (XV.)  for  it  be- 
tween any  two  positions  (whatever  initial  and  final  positions  are 
selected  for  the  first  piece,  those  of  the  others  must  be  corre- 
sponding initial  and  corresponding  final  positions),  and  it  will 
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be  found,  on  adding  up  corresponding  members  of  tliese  eqtia- 
tions,  that  the  terms  involving  those  components  of  the  mutual 
pressures  (between  the  pieces  considered)  which  are  normal 
to  the  rubbing  surfaces  at  any  instant  will  cancel  out,  wliile 
their  components  tangential  to  the  rubbing  surfaces  (i.e.,/We- 
tion,  since  if  the  surfaces  are  perfectly  smooth  tliere  can  be 
no  tangential  action)  will  appear  in  the  algebraic  addition  as 
resistances  multiplied  by  the  distances  rubbed  through,  meas- 
ured on  the  rubbing  surfaces.  For  example,  Fig.  155,  wheie 
one  rotating  piece  both  presses  and  rubs  on  another.  Let  the 
normal  pressure  between  them  at  Ahe  Ii^=  P^;  it  is  a  work- 
ing force  for  the  body  of  mass  M",  but  a  resistance  for  M', 
hence  the  separate  symbols  for  the  numerically  equal  forces 
(action  and  reaction). 

Similarly,  the  friction  at  JL  is  jSj  =  /*, ;  a  resistance  for  M', 
a  working-force  for  M".  (la  some  cases,  of  course,  friction 
may  be  a  resistance  for  both  bodies.)  For  a  small  motion,  A 
describes  the  small  arc  AA'  abont  0'  in  dealing  with  M\  bnt 
for  M"  it  describes  the  arc  AA"  about  0",  A' A"  being 
parallel  to  the  surface  of  contact  AD,   while  A£  is  perpen- 


FlQ.  1B6. 


Fio.  157. 


Fio.  155. 

dicular  to  A' A".  In  Figs.  156  and  157  we  see  M'  and  M" 
free,  and  their  corresponding  small  rotations  indicated.  During 
these  motions  the  kinetic  energy  (K.  E.)  of  each  mass  has 
changed  by  amounts  d(K.  'E.)m'  and  d{K.  E.)jtf//  respectively,  and 
hence  eq.  (XV.)  gives,  for  each  free  body  in  tnrn, 

P^  -  R,AB  -   R,TB  =  d{lL.  E.)j,,      .     (1) 

-  BW+  P,AB  +  P,A^  =  d{K.  E.)jr'.     .     (2) 

Now  add  (1)  and  (2),  member  to  member,  remembering  that 
P,  —  P^  and  P,  =  P^^  F,—  friction,  and  we  have 


P,aa'  -  F,A'A"  -  P,bb"  =  d(K.  E.)j,,  +  rf(K.E.)^,,    (3) 
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in  wliich  the  mutual  actions  of  W  aud  M"  do  not  appear, 
except  the  fi'iction,  the  work  done  in  overcoming  which,  when 
the  two  iodies  are  thus  considered  collectively,  is  the  product 
of  the  friction  hy  the  distance  A' A"  of  actual  riibhing  meas- 
ured on  the  rubbing  surface.  For  any  number  of  pieces,  then, 
considered  free  collectively,  the  assertion  made  at  the  beginning 
of  this  article  is  true,  since  any  finite  motion  consists  of  an 
infinite  number  of  small  motions  to  each  one  of  which  an  equa- 
tion like  (3)  is  applicable. 

Summing  the  corresponding  terms  of  all  such  equations,  we 
have 

f^  P,du,  ^£  P^du,-^  etc.  =  :S(K.  E.)„-  :S(K.  E.),.(XYL)' 

This  is  of  the  same  form  as  (XV.),  but  instead  of  applying  to  a 
single  rigid  body,  deals  with  any  assemblage  of  rigid  parts 
forming  a  machine,  or  any  part  of  a  machine  (a  similar  proof 
will  apply  to  three  dimensions  of  space);  but  it  must  be  remem- 
bered that  it  excludes  all  the  mutual  actions*  of  the  pieces  con- 
sidered except  friction,  which  is  to  be  introduced  in  the  manner 
just  illustrated.  A  flexible  inextensible  cord  may  be  considered 
as  made  up  of  a  great  number  of  short  rigid  bodies  jointed 
without  friction,  and  hence  may  form  part  of  a  machine  with- 
out vitiatin'g  the  truth  of  (XVI.). 

-5'(K.  E.)„  signifies  tlie  sum  obtained  by  adding  the  amounts 
of  kinetic  energy  {^dMv^  for  each  elementary  mass)  possessed 
by  all  tlie  particles  of  all  the  rigid  bodies  at  their  final  posi- 
tions ;  2(K.  E.)„,  a  similar  sum  at  their  initial  positions.  For 
example,  the  K.  E.  of  a  rigid  body  having  a  motion  of  transla- 
tion of  velocity  v,  :=  ^u'fdM ^  ^Mv' ;  that  of  a  rigid  body 
having  an  angular  velocity  oo  about  a  fixed  axis  Z,  =  ^oa'Iz 
(§  139) ;  while,  if  it  has  an  angular  velocity  go  about  a  gravity- 
axis  Z,  which  has  a  velocity  Vz  of  translation  at  right  angles  to 
itself,  the  (K.  E. )  at  this  instant  may  be  proved  to  be  (§  143) 

IMv^  +  Wh, 

the  sum  of  the  amounts  due  to  the  two  motions  separately. 

*  These  mutual  actions  consist  only  of  actions  by  contact  (pressure,  ruD, 
etc.) .  No  magnetic  or  electrical  attractions  or  repulsions  are  here  considered. 
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143.  E.  E.  of  Combined  Rotation  and  Translation. — The  last 
statement    may   be  thus  proved.     Fig.  158. 
At  a  given  instant  the  velocity  of  any  dM is 
-*s^— — s?-3J^       V,  the  diagonal  formed  on  the  velocity  •Oz  of 
^T^^^^T       "'"'■  translation,  and  the  rotary  velocity  wp  rela- 
j    \  tively   to    the    moving  gravity-axis  Z  (pei^ 

c|/'       I      I  pendicular  to  paper)  (see  §  71), 


FiQ.  Tm.  i-e.,  v^  =  V  +  is^Pf  —  '^{wp)'Oz  cos  cp ; 

hence  we  have  K.  E.,  at  this  instant, 
=fidMv^  =^z'fdM  +  WfdMp'  -  oavzfdMp  cos  cp, 

but  /O  cos  9J  =  y,  and  fdMy  =  My  =  0,  since  Z  is  a  gravity. 

axis, 

.-.  K.  E.  =  \Mvz'  +  i&3'/^.     Q.  E.  D. 

It  is  interesting  to  notice  that  the  K.  E.  due  to  rotation,  viz., 
\a?Iz  =  \M{ooTcf^  is  tlie  same  as  if  the  whole  mass  were  con- 
centrated in  a  point,  line,  or  thin  shell,  at  a  distance  Tc,  the 
radius  of  gyration,  from  the  axis. 

Example. — A  solid  homogeneous  sphere  of  radius  r=6  in.  and  weight 
=  322  lbs.  is  rolling  down  an  incline.  At  a  certain  instant  the  velocity 
of  its  centre  is  10  ft.  per  sec.  and  hence,  i/  no  slipping  occurs,  its  angular 
velocity  about  its  centre  is  a>,  =Dz-^r-,  =10h-J,  =20  radians/ sec.  Con- 
sequently, at  this  instant  (see  §  103,  p.  102)  its  total  kinetic  energy  is 
i(322  j_32.2)[(10)'  +  (20)' .  |(i)2]  =  700  ft.-lbs. 

144.  Example  of  a  Machine  in  Operation. — Fig.  159.  Con- 
sider the  four  consecutive  moving  masses,  Jf,  M",  M"',  and 
M^"  (being  the  piston  ;  connecting-rod  ;  fly-wheel,  crank,  drum, 
and  chain  ;  and  weight  on  inclined  plane)  as  Jree,  collectively. 
Let  us  apply  eq.  (XVI.),  the  initial  and  final  positions  being 
taken  when  the  crank-pin  is  at  its  dead-points  o  and  n ;  i.e.,  we 
deal  with  the  progress  of  the  pieces  made  while  the  crank-pin 
describes  its  upper  semicircle.  Remembering  that  the  mutual 
actions  between  any  two  of  these  four  masses  can  be  left  out 
of  account  (except  friction),  the  only  forces  to  be  put  in  are 
i\w  actions  of  other  bodies  on  each  one  of  these  four,  and  are 
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ehown  in  the  figure.  The  only  mutual  friction  considered  will 
be  at  the  crank-pin,  and  if  this  as  an  average  =  F\  the  work 
done  on  it  between  o  and  n  =  F"nr",  where  r"  =  radius  of 
crank-pin.  Tlie  work  done  by  P,  tlie  efEective  steam- pressure 
(let  it  be  constant)  during  this  period  is  =  PJL' ;  that  done  in 
overcoming  F^,  the  friction  between  piston  and  cylinder,  =  FJ,' ; 
that  done  upon  the  weight  0''oi  connecting-rod  is  cancelled  by 
the  work  done  hy  it  in  the  descent  following ;  the  work  done 


Fia.  159. 


upon  G^",  =  G^^'na  sin  /?,  where  a  =  radius  of  drum ;  that 
upon  the  friction  F^,  =  Fjia.  The  pressures  W,  JV',  JV'",  and 
I^'",  and  weights  G'  and  G'",  are  neutral,  i.e.,  do  no  work  either 
positive  or  negative.  Hence  the  left-hand  member  of  (XYI.) 
becomes,  between  o  and  n, 

PJI  -  FJ,'  -  F'nr"  -  G'^-na  sin  /3  -  F,na,  .     .    (1) 

provided  the  respective  distances  are  act/uaWy  described  by 
these  forces,  i.e.,  if  the  masses  have  sufficient  initial  kinetic 
energy  to  carry  the  crank-pin  beyond  the  point  of  minimum 
velocity,  with  the  aid  of  the  working  force  P^,  whose  effect  is 
small  up  to  that  instant. 

As  for  the  total  initial  kinetic  energy,  i.e.,  2(K.  E.)„,  let  us 
express  it  in  terms  of  the  velocity  of  crank-pin  at  o,  viz.,  Fj,. 
The  (K.E.),  of  M'  is  nothing  ;  tliat  of  M",  which  at  this  in- 
stant is  rotating  about  its  right  extremity  (^a;e<^  for  the  instant) 
with  angular  velocity  oo"  =  F„  -f- 1",  is  J(»"'/„";  that  of  Jf'" 
=  ^Qa""Ic"',  in  which  oo'"  =  F„  -=-  /■ ;  that  of  Jf "  (translation) 
>=  iJ/"'X"^j  i°  which  v^^  =  {a^r)  F„.    2(K.  E.)„  is  expressed 
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in  a  corresponding  manner  with  T^  (final  velocitj  of  crank-pin) 
instead  oiV„.  Hence  the  right-hand  member  of  (XVI.)  will 
give  (putting  the  radius  of  gyration  of  M"  about  0"  =  k", 
and  that  of  M"'  about  C  =  k) 


ar^'  -  F/)[j/"^  +  if'"J--+-Jf' ^^]. 


(2) 


By  writing  (1)=(2),  we  liave  an  equation  of  condition,  capa- 
ble of  solution  for  any  one  unknown  quantity,  to  be  satisfied 
for  the  extent  of  motion  considered.  It  is  understood  that  the 
chain  is  always  taut,  and  that  its  weight  and  mass  are  neg- 
lected. 

146.  ITuinerical  Case  of  the  Foregoing. — (Foot-pound-second 
system  of  units  for  space,  force,  and  time;  this  requires  g 
=  32.2.) 

Suppose  the  following  data  : 


Fket. 

Lbs. 

Lbs. 

Mass  Units. 

I'  =  3.0 
I"  =  4.0 
«  =  1.5 
r  =r  1.0 
ft  —  1  8 

p.  = 

F,  = 

P'  (av'ge)  = 

F,= 

6000 

aoo 

400 
300 

G"  =      60 
G"  =      50 
G""  =    400 
G"'  =  3320 

(and  .-.) 

M'  =      1.86 
M"  =      1.55 
M'"  =    12.4 
M'^  =  100.0 

ft"  =  2.3 
r"  =  0.1 

Also  let  Fo  =  4 

ft.  persec.;/:<=30° 

Denote  (1)  by  PTand  the  large  bracket  in  (2)  hy  M  (this  bv 
some  is  called  the  total  mass  "  reduced"  to  the  cnuik-pin). 
Putting  (1)  =  (2)  we  liave,  solving  for  the  unknown  F"„, 


F„  = 


2  TF       ^ 
-4-V 


(3) 


T590.0  -  1417.3 


For  above  values, 

W  =  12.000  -  400  -  125.7 
—  2467  foot-pounds ; 
while  ^  =  0.5  -f  40.3  +  225.0  =  265.8  mass-units; 
whence    F„  =  4/18.56  +  16  =  VSlM  =  5.88  ft.  per  second. 
As  to  whether  the  crank-pin  actually  reaches  the  dead-point 
n,    requires  separate  investigations  to  see  whether  "F  becomes 
zero  or  negatii^e  between  o  and  n   (a  negative  value  is  inad- 
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iiiissible,  since  a  reversal  of  direction  implies  a  different 
value  for  W),  i.e.,  M^lietlier  the  proposed  extent  of  motion  is 
realized  ;  and  these  are  made  by  tissigniiig  some  otlier  inter- 
mediate position  m,  as  a  final  one,  and  computing  Vm-  remem- 
bering that  when  m  is  not  a  dead-point  the  (K.  E.)„  of  M'  is  not 
zero,  and  must  be  expressed  in  terms  of  V^,  and  tliat  the 
(K.  E.)„i  of  the  connecting-rod  M"  must  be  obtained  from  §  143. 

146.  Regulation  of  Machines. — As  already  illustiated  in 
several  examples  (§  121),  a  fly-wheel  of  sufficient  mass  and 
radius  may  prevent  too  great  fluctuation  of  speed  in  a  single 
stroke  of  an  engine  ;  but  to  prevent  a  permanent  change,  which 
must  occur  if  the  work  of  the  working  force  or  forces  (such  as 
the  steam-pressure  on  a  piston,  or  water-impulse  in  a  turbine) 
exceeds  for  several  successive  strokes  or  revolutions  the  work 
required  to  overcome  resistances  (such  as  friction,  gravity,  re- 
sistance at  the  teeth  of  saws,  etc.,  etc.)  through  their  respective 
spaces,  automatic  governors  are  employed  to  diminish  the 
working  force,  or  the  distance  through  which  it  acts  per  stroke, 
until  the  normal  speed  is  restored  ;  or  vice  versa,  if  the  speed 
slackens,  as  when  new  resistances  are  temporarily  brought  into 
play.  Hence  when  several  successive  periods,  strokes  (or  other 
cycle),  are  considered,  the  kinetic  energy  of  the  moving  parts 
will  disappear  from  eq.  (XVI.),  leaving  it  in  this  form  ; 

work  of'  working-forces  =  work  done  upon  resistances. 

147.  Power  of  Motors. — In  a  mill  where  the  same  number  of 
machines  are  run  continuously  at  a  constant  speed  proper  for 
their  woi'k,  turning  out  per  hour  the  same  number  of  barrels 
of  flour,  feet  of  lumber,  or  other  commodity,  the  motor  (e.g., 
a  steam-engine,  or  turbine)  works  at  a  constant  rate,  i.e.,  de- 
velops a  definite  liorse-power  (H.P.),  which  is  thus  found  in 
the  case  of  reciprocating  steam-engines  (double-acting), 

H.P.  =  total  mean  effective  )        (  distance  in  feet  ) 

steam-pressure  on  >  X  ■<  travelled  by  pis-  I  -r-  550, 
piston  in  lbs.  )        (  ton  per  second.   ) 

i.e.,  the  work  (in  ft.-lbs)  done  per  second  by  the  working  force 


164  MJCCHANICS    OF    ENGINEERING. 

divided  by  550  (see  §  132).  The  total  efEective  pressure  at  any 
instant  is  the  excess  of  the  forward  over  the  back-pressure, 
and  by  its  mean  value  (since  steam  is  usually  used  expansively) 
is  meant  such  a  value  P'  as,  multiplied  by  the  length  of  stroke 
Z,  shall  give 

P'l^f  Pdx, 

where  P  is  the  variable  effective  pressure  and  dx  an  element 
of  its  patli.  If  u  is  the  number  of  strokes  per  second,  we  may 
also  write  {fooPpowrici- second  system). 

H.P.  =  P'lu  -e-  550  =  \^f'Pd<^u  -r-  550.  (XYII.) 

Very  often  the  number  of  revolutions  j>er  minute,  m,  of  the 
crank  is  given,  and  then 

H.P.  =  P'  (lbs.)  X  2Z  (feet)  X  to  -=-  33,000. 

If  P  ■=  area  of  piston  we  may  also  write  P'  ^=Fp',  where ^' 
is  the  mean  effective  steam-pressure  per  unit  of  area.  Evi-. 
dently,  to  obtain  P'  in  lbs.,  we  multiply  F'm  sq.  in.  by^'  in 
lbs.  per  sq.  in.,  or  F  in  pq.  ft.  by  p'  in  lbs.  per  sq.  foot ;  the 
former  is  customary,  p'  in  practice  is  obtained  by  measurements 
and  computations  from  "indicator-cards"  (see  §  152,  p.  159, 
where  the  value  of  P'  is  found  by  Simpson's  Rule) ;  or  P7,  i.e., 

/  Pdx.  m:\y  be  computed  tliedi-efically  as  in  §59,  Problem  4. 

The  power  as  t.liiis  found  is  expended  in  overcoming  the 
fi-iction  of  all  moving  parts  (whictli  is  sometimes  a  large  item), 
and  tiie  resistances  peculiar  to  the  kind  of  work  done  by  tlie  ma- 
chines. The  work  periodically  stored  in  tjie  inci-eased  kinetic 
energy  of  the  moving  mnssos  is  rcsinred  as  they  periodically 
resume  their  niininium  velocities. 

Example. — In  the  steady  running  of  a  (reciprocating)  steam-engine 
operating  a  mill,  the  value  of  the  mean  total  effective  pressure  on  the 
piston  is  P'  =  16,800  lbs.  and  the  radius  of  the  circle  described  by  the 
crank-pin  is  10  in.  (so  that  the  length  of  stroke  is  l  =  2Q  inches).  The 
fly-wheel  turns  at  rate  of  330  revs./min.  Find  the  horse-power  developed. 
Substituting,  we  find  H.P.  =  [16,800X2XfJX330]-i- 33,000  =  560  H.P. 
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148.  Potertial  Energy. — There  are  other  ways  in  which  work 
or  energy  is  stored  and  tlien  restored,  as  follows : 

First.  In  raising  a  weiglit  G  tlirough  a  height  h,  an  amount 
of  work  =  Gk  is  done  upon  G,  as  a  resistance,  and  if  at  any 
subsequent  ti've  the  weight  is  allowed  to  descend  through  the 
same  vertical  distance  h  (the  form  of  path  is  of  no  account),  G, 
now  a  viorhing  f^roe,  does  the  work  Gh,  and  thus  in  aiding  the 
motor  repays,  o'-  i-estores,  the  Gh  expended  by  tlie  motor  in 
raising  it.  If  h  i«  the  vertical  height  through  which  the  centre 
of  gravity  rises  at*d  sinks  periodically  in  the  motion  of  the 
machine,  the  force  G  may  be  left  out  of  account  in  reckoning 
the  expenditure  of  tho  motor's  work,  and  the  body  when  at  its 
highest  point  is  said  to  possess  an  amount  Gh  of  potential 
energy,  i.e.,  energy  of  position,  since  it  is  capable  of  doing  the 
work  Gh  in  sinking  through  its  vertical  range  of  motion. 

Second.  So  far,  all  bodies  •considered  have  been  by  express 
stipulation  rigid,  i.e.,  incapable  of  changing  shape.  To  see 
the  effect  of  a  lack  of  rigidit*  as  affecting  the  principle  of 
work  and  energy  in  machines, 
take  the  simple  case  in  Fig.  160. 

A  helical  spring  at  a  given  in-       "i—fm^n^^^^^^^^, 
stant  is  acted  on  at  each  end  by  b^'x^     q  .fc-d3^        *" 

a  force  P  in  an  axial  direction         ''      '  '     /  | 

(they  are  equal,  supposing  the  »    f»o.  leo. 

mass  of  the  spring  sttiall).  As  the  machine  operates  of  which 
it  is  a  member,  it  moves  to  a  new  consecut've  position  B, 
suffering  a  further  elongation  d^  in  its  length  (if  P  is  increas- 
ing). P  on  the  right,  a  woi-king  force,  does  the  work  Pdx'; 
how  is  this  expended  ?  P  on  the  left  has  the  work  Pdx  done 
upon  it,  and  the  mass  is  too  small  to  absoi-b  kinetic  energy  or 
to  bring  its  weight  into  consideration.  The  remainder,  Pdx' 
—  Pdx  =  Pd\,  is  expended  in  stretcliing  the  spring  an  addi- 
tional amount  d\,  and  is  capable  of  restoration  if  the  spring 
retains  its  elasticity.  Hence  the  work  done  in  changing  the 
lorra  of  bodies  if  they  are  elastic  is  said  to  be  stored  in  the 
form  of  potential  energy.  Tliat  is,  in  the  ope-ation  of  ma- 
chines, the  name  potential  energy  is  also  given  to  the  energy  ^ 
stored  and  restored  periodically  in  the  changing  and  -egaining 
of  form  of  elastic  bodies. 


/      /♦• 
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BKample.— A  given  helical  spring,  when  held  stretched  s'=i  ft.  beyond 
its  "natural"  (or  unstrained)  length,  exerts  a  pull  of  i?'  =  1200  lbs. 
at  its  two  ends;  and  the  "potential  energy"  residing  in  it  is  =  m«on  forceX 
distance,  =iB's',  =(i)1200(i),  =300  ft.-lbs.  If  such  a  stretched 
spring  be  placed  on  a  car  of  644  lbs.  weight  on  a  level  track  and  properly 
connected  with  a  driving-wheel,  which  does  not  slip  on  the  track,  its 
recovery  of  natural  length  may  be  made  the  means  of  starting  the  car 
tnto  motion  and  causing  it  to  attain  a  final  velocity  of  v  =  5A7  ft./sec. 
(if  no  friction  is  met  with);  from  i(644^- 32.2)^2  =  300. 

149.  Other  Forms  of  Energy. — Numerous  experiments  witli 
various  kinds  of  apparatus    have  proved   that  for  every  YY8 
(about)  ft.-lbs.  of  work  spent  in  overcoming  friction,  one  British 
unit  of  heat  is  produced  (viz.,  the  quantity  of  heat  necessary  to 
raise  the  temperature  of  one  pound  of  water  from  32°  to  33° 
Fahrenheit);  while  from  converse  experiments,  in  wliich  the 
amount  of  heat  used  in  operating  a  steam-engine  was  all  carefully 
estimated,  the  disappearance  of  a  certain  portion  of  it  conld  only 
be  accounted  for  by  assuming  that  it  liad  been  converted  into 
-work  at  the  same  rate  of  (about)  778  ft.-lbs.  of  work  to  each 
unit  of  heat  (or  427  kilogrammetres  to  each  French  unit  of 
heat).     This  number  778  or  427,  accordhig  to  the  system  of 
units  employed,  is  called  the  Mechanical  Equivalent  of  Heat 

Heat  then  is  energy,  and  is  supposed  to  be  of  the  kinetic 
form  due  to  the  rapid  motion  or  vibration  of  the  molecules  of 
a  substance.  A  similar  agitation  among  the  molecules  of  the 
(hypothetical)  ether  diffused  through  space  is  supposed  to  pro- 
duce the  phenomena  of  light,  electricity,  and  magnetism. 
Chemical  action  being  also  considered  a  method  of  transform- 
ing energy  (its  possible  future  occurrence  as  in  the  case  of  coal 
and  oxygen  being  called  potential  energy),  the  well-known 
doctrine  of  the  Canservation  of  Energy,  in  accordance  with 
wliicli  energy  is  indestructible,  aiid  the  doing  of  work  is  simply 
the  conversion  of  one  or  more  kinds  of  energy  into  equivalent 
amounts  of  others,  is  now"  an  accepted  hypothesis  of  physics. 

Work  consumed  in  friction,  though  practically  lost,  still  re- 
mains in  the  universe  as  heat,  electricity,  or  some  other  subtile 
form  of  energy. 

150.  Power  Required  for  Individual  machines.  Synamome- 
ters  of  Transmission. — If  a  machine  is  driven  by  an  endless 
belt  from  the  main-shaft.  A,  Fig.  161.  being  the  driving-pulley 
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on  tlie  machine,  the  working  force  whicii  drives  the  machine, 
in  other  words  the  "  grip"  with  which  tlie 
belt  takes  hold  of  the  pulley  tangentially, 
=  i-*  —  P\  P  and  P'  being  the  tensions 
in  the  '■  driving"  and  "  following"  sides  of 
tlie  belt  respectively.  The  belt  is  supposed 
not  to  slip  on  the  pulley.  If  v  is  the  ve- 
locity of  the  pulley -circumference,  the 
work  expended  on  the  machine  per  second,  i.e.,  ihe  power,  is 

L  =  {P-P')v,  ft.-lbs.  per  sec. 


...     (1) 

To  measure  the  force  (P  —  P'),  an  apparatus  called  a  Dy- 
namometer of  Transmission  maybe  placed  between  the  main 
shaft  and  the  machine,  and  the  belt  made  to  pass  through  it  in 
such  a  way  as  to  measure  the  tensions  P  and  P',  or  princi- 
pally their  difference,  without  meeting  any  resistance  in  so  do- 
ing ;  that  is,  the  power  is  transmitted,  not  absorbed,  by  the 
apparatus.  One  invention  for  this  purpose  (mentioned  in  the 
Journal  of  the  Franhlin  Institute  some  years  ago)  is  shown 

(in  principle)  in  Fig.  162.  A  ver- 
tical plate  carrying  four  pulleys  and 
a  scale-pan  is  first  balanced  on  the 
pivot  C.  The  belt  being  then  ad- 
justed, as  shown,  and  the  power 
turned  on,  a  sufficient  weight  O  is 
placed  in  the  scale-pan  to  balance 
Ym.  162.  the  plate  again,  for  whose  equilib- 

rium we  must  have  Gh  =  Pa  —  P'a,  since  the  P  and  P'  on 
the  right  have  action-lines  passing  through  C.  The  velocity  of 
belt,  D,  is  obtained  by  a  simple  counting  device.  Hence 
{P  —P')  and  V  become  known,  and  .•.  L  from  (1). 

Many  other  forms  of  transmission-dynamometers  are  in  use, 
some  applicable  whether  the  machine  is  driven  by  belting  or 
gearing  from  the  main  shaft.  Emerson's  Hydrodynamics  de- 
scribes his  own  invention*  on  p.  283,  and  gives  results  of  meas- 
urements with  it;  e.g.,  at  Lowell,  Mass.,  the  power  required 
to  drive  112  looms,  weaving  36-inch  sheetings,  No.  20  yarn, 
60  threads  to  the  inch,  speed  130  picks  to  the  minute,  was 
found  to  be  16  H.P.,  i.e.,  \  H.P.,  to  each  loom  (p.  335). 
*  Prof.  Flather's  " Dynamomelers"  is  a  standard  book  (1907). 
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Example. — The  endless  belt  connecting  the  pulley  (running  at  n  =  180 
revs./min.,  with  a  radius  of  r=2  ft.)  of  an  engine  shaft  with  that  of  a 
planing  machine  is  led  over  the  idle  pulleys  of  the  apparatus  in  Fig.  162, 
as  there  shown  (engine  pulley  on  left,  and  that  of  machine  on  right; 
but  neither  shown  in  figure).  To  balance  the  plate  in  position  shown 
(with  a  =  2  ft.  and  6  =  4  ft.)  is  found  to  require  a  weight  G  =  210  lbs. 
We  have,  therefore,  from  {P~P')a  =  Gb,  P-P'  =  210x4-i-2  =  420  lbs. 
as  the  net  working  force  operating  the  machine;  while  the  velocity  of 
the  belt  is  v,  =re2nr,  =  (180-=- 60)  2;r2= 37.70  ft./sec.  Hence  the 
power  transmitted  through  the  dynamometer  of  transmission  is  L, 
=  (P-P')v,  =420X37  70)  =  15,834  ft.-lbs.  per  sec,  or  28  8  HP. 

151.  Dynamometers  of  Absorption. — These  are  so  named 
since  they  furnisli  in  tiieinselves  tlie  resistance  (friction  or  a 
weight)  in  the  overcoming  (or  raising)  of  wliich  the  power  is 
expended  or  absorbed.  Of  these  the  Prony  Friction  Brake 
is  the  most  common,  and  is  used  for  measuring  the  power 
developed  by  a  given  motor  (e.g.,  a  steam-engine  or  turbine) 
not  absorbed  in  the  friction  of  the  motor  itself.     Fig.  163 


shows  one  fitted  to  a  vertical  pulley  driven  by  the  motor.  By 
tightening  the  bolt  S,  the  velocity  v  of  pulley-rim  may  be 
made  constant  at  any  desii-ed  value  (within  certain  limits)  by 
the  consequent  frictioti.  v  is  measured  by  a  counting  appara- 
tus, while  the  friction  (or  tangential  components  of  action  be- 
tween pulley  and  brake),  =  F^  becomes  known  by  noting  the 
weight  6^^  whicli  must  be  placed  in  the  scale  pan  to  balance  the 
arm  between  the  checks;  then  with  G'  =  weight  of  brake  and 
h'  =the  horizontal  distance  of  its  center  of  gravity  from  the 
center  of  pulley,  we  have,  for  the  equilibrium  of  the  brake 
(moments  about  pulley  center), 

Fa=Gb  +  G'b'; (1) 

and  the  work  done  on  F  per  unit  of  time,  or  power,  is 

L  =2^?;,  ft.-lbs,  per  sec (2) 

(In  case  the  pulley  is  horizontal,  a  bell-crank  must  be  inter 
posed  between  the  arm  and  the  scale-pan.) 
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Example.— A  vertical  pulley  of  o  =  2  ft.  radius  and  run  by  a  turbine 
■water-wheel,  is  gripped  by  a  Prony  brake,  as  in  Fig.  163,  with  arm 
6  =  4  ft.  9  in.  A  load  of  G  =  160  lbs.  is  placed  in  the  scale  pan,  the  water 
turned  on,  and  the  bolt  B  screwed  up  until  the  friction  F  of  pulley-rim 
on  brake  is  just  sufficient  to  lift  the  weight  and  hold  the  brake  in  equi- 
librium Weight  of  brake  is  G'  =  40  lbs.,  with  centre  of  gravity  6'  =  1.5  ft. 
on  right  of  pulley  centre.  The  speed  to  which  the  pulley  now  adjusts 
itself  is  at  rate  of  210  revs./min.  The  friction  is  F  =  iGb  +  Gb')^a  = 
(160X-1.75-H40Xl.5)-=-2  =  410  lbs.;  the  velocity  of  pulley-rim  is  v  = 
(210-^60)  2ff  X2  =  44  ft. /sec;  hence  the  power  developed  is  Fv  =  'ilOXii 
=  18,040  ft.-lbs.  per  sec. ;   or  32.8  H.P. 

Note. — For  an  account  of  various  modern  designs  of  absorption  and 
transmission  dynamometers,  the  reader  is  referred  to  Prof.  Flather's 
book,  already  mentioned  in  the  foot-note  on  p.  157.  This  is  a  recent 
and  a  standard  work.  In  the  "Notes  and  Examples  in  Mechanics"  by 
the  present  writer,  brief  descriptions  are  given  (pp.  96  and  97)  of  the 
Appold  and  the  Carpentier  djoiamometers  of  absorption,  with  the  theory 
of  the  same;   both  of  these  are  "automatic"  or  "self-adjusting." 

It  must  be  carefully  noted  by  the  student  that  in  the  absorption  d3naa- 
mometer,  which  for  purposes  of  test  temporarily  takes  the  place  of  useful 
machines,  the  power  is  absorbed  and  converted  into  heat,  necessitating 
cooling  devices  if  the  parts  are  to  run  smoothly  and  lubricants  are  to 
remain  unaffected;  whereas  in  the  dynamometer  of  transmission  the 
power  simply  passes  through  without  heating  effect. 

152.  The  Indicator,  used  with  steam  and  other  fluid  engines, 
is  a  special  kind  of  dynamometer  in  which  the  automatic  mo- 
tion of  a  pencil  describes  a  curve 
on  paper  whose  ordinates  are 
proportional  to  the  fluid  pres- 
sures exerted  in  the  cylinder  at 
successive  points  of  the  stroke. 
Thus,  Fig.  164,  the  back-pres- 
sure being  constant  and  =  I^i,, 
the  ordinates  jP„,  I'^,  etc.,  represent  the  effective  pressures  at 
equally  spaced  points  of  division.  The  mean  effective  pressure 
J"  (see  §  liT)  is,  for  this  figure,  by  Simpson's  Rule  (six  equal 
spaces), 

^^  P'  =  ^\\_F,  +  4:(F,  +  P3  +  ^0  +  2(P,  +  P,)  4-  -P.]- 
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Fig.  164. 


This  gives  a  near  approximation. 
§1*T. 


The  power  is  now  found  by 


153.  Mechanical  Efficiency  of  a  Steam  or  Vapor  Engine  (gas, 
petroleum,  gasoline,  or  alcohol  vapor,  etc.).  By  the  term 
"  mechanical  efficiency  "  is  meant  the  ratio  of  the  power  obtained 
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at  the  rim  of  the  pulley  or  fly-wheel  on  the  main  shaft  of  the 
engine  (where  it  would  be  connected  with  machinery  to  be 
operated  or  where  in  a  test  the  resistance  of  brake-friction 
would  be  overcome)  to  the  power  exerted  directly  on  the  pistor 
of  the  engine  by  the  pressure  of  the  fluid  concerned.  This 
latter  item  becomes  known  through  the  use  of  the  "indicator  " 
(see  preceding  paragraph)  and  is  hence  often  called  the  "indi- 
cated power  ;  "  the  power  spent  on  friction  provided  by  a  Prony 
brake,  for  testing  purposes,  being  called  the  ^'brake-power.'^ 
'  Example. — If  from  indicator-cards  the  value  of  P',  or  total  mean 
effective  pressure  on  the  piston  of  an  engine,  is  found  to  be  12,000  lbs., 
the  piston  speed  being  at  the  (mean)  rate  of  6  ft.  per  sec,  the  "indi- 
•cated  power"  of  the  engine  is  =  72,000  ft.-lbs./sec.  Now,  when  the 
engine  is  running  under  these  same  conditions  of  pressure  and  speed, 
if  it  is  found  by  the  use  of  a  Prony  friction  brake  that  the  power  spent 
on  brake  friction  consists  of  overcoming  a  friction  of  6000  lbs.  through 
10  ft.  each  second,  and  that  therefore  the  power  obtained  at  the  brake, 
or  "brake  power,"  is  equal  only  to  60,000  ft.-lbs./sec,  the  mechanical 
effidency  of  the  engine  (in  this  test)  is  60,000-^72,000,  =0.833  or  83J  per 
cent.  In  other  words,  16J  per  cent  of  the  power  exerted  by  the  fluid 
pressure  on  the  piston,  or  "indicated  power,"  is  lost  in  the  overcoming 
of  the  friction  of  the  engine  itself,  i.e.,  among  the  moving  parts  situated 
between  the  piston  and  the  rim  of  the  test  pulley. 

153a.  Efficiency  of  Power  Transmission. — In  transmitting 
power  through  a  long  line  of  shafting,  or  by  ropes  or  belts,  or 
water  in  pipes,  or  by  electric  current,  the  efficiency  is  the  ratio 
of  the  power  obtained  at  the  receiving  station  to  that  put  in 
at  the  sending  station.     For  example, 

Example. — An  engine  exerts  power  at  the  rateof  (say) 600,000  ft.-lbs./sec, 
in  running  a  "dynamo"  at  the  sending  or  power  station.  The  electric 
current  so  generated  is  conducted  60  miles  through  wires  to  a  receiving 
station,  where  by  operating  an  electric  motor  it  enables  a  pulley  to  be 
run  within  a  Prony  brake  from  whose  indications  it  is  found  that  a  power 
of  360,000  ft.-lbs./sec.  is  there  obtainable.  Hence  the  eflBciency  of 
transmission  is  360,000-4-600,000,  =60  per  cent. 

154.  Boat-Rowing. — x<*ig.  166.  During  the  stroke  proper, 
let  /*  =  mean  pressure  on  one  oar-handle  ;  hence  the  pressures 
on  the  foot-rest  are  2P,  resistances.  Let  M  =  mass  of  boat 
and  load,  v,  and  v„  its  velocities  at  beginning  and  end  of  stroke. 
P,  =  pressures  between  oar-blade  and  water.  H  =  mean  re- 
sistance of  water  to  the  boat's  passage  at  this  (mean)  speed. 
These  are  the  only  (horizontal)  forces  to  be  considered  as  act- 
ing on  the  boat  and  two  oars,  considered  free  collectively. 
During  the  stroke  tlie  boat  describes  the  space  s,  =  CD,  the 
oar-handle  the  space  s,  =  AB,  while  the  oar-blade  slips  back- 
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ward  tlirougli  the  small  space  (the  "  slip")  =  s,  (averageV 
Hence  by  eq.  (XVI.),  §  142, 

2P5,  -  2PS3  -Jis,  -  2P.«.  =  iM{v^'  -  vj) ; 
i.e.,  2P{s,-s,)  =  2PxAi;=2Ps  =Iis,+2F^s,+  iM{v^'-v,y, 

or,  in  words,  the  product  of  the  oar-handle  pressures  into  the 
distance  described  by  them  measured  on  the  boat,i.e.,  the  work 
done  by  these  pressures  relatively  to  the  hoat,\B  entirely  ac- 
counted for  in  the  work  of  slip  and  of  liquid-resistance,  and  in- 1. 


Fig.  166. 

creasing  the  kinetic  energy  of  the  mass.  (The  useless  work 
due  to  slip  is  inevitable  in  all  paddle  or  screw  propulsion,  as 
well  as  a  certain  amount  lost  in  machine- friction,  not  considered 
in  the  present  problem.)  During  the  '•  recover"  the  velocity 
decreases  again  to  v^.  (See  example  on  p.  97,  Notes,  etc.) 

155.  Examples. — 1.  "What  work  is  done*  ou  a  level  track,  in 
bringing  up  the  velocity  of  a  train  weighing  200  tons,  from 
zei'o  to  30  miles  per  hour,  if  the  total  frictional  resistance  (at 
any  velocity,  say)  is  10  lbs.  per  ton,  and  if  the  change  of  speed 
is  accomplished  in  a  length  of  3000  feet  ? 

(Foot-ton-second  system.)  30  miles  per  hour  =  44  ft.  per 
sec.     The  mass 

==  200  -^-  32.2  =  6.2  ; 
.•.  the  change  in  kinetic  energy, 

(=  \Mv'  -iM  X   0'), 
=  i(6.2)  X  44'  =  6001.6  ft.-tons. 

*  That  is,  what  work  is  done  by  the  pull,  or  tension,  P,  in  the  draw-bar 
between  the  locomotive  and  the  "tender." 
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The  work  done  in  overcoming  friction  =  Fs,  i.e., 

=  200  X  10  X  3000  =  6,000,000  f t.-lbs.  =  3000  ft.-tons ; 
.-.  total  work  =  6001.6  +  3000     =  9001.6  ft.-tons. 

(If  the  track  were  an  up-grade,  1  in  100  say,  the  item  of 
200  X  30  =  6000  ft.-tons  would  be  added.) 

Example  2. — Eequired  the  rate  of  work,  or  power,  in  Ex- 
ample 1.  The  power  is  variable,  depending  on  the  velocity  of 
the  train  at  any  instant.  Assume  the  motion  to  be  uniformly 
accelerated,  then  the  working  force  is  constant ;  call  it  P. 
The  acceleration  (§  56)  will  be^='y'-^2s=1936-7-6000=0.322 
ft.  per  sq.  sec;  and  since  P  —  F=^  Mp,  we  have 

P  =  1  ton  +  (200  -T-  32.2)  X  0.322  =  3  tons, 

which  is  6000  ^  200  =  30  lbs.  per  ton  of  train,  of  which  20  is 
due  to  its  inertia,  since  when  the  speed  becomes  uniform  the 
work  of  the  engine  is  expended  on  friction  alone. 

Hence  when  the  velocity  is  44  ft.  per  sec,  the  engine  is 
working  at  the  rate  of  Pv  =  264,000  f  t.-lbs.  per  sec,  i.e.,  at  the 
rate  of  480  H.  P.; 

At  i  of  3000  ft.  from  the  start,  at  the  rate  of  240  H.  P.,  half 
as  much ; 

At  a  uniform  speed  of  30  miles  an  hour  the  power  would  be 
simply  1  X  44  =  44  ft. -tons  per  sec.  =  160  H.  P. 

Example  3. — The  resistance  offered  by  still  water  to  the 
passage  of  a  certain  steamer  at  10  knots  an  hour  is  15,000  lbs. 
What  power  must  be  developed  by  its  engines,  at  this  uniform 
speed,  considering  no  loss  in  "slip"  nor  in  friction  of  ma- 
chinery ?  Ans.  461  H.  P. 

Example  4. — Same  as  3,  except  that  the  speed  is  to  be  15 
knots  (i.e.,  nautical  miles ;  each  =  6086  feet)  an  hour,  assum- 
ing that  the  resistances  are  as  the  square  of  the  speed  (approxi- 
mately true).  Ans.  1556  H.  P. 

Example  5. — Same  as  3,  except  that  12^  of  the  power  is  ab- 
sorbed in  the  "  slip"  (i.e.,  in  pushing  aside  and  backwards  the 
water  acted  on  by  the  screw  or  paddle),  and  8^  in  friction  of 
machinery.  Ans.  576  H.  P. 

Example  6. — In  Example  3,  if  the  crajik-shaft  makes  60 
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revolutions  per  minute,  the  crank-pin  describing  a  circle  of  18 
incbes  radius,  required  the  average*  value  of  the  tangential 
component  of  the  thrust  (or  pull)  of  the  connecting-Vod  against 
the  crank-pin.  Ans.  26890  lbs. 

Examijple  7. — A  solid  sphere  of  cast-iron  is  rolling  up  an  in- 
cline of  30°,  and  at  a  certain  instant  its  centre  has  a  velocity  of 
36  inches  per  second.  Neglecting  friction  of  all  kinds,  how 
much  further  will  the  ball  mount  the  incline  (see  §  143)  ? 

Ans.  0.390  ft. 

Example  8.— In  Fig.  163,  with  &  =  4  f  t.  and  a  =  16  inches, 
it  is  found  in  one  experiment  that  the  friction  which  keeps  the 
speed  of  the  pulley  at  120  revolutions  per  minute  is  balanced 
by  a  weight  G  =  160  lbs.  Eequired  the  power  thus  measured. 
(With  h'  =  0.)  Ans.  14.6  H.  P. 

Although  in  Examples  1  to  6  the  steam  cylinder  is  itself  in 
motion,  the  work  per  stroke  is  still  :=  mean  effective  steam- 
pressure  on  piston  X  length  of  stroke,  for  this  is  the  final  form 
to  which  the  separate  amounts  of  work  done  by,  or  upon,  the 
two  cylinder  heads  and  tlie  two  sides  of  the  piston  will  re- 
duce, when  added  algebraically.     See  §  164. 

*  By  "  average  value"  is  meant  such  a  value,  Tm,  as  multiplied  into  the 
length  of  path  described  by  the  crank-pin  per  unit  of  time  shall  give  the 
power  exerted. 
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CHAPTEE  VII. 

FRICTION. 

156.  Sliding  Friction. — When  the  surfaces  of  contact  of  two 
bodies  are  perfectl_y  smooth,  the  direction  of  tlie  pressure  or  pair 
of  forces  between  them  is  normal  to  these  surfaces,  i.e.,  to  their 
,  tangent-plane ;  but  when  they  are  rough,  and 

'--:'""^  movhig  one  on  the  other,  the  forces  or  ac- 

pV    4n  tions  between  them  incline  awaj  from  the 

I  \  ■       I '" ,  P ,    normal,  each  on  the  side  opposite  to  the  di- 
,^„„i,,^_Ji„..  .1    .,  ,^  rection  of  the  (relative")  motion  of  the  body 
G  on  which  it  acts.     Ihus,  J^ig.  167,  a  block 

Fro.  167.  wliose  weight  is  G,  is  drawn  on  a  rough 

horizontal  table  by  a  liorizontal  cord,  the  tension  in  which  is 
P.  On  account  of  the  roughness  of  one  or  both  bodies  the  ac- 
tion of  the  table  upon  the  block  is  a  force  :P„  inclined  to  the 
normal  (which  is  vertical  in  this  case)  at  an  angle  ^  <p  away 
from  the  direction  of  the  relative  velocity  v.  This  angle  qt  is 
called  the  angle  of  friction,  while  the  tangential  component  of 
P^  is  called  the  friction  =  F.  The  normal  component  N, 
wliich  in  this  case  is  equal  and  opposite  to  G  the  weight  of  tlie 
body,  is  called  the  normal  pressure. 

Obviously  i^=  iVtan  <p,  and  denoting  tan  q)  hyf,  we  have 

J'=fJ^- (1) 

yis  called  the  coefficient  of  friction,  and  may  also  be  defined 
as  the  ratio  of  the  friction  JFto  the  normal  pressure  If  which 
produces  it. 

In  Fig.  167,  if  the  motion  is  accelerated  (ace.  ^p),  we  have 
(eq.  (IV.),  ^bh)P  ~  I  =  Mp;  if  uniform,  P  —  F=  0  ;  from 
which  equations  (see  also  (!))_/ may  be  computed.  In  the 
latter  case/"  may  be  found  to  be  different  with  different  veloci- 
ties (the  surfaces  retaining  the  same  character  of  course),  and 
then  a  uniformly  accelerated  motion  is  impossible  unless  P 
—  P  were  constant. 

As  for  the  lower  block  or  table,  forces  the  equals  and  op- 
posites  of  iVandi^(or  a  single  force  equal  and  opposite  to  P^ 
are  comprised  in  the  system  of  forces  actirg  upon  it. 

As  to  whether  F  is  a  working  force  or  a  resistance,  when 
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either  of  the  two  bodies  is  considered  free,  depends  on  the  cir- 
cumstances of  its  motion.  For  example,  in  friction-gearing 
the  tangential  action  between  the  two  pulleys  is  a  resistance 
for  one,  a  working  force  for  the  other. 

If  the  force  P,  Fig.  167,  is  just  sufficient  to  start  the  body, 
or  is  just  on  the  point  of  starting  it  (this  will  be  called  impending 
motion),  Fis  called  i}ie  friction  of  rest.  If  the  body  is  at  rest 
and  P  is  not  sufficient  to  start  it,  the  tangential  component  will 
then  be  <  the  friction  of  rest,  viz.,  just  =  P.  As  P  increases, 
this  component  continually  equals  it  in  value,  and  P,  acquires 
a  direction  more  and  more  inclined  from  the  normal,  until  the 
instant  of  impending  motion,  when  the  tangential  component 
=fJV=  the  friction  of  rest.  When  motion  is  once  in  prog- 
ress, the  friction,  called  then  the  friction  of  motion,  —  fN, 
in  which/  is  not  necessarily  the  same  as  in  the  friction  of  rest. 

157.  Variation  of  Friction  and  of  the  Coefficient  of  Friction,  f. — Careful 
distinction  must  be  made  between  the  friction  of  dry  surfaces  and  of 
those  that  are  lubricated;  though  in  the  latter  case  as  the  supply  of  lubri- 
cant (oil,  soap,  graphite,  etc.)  is  reduced  from  the  extreme  state  of 
"flooding,"  the  friction  approximates  in  variation  and  magnitude  to 
that  of  dry  surfaces.  Also,  if  the  pressure  is  very  great,  the  lubri- 
cant may  be  pressed  out  and  the  phenomena  reduced  to  those  of  dry 
surfaces,  which  under  great  pressures  "seize,"  i.e.,  abrade,  one  another. 

With  dry  surfaces  the  amount  of  friction,  F  (lbs.),  depends  on  the 
nature  of  the  materials  and  their  initial  roughness,  being  somewhat 
reduced  as  they  become  more  polished,  when  a  sliding  motion  has  been 
long  continued.  With  the  surfaces  in  a  given  condition  it  is  found 
(unless  the  pressure  is  very  low)  that  increase  of  velocity  diminishes 
the  friction,  as  is  unfortunately  the  case  with  railroad  brakes,  the 
friction  between  a  brake-shoe  and  the  rim  of  the  car-wheel  being  least 
at  the  first  application  of  the  brakes,  when  the  velocity  of  rubbing  is 
greatest  (see  p.  168).  The  friction  increases  with  the  normal  pressure  A'' 
(the  coefficient  /,  itself,  increasing  with  N  when  N  is  large)  and  is  some- 
what smaller  after  motion  begins  than  when  motion  is  "impending" 
(friction  of  rest). 

With  well  lubricated  surfaces,  however,  the  following  may  be  said: 
The  nature  of  the  materials  of  the  two  bodies  has  but  slight  influence 
on  the  amount  of  friction,  F,  and  when  motion  has  begun,  the  friction 
is  very  much  less  than  that  of  "impending  motion."  The  friction  is 
practically  independent  of  the  pressure  when  the  lubrication  is  very 
copious  (bearings  "flooded")  (resembling,  therefore,  "fluid  friction;"  see 
p.  695),  the  coefficient  /  being  as  small  as  0.001  or  under  (Tower) ;  but 
with  more  scanty  lubrication  conditions  may  approach  those  of  dry 
surfaces.     As  to  the  effect  of  velocity  (Goodman),  the  frictional  resistance 
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varies  directly  as  the  speed  for  low  pressures.  For  high  pressures,  how- 
ever, it  is  relatively  great  at  low  velocities,  a  minimum  at  about  100 
ft./min.,  and  afterwards  increases  approximately .  as  the  square  root  of 
the  speed.  A  rise  of  temperature  has  a  very  important  influence  in 
diminishing  the  viscosity  of  the  oil  and  enlarging  the  diameter  of  the 
bearing  of  a  shaft  more  than  that  of  the  shaft  itself. 

In  the  problems  of  this  chapter  the  coefficient  /  will  be  considered  as 
constant;  so  that  where  it  really  varies  (as  when  the  velocity  changes) 
an  average  value  will  be  understood. 

158.  Experiments  on  Sliding  Friction. — These  may  be  made 
witli  simple  apparatus.  If  a  block  of  weight  =  O,  Fig.  168, 
be  placed  on  an  inclined  plane  of  uniformly  rough  surface, 
and  the  latter  be  gradually  more  and  more  inclined  from  the 
horizontal  until  the  block  begins  to  move,  the  value  of  /3  at 

■  G 

V 


Fig.  168. 


Fig.  169. 


this  instant  =  ip,  and  tan  (p=f=  coefficient  of  friction  of 
rest.  For  from  SX  =  0  we  have  F,  i.e.,  fJV,  =  (?  sin  /?; 
from  2T=0,  JV  =  G  cos  /S ;  whence  tan  10  =f,  .:  /?  must 
=  9- 

Suppose  /3  so  great  that  the  motion  is  accelerated,  the  body 
starting  from  rest  at  o,  Fig.  169.  If  it  is  found  that  the 
distance  x  varies  as  the  square  of  the  time,  then  (§  56)  the 
motion  is  uniformly  accelerated  (along  the  axis  X).  (Notice 
in  the  figure  that  G  is  no  longer  equal  and  opposite  to  Pi,  the 
resultant  of  N  and  F,  as  in  Fig.  168.)     We  have,  tben 

IY  =  0,        whicli  gives  iV—  G  cos  /?  =  0 ; 

lX  =  Mpi,  which  gives  (?  sin  /?-  fN  =  (G  -f- ^)pi ; ,      ^,      j, 
while  (from  §  66)  pi  =  2x^fi.     ^  "^  '^'°' 

Hence,  by  elimination,  x  and  the  corresponding  time  t  having 
been  observed,  we  have  for  the  coefficient  of  friction  of  motion 

/=tan/3---2 

'  ^    5fr  cos  /? 

as  an  average  (since  the  acceleration  may  not  be  uniform). 


FRICTION.  167 

In  view  of  §  157,  it  is  evident  that  if  a  value  /?„  has  been 
found  experimentally  for  yff  such  that  the  block,  once  started  hy 
hand,  preserves  a  uniform  motion  down  the  plane,  then,  since 
tan  /?,»  =y  for  friction  of  motion,  /?„  may  be  less  than  the  ft 
in  Fig.  168,  for  friction  of  rest. 

159.  Another  apparatus  consists  of  a  horizontal  plane,  a  pul- 
ley, cord,  and  two  weights,  as  shown  in  Fig.  59.  The  masses 
of  the  cord  and  pulley  being  small  and  hence  neglected,  the 
analysis  of  the  problem  when  G  is  so  large  as  to  cause  an  ac- 
celerated motion  is  the  same  as  in  that  example  [(2)  in  §  57], 
except  in  Fig.  60,  where  the  frictional  resistance_/iV^  should  be 
put  in  pointing  toward  the  left.     iV^  still  =  O^,  and  .". 

S-fG,^{0,^g)p; (1) 

while  for  the  other  free  body  in  Fig.  61  we  have,  as  before, 

G-8={G-^g)p (2) 

From  (1)  and  (2),  S  the  cord-tension  can  be  eliminated,  and 
solving  for  p,  writing  it  equal  to  2s  -=-  f,  s  and  t  being  the  ob- 
served distance  desci'ibed  (from  rest)  and  corresponding  time, 
we  have  finally  for  friction  of  motion  (as  an  average) 

G       G  +  G,     2s 

J-  Gr     G.     •  gf ^^^ 

If  G,  Fig.  59,  is  made  just  suflScient  to  start  the  block,  or 
sledge,  6^„  we  have  for  the  friction  of  rest 

/=! (*) 

160.  Results  of  Experiments  on  Sliding  Friction. — For  accounts  of  recent 
experiments  (and  others)  and  deductions  therefrom,  the  reader  may  consult 
the  Engineer's  "Pocket-books"  of  Kent  and  Trautwine;  also  Thurston's 
"Friction  and  Lost  Work,"  Barr  and  Kimball's  "Machine  Design,"  stad 
"Lubrication  and  Lubricants,"  by  Archbutt  and  Deely.  The  following 
table  gives  a  few  values  for  the  coefficient  of  friction,  /,  for  slow  motion, 
taken  from  the  results  obtained  by  Morin  and  others.  Small  changes  in 
the  condition  of  the  surfaces  may  produce  considerable  variation  in  the 
value  of  /.     Our  knowledge  is  still  quite  incomplete  in  this  respect. 
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No. 

Surfaces. 

Unguent. 

Angle  *, 

/=tan*. 

1 

Woo<l  on  wood. 

None. 

14°    to  26r 

0.25  to  0.50 

2 

Wood  on  wof)d. 

Soap. 

2°    to  11^° 

0.04  to  0.20 

3 

>lelal  on  wood. 

Nune. 

26i°  to  31i° 

0.50  to  0.60 

4 

Metal  on  wood. 

Water. 

15°    to  20° 

0.25  to  0.35 

5 

Metal  on  wood. 

Soap 

111° 

0.20 

6 

Leatlier  on  metal. 

None. 

29i° 

0.56 

7 

Leallier  on  metal. 

Greased. 

13° 

0.23 

8 

Leather  on  metal. 

Water. 

20° 

0.36 

9 

Leather  ou  metal. 

•        Oil. 

sr 

0.15 

10 

Metal  on  metal 

None 

8i°  to  18° 

0.15  to  0.30 

11 

Metal  on  metal 

Water 

18°      (averag 

e)      0.30 

12 

Metal  on  metal 

Oil 

0.001  to  0.080 

For  the  coefficient  of  friction  of  rest,  the  above  values  might  be  in- 
creased from  20  to  40  per  cent.,  roughly  speaking. 

As  showing  the-  effect  of  velocity  in  diminishing  the  friction  of  dry 
surfaces,  we  may  note  that  in  the  Galton-Westinghouse  experiments 
with  railroad  brakes  (cast-iron  brake-shoes  on  steel-tired  car-wheels), 
values  for  /  were  found  as  follows:  When  the  velocity  of  rubbing  was 
10  miles  per  hour,  /  =  0.24;  for  20  miles  per  hour,  /  =  0.19;  for  30,  40, 
50,  and  60  miles  per  hour  /  was  found  to  be  0.164,  0.14,  0.116,  and 
0.074,  respectively.  The  foregoing  values  of  /  were  obtained  imme- 
diately on  the  application  of  the  brake,  but  when  the  brake-shoe  and 
wheel  had  been  in  contact  some  five  seconds  at  a  constant  velocity, 
/  was  reduced  some  20  or  30  per  cent. ;  while  for  a  contact  of  15  seconds 
still  further  reduction  ensued.  The  value  of  /  for  a  "skidding"  car- 
wheel  (i.e.,  held  fast  by  the  brake  pressure)  sliding  or  "skidding"  on  the 
rail,  was  reduced  from  0.25  for  impending  skidding,  to  0.09  at  a  velocity 
of  7  miles  per  hour;  and  to  0.03  for  60  miles  per  hour.     (See  p.  190.) 

That  increasing  the  velocity  of  lubricated  surfaces  diminishes  the  co- 
efficient of  friction  is  well  shown  in  the  results  obtained  by  Mr.  Welling- 
ton, in  1884,  with  jomrnals  revolving  at  different  speeds,  viz., 
For  velocity  =  0.00      2.16      4.86      21.42      53.01  106ft/min. 

Coeff.  /  =0.118    0.094    0.069      0.047      0.035        0.026 

For  a  sledge  on  dry  ground  Morin  found  /=0.66.  For  stone  on  stone, 
see  p.  555  of  this  book. 

161.  Cone  of  Friction.— Fig.  170.     Let  A  and  B  be  two 

rougli  blocks,  of  wliicli  B  is  immovable,  and  P  the  resultant 
J"'/--^C  ^^  ^^'  ^^^^  forces  acting  on  A.  except  the  pres- 
sure from  B.  B  can  furnish  any  required 
normal  pressui-e  JV  to  balance  P  cos  /3,  but 
tlie  limit  of  its  tangential  resistance  is  fJV. 
So  long  then  as  /?  is  <  ^j  the  angle  of  fric- 
tion, or  in  other  woids.  so  long  as  tlie  line  of 
action  of  P  hwithintlie  '-cone  of  friction'' 
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generated  by  revolving  00  about  02/,  the  block  A  will  not 
slip  on  B,  and  the  tangential  resistance  of  B  is  simply  P  sin 
P;  but  if  /?  is  >  <p,  this  tangential  resistance  being  on\jfN 
and  <  P  sin  /?,  A  will  begin  to  slip,  with  an  acceleration. 

162.  Problems  in  Sliding  Friction. — In  the  following  prob- 
lemsyis  supposed  known  at  points  where  rubbing  occurs,  or 
is  impending.  As  to  the  pressure  iV^to  which  the  friction  is 
due,  it  is  generally  to  bevconsidered  unknown  until  determined 
by  the  conditions  of  the  problem.  Sometimes  it  may  be  an 
advantage  to  deal  with  the  single  unknown  force  Pi  (resultant 
of  NdiVyAfW)  acting  in  a  line  making  the  known  angle  9>  with 
the  normal  (on  the  side  away  from  the  motion). 

Peoblem  1. — Required  the  value  of  the  weight  P,  Fig.  171, 
the  slightest  addition  to  which  will  cause  motion  of  the  hori- 
zontal rod  OB,  resting  on  rough  planes  at  45°.  The  weight 
O  of  the  rod  may  be  applied  at  the 
middle.  Consider  the  rod  fi-ee ;  at 
each  point  of  contact  there  is  an  un- 
known N^  and  a  friction  due  to  it 
fJSF;  the  tension  in  the  cord  will  be 
=  P,  since  there  is  no  accelei'ation 
and   no  friction   at  pulley.     Notice  Fia.  i7i. 

the  direction  of  tiie  frictions,  both  opposing  the  impending 
motion.  Take  axes  OX  and  OY  as  shown,  and  note  the  inter- 
sections, A  and  C,  of  the  line  of  G  with  axes  OX  and  OY. 
The  student  should  not  rush  to  the  conclusion  that,  if  G  were 
transferred  to  A  and  there  resolved  into  components  along 
AO  and  AB,  the  value  of  N  (and  Ni)  would  be  equal  to  that  of 
one  of  these  components,  viz.,  mG  (where  m  denotes  sin  45°). 
Few  problems  in  mechanics  are  so  simple  as  to  admit  of  an 
immediate  mental  solution,  and  guess-work  should  be  care- 
fully avoided. 

It  will  be  found  of  advantage  to  take  C  as  a  center  of 
moments.  The  line  of  P  at  '0.  is  considered  as  passing  through 
point  C,  as  also  the  lines  oi  jN  and  fN^.  For  equilibrium 
(impending  slipping)  we  have,  therefore, 

IX  =  Q;  i.e.,{N^.+mG-N-P  =  0;  .  .  .  (1) 
IY  =  0;  i.e.,Ni+fN-mG  =  0;  ....  (2) 
2'(moms.)c=0;  i.e.,  JVa-iVia  =  0.       ...     (3) 


170 


MECHANICS   OF   ENGINEERING. 


The  three  unknowns  P,  N,  and  iVi,  can  now  be  found 
From  (3)  we  have  N  =  Ni,  which  in  (2)  gives  ■'V=j:f/- 
Also  from  (1)  we  now  find  P  =  2fN;  and  hence  finally 


2mfG 


1+/ 


G. 


Peoblem  2. — Fig.  172.     A  rod,  centre  of  gravity  at  middle, 
leans  against  a  rough  wall,  and  rests  on  an  equally  rough  floor; 
K   ,  ^  how  small  may  the  angle  a  become  before  it 

^P^  p  slips  ?  Let  a  =  the  half-length.  The  figure 
9^  shows  the  rod  free,  and  following  the  sugges- 
4  tion  of  §  162,  a  single  unknown  force  P, 
M  making  a  known  angle  (p  (whose  tan  =/") 
4  with  the  normal  DJ?,  is  put  in  at  J),  leaning 
p  away  from  the  direction  of  the  impending 
p  motion,  instead  of  an  iT  and  /"iV;  similarly 
P,  acts  at  C.  The  present  system  consisting 
of  but  three  forces,  tlie  most  direct  method  of  finding  a,  with- 
out introducing  the  other  two  unknowns  P,  and  /*,  at  all,  is 
to  use  the  principle  that  if  three  forces  balance,  their  lines 
of  action  must  intersect  in  a  point.  That  is,  P,  must  inter-- 
sect  the  vertical  containing  G,  the  weight,  in  the  same  point 
as  P„  viz.,  A. 

Now,  since  CF  is  T  to  FD  and  the  two  angles  4>  are  equal, 
CA  is  1  to  DA  and  therefore  DAC  is  a  right  triangle.  We 
also  note  that  if  CA  be  prolonged  to  meet  DF  in  some  point  K, 
A  must  be  the  mid-point  of  CK,  since  B  is  the  mid-point  of 
CF ;  and  therefore  it  follows  that  in  triangle  DCK  not  only 
does  DA  bisect  the  side  KC  but  is  1  to  it.  In  other  words, 
KDC  is  an  isosceles  triangle,  with  DK  and  DC  as  the  two 
equal  sides,  and  therefore  the  line  DA  bisects  the  angle  KDC. 
Hence  the  angle  KDC  =  '^<p.  That  is  to  say,  the  angle  a, 
which  was  to  be  determined,  is  the  complement  of  double  the 
friction-angle,  or 

a=90°-2';&. 
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Peoblem  3. — Fig.  173.  Given  the  resistance  Q,  acting 
parallel  to  the  fixed  guide  C,  the  angle  u,  and  the  (equal)  co- 
efficients of  friction   at   the  rubbing  surfaces,  required  the 
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amount  of  the  horizontal  force  /*,  at  the  head  of  the  block  A 
(or  wedge),  to  overcome  Q  and  the  frictions.  J)  is  fixed,  and 
ab  is  perpendicular  to  cd.  Here  we  have  four  unknowns,  viz., 
.P,  and  tlie  three  pressures  i\^,  iV,,  and  iT,,  between  tlie  blocks. 
Consider  ^  and  .B  as  free  bodies,  separately  (see  Fig.  174),  re- 
membering Newton's  law  of  action  and  reaction.  Tlie  full 
values  (e.g.,,/iV)  of  the  frictions  are  put  in,  since  we  suppose 
a  slow  uniform  motion  taking  place. 
For  A,  2X=  0  and  JSr  =  0  give 

iV^,  —  iVcos  a  -\-f^sin  a  —  Pein  a  =  0;  .     .     (1) 
y^Vr  J^JVsina  -]-fIfcoBa  —  F  cos  a  =  0.    .     .     (2) 
For^,  .S'Xand  .ST give 
C-iV^.+/i\7,  =  0;....(3)      and      JV, -fJlf,  =  0.  .  .  .  ^ 
Solve  (4)  for  N2  and  substitute  in  (3),  whence 

Ni{l-P)  =  Q (5) 

Solve  (2)  for  JV,  snl)stitute  the  result  in  (1),  as  also  the  value 
of  iV^i  from  (5).  and  the  resulting  equation  contains  but  one  un- 
known, /*.     Solving  for  J-*,  putting  for  brevity 

/"cos  a-{-  sin  a  :=  m     and     cos  a  — ysin  a  =  n, 
(m.+fn)Q 


we  have        -P  = 


(6) 


or 


I.e., 


(n  .  cos  a  -\-  m  .  sin  a)(l  —/"')' 
P=Q(m.+fn)^il-f^) (7) 


P  = 


2/  cos  ( 


+  sin 


«)q. 


(8) 
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Numerical  Example  of  Problem  3. — If  Q  =  120  lbs.,  / 
=  0.20  {an  akstract  numher,  and  .'.  the  same  in  any  system  of 
units),  while  a  —  14°,  whose  sine  =  0.24U  and  cosine  =  .970, 
then 

[2  X  0.2  X  .970  1^ 

or,  P  =  0.64Q  =  76.8  lbs. 

While  the  wedge  moves  2  inches  P  does  the  work   (or  exerts 

an  energy)  of  2  X  76.80  =  153.6  in.-lbs.  =  12.8  ft.-lbs. 

For  a  distance  of  2  inches  described  by  the  wedge  horizon- 
tally, the  block  £  (and  .•.  the  I'esistance  Q)  has  been  moved 
through  a  distance  =  2  X  sin  14°  =  0.48  in.  along  the  guide 
C,  and  hence  the  woi'k  of  120  X  0.48  =  57.6  iu.-lbs.  has  been 
done  upon  Q.  Therefore  for  the  supposed  portion  of  the 
motion  153.6  —  57.6  =  96.0  in.-lbs.  of  work  has  been  lost  in 
friction  (converted  into  heat). 

For  the  "mechanical  eflficiency  "  of  this  machine  ("see  §  153) 
we  have  57.6-153.6=0  375.  Also  note  that  for  /=1.00 
P  =  oo  ;  and  for  a  =  90°,  P  =  Q. 

Peoblem  4.     Numerical. — With  what  minimum   pressure 

P  should  the  pulley  A  be  held  against  B.  which  it  drives  by 

•■;     |-]       ,^         I"].       "  fricrioniil  gearing,"  to  ti-ansniit  2  Il.P.; 

']>   - \  p  <;-----}[<  >  if  a  =  45°,  f  for  impending  (relative) 

o|\l    ..'n         U         motion,  i.e.,  for  impending  slipping  = 
Fig.  175.  0.40,  iiiid  the  velocity  of  the  pnlley-rim 

is  9  ft.  per  second  ? 

The  limit-value  of  the  tangential  "grip" 

T  =        2fN=  2  X  0.40  X  P  sin  45°, 
2  II.  P.  =  2  X  550  =  1100  ft.-lbs.  per  second. 

Putting  r  X  9  ft.  =  1100,  we  have* 

2  X  0.40  X  v'ixPx9  =  1100  ;  .:  P  =  215  lbs. 

Problem  6. — A  block  of  weight  G  lies  on  a  rough  plane, 
incli'ied  an  angle  /?  from  the  horizontal ;  find  tlie  pull  P,  mak- 
ing an  angle  a  with  the  first  plane,  which  will  maintain  a  uni- 
form motion  up  the  plane. 

*  lu  this  problem  tho  stutlcut  sbould  note  that,  in  general,  when  or  is  not  45° 
we  havK  N=  iP-t-  cos  a  (since  in  such  a  case  the  parallelogram  of  forces  is 
nut  u  square). 
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Peoblem  Y. — Same  as  6,  except  tliat  the  pull  P  is  to  permit 
a  miiforin  motion  down  the  plane. 

Problem  8.— The  tlirust  of  a  screw-propeller  is  15  tons. 
Tlie  ring  against  which  it  is  exerted  has  a  mean  radius  of  8 
iuclies,  the  shaft  makes  ©ne  revolution  per  second,  and/"  =  0.06. 
Ilequired  the  H.  P.  lost  in  friction  from  this  cause. 

Ans.  13.7  H.  P. 

163.  The  Bent-Lever  with  Friction.  Worn  Bearing. — Fig. 
176.  Neglect  the  weight  of  the  lever,  and  suppose  the  plumb- 
er-block  so    worn    that    there   is  d,. -J^.F-./Ci 

contact  along  one  element  only  of  /  \\,  /'/  /   /    P    ^ 

the  shaft.     Given  the  amount  and  q,/ Vl.;.    /  / 

line  of  action  of  the  resistance  R^  /  \  \    /    /     '■■■» 

and   the  line  of  action  of  P,  re-       /\"'^-./^^OC^( 
quired  the  amount  of  the  latter  for     /     ^\/^*7^  --^''  \ 
impending  slipping  in  the  direction  *^ 
of  the  dotted  arrow.     As  P  grad- 
ually increases,   the  shaft  of  the 
lever  (or  gear-wheel)  rolls  on    its  FioTm" 

bearing  until  the  line  of  contact  has  reached  some  position  A, 
when  rolling  ceases  and  slipping  begins.  To  find  A,  and  the 
value  of  P,  note  that  the  total  action  of  the  bearing  upon  the 
lever  is  some  force  J',,  applied  at  A  and  making  a  known 
angle  cp  {f  ^  tan  q>)  with  the  normal  A  C.  P^  must  be  equal 
and  opposite  to  the  resultant  of  the  known  P  and  the  unknown 
P,  and  hence  graphicallj-  (a  graphic  is  mucii  simpler  here  than 
an  analytical  solution)  if  we  describe  about  Ca  circle  of  radius 
=  r  sin  <p,  r  being  the  radius  of  shaft  (or  gudgeon),  and  draw 
a  tangent  to  it  from  Z>,  we  determine  DA  as  the  line  of  action 
of  jP,.  If  DG  is  made  =  P,  to  scale,  and  G'^  drawn  parallel 
to  Z> .  .  .  P,  P  is  determined,  being  =  DE,  while  P,  —  DF. 

If  the  known  force  B  is  capable  of  acting  as  a  working  force, 
by  drawing  the  other  tangent  DB  from  D  to  the  "  friction- 
circle,"  we  have  P  =  DH,  and  P^  =  DK,  for  impending 
rotation  in  an  opposite  direction. 

If  B  and  P  are  the  tooth-pressures  upon  two  spur-wheels, 
keyed  upon  the  same  shaft  and  nearly  in  the  same  plane,  the 
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[  =  [P,  sin  <p\^nr. 


same  constructions  liold  good,  and  for  a  continuous  uniform 
notion,  since  the  friction  =  P^  sin  9>, 
the  work  lost  in  friction 
per  revolution, 

It  is  to  be  remarked,  that  without  friction  P^  would  pass 
through  (7,  and  that  the  moments  of  R  and  P  would  balance 
ubout  C  (for  rest  or  uniform  rotation) ;  whereas  with  friction 
they  balance  about  the  proper  tangent-point  of  the  friction- 
circle. 

Another  way  of  stating  this  is  as  follows :  So  long  as  the 
resultant  of  P  and  R  falls  within  the  "  dead-angle"  PDA, 
motion  is  impossible  in  either  direction. 

If  the  weight  of  the  lever  is  considered,  the  resultant  of  it 
and  the  force  R  can  be  substituted  for  the  latter  in  the  fore- 
going. 

164.  Sent-Lever  with  Friction.  Triangular  Bearing. — Like 
the  pi'eceding,  the  gudgeon  is  much  exaggerated  in  tlie  figure 

(177).  For  impending  rotation  iu 
direction  of  the  force  P,  the  total 
actions  at  A^  and  A^  must  lie  in 
known  directions,  making  angles  =  <p 
with  the  respective  normals,  and  in- 
clined away  from  tlie  slipping.  Join 
the  intersections  D  and  L.  Since 
the  resultant  of  P  and  R  at  P  must 
act  along  PZ  to  balance  that  of  P^ 
and  P„  having  given  one  force,  say 
Fio.  m.  R^  we  easily  find  P  =  DE,  while 

P,  and  P,  =  ZJfand  ZiV  respectively,  LO  having  been  made 
=  DF,  and  the  parallelogram  completed. 

(If  the  direction  of  impending  rotation  is  reversed,  the  change 
in  the  construction  is  obvious.)  If  P,  =  0,  the  case  reduces 
to  that  in  Fig.  176  ;  if  the  construction  gives  P,  negative,  the 
supposed  contact  at  J.,  is  not  realized,  and  the  angle  A^CA^ 
should  be  increased,  or  shifted,  until  P,  is  positive. 

As  before,  P  and  R  may  be  the  tooth-pressures  on  two 
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spur-wheels  nearly  in  the  same  plane  and  on  the  same  shaft ; 
if  so,  then,  for  a  uniform  rotation. 
"Work  lost  in  fric.  per  revol.  =  [P,  sin  <p-{-  J*,  sin  <p]27rr. 

165.  Axle-Friction. — The  two  foi-egoing  articles  are  intro- 
ductory to  the  subject  of  axle-friction.  When  the  bearing  is 
new,  or  nearly  so,  the  elements  of  the  axle  which  are  in  contact 
with  the  bearing  are  infinite  in  number,  thus  giving  an  infinite 
number  of  unknown  forces  similar  to  /*,  and  I^,  of  the  last 
paragraph,  each  makmg  an  angle  q>  with  its  normal.  Refined 
theories  as  to  the  law  of  distribution  of  these  pressures  are  of 
little  use,  considering  tne  uncertainties  as  to  the  value  of 
_/(  =  tan  (p) ;  hence  tor  practical  purposes  axle-friction  may  be 
written 

in  which  y  is  a  coefficient  of  axle-friction  derivable  from 
experiments  with  axles,  and  R  the  resultant  pressure  on  the 
bearing.  In  some  cases  K  may  be  partly  due  to  the  tightness 
of  the  bolts  with  which  the  can  of  the  bearing  is  fastened. 

As  before,  the  work  lost  in  overcoming  axle-friction  per 
revolution  is  ^fR'inr.  in  which  r  is  the  radius  of  the  axle. 
f,  like/,  is  an  abstract  numoer.  As  in  Fig.  176,  a  "friction- 
circle,"  of  radius  —J^r,  may  be  considered  as  subtending  the 
"  dead-angle." 

166.  Experiments  with  Axle-Friction. — Prominent  among 
[    recent^  experiments  have  been  those  x<^==^?^ 

of    Professor    Thurston    fl872-73),  ^///\j^ 

who   invented    a  suecial   instrument  u    /o- — v\.  \ 

for  that  purpose,   shown    (in  princi-  Hx    x/'^A/J 

pie  only)  in  Fig.  178.     ±5y  means  of  X^  ^«(Tz/'^  / 

an   internal   spring,  tne   amount   of    //^Xy^^^/'xli^-^ 
whose  compression  is  reaa  on  a  scale,  ^      \^'(\/y 
a  weighted  bar  or  pendulum  la  v.a,used       n^/    \   0> 
toexert  pressure  on  a  projecting  axle         \P      / 
from   which   it  is  suspended.     The  !^..._[^. 

axle  is  made  to  rotate  at  any  desired  fio.  its. 

velocity  by  some  source  of  power,  the  axle-friction  causing 


176  MECHANICS    OF   ENGINBEKING. 

tlie  pendulum  to  remain  at  rest  at  some  angle  of  deviation 
from  the  vertical.  The  figure  shows  the  pendulum  free,  the 
action  of  gravity  upon  it  being  G,  that  of  the  axle  consisting 
of  the  two  pressures,*  eacli^i?,  and  of  the  two  frictions  (each 
being  F  ^f'H),  due  to  them.  Taking  moments  about  G,  we 
have  for  equilibrium 

%fEr  =  Gb, 

in  which  all  the  quantities  except  f  are  known  or  observed. 
The  temperature  of  the  bearing  is  also  noted,  with  reference 
to  its  effect  on  the  lubricant  employed.  Thus  the  instrument 
covers  a  wide  range  of  relations. 

General  Morin's  experiments  as    interpreted  by  Weisbach 
give  the  following  practical  results:    (See  also  p.  192). 

0.054  for  well-sustained 


For  iron  axles,  in  iron  or 
brass  bearings 


/' 


lubrication ; 
0.07  to  .08  for  ordinary 
lubrication. 


By  "  pressure  per  square  inch  on  the  bearing"  is  commonly 
meant  the  quotient  of  the  total  pressure  m  Ihs.  by  the  area  in 
square  inches  obtained  by  multiplying  the  width  of  the  axle  by 
the  length  of  bearing  (this,  length  is  quite  commonly  four  times 
the  diameter)  ;  call  it  jj,  and  the  velocity  of  rubbing  in  feet  per 
minute,  v.  Then,  according  to  Rankine,  to  prevent  overheat- 
ing, we  should  have 

p{v  +  20)  <  44800  .  .  .  (not  homog.). 

Still,  in  marine-engine  bearings  pv  alone  often  reaches  60,000, 
as  also  in  some  locomotives  (Cotterill).  Good  practice  keeps 
P  within  the  limit  of  800  (lbs.  per  sq.  in.)  for  other  metals 
than  steel  (Thurston),  for  which  1200  is  sometimes  allowed. 

With  V  =  200  (feet  per  min.)  Professor  Thurston  found  that 
for  ordinary  lubricants  p  should  not  exceed  values  ranging 
from  30  to  75  (lbs.  per  sq.  in.). 

The  product  pv  is  obviously  proportional  to  the  power  ex- 
pended in  wearing  the  rubbing  surfaces,  per  unit  of  area. 

*  The  weight  O  being  small  compared  with  the  compressive  force  Rm 
the  spring,  each  pressure  is  practically  equal  to  H. 
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167.  Friction-Wheels — (Or,  rather,  anti-friction  wheels). 
In  Fig.  179,  M  and  M  (and  two  more  behind)  are  the  "fric- 
tion-wheels," with  axles  Ci  and  d  in  fixed  bearings. 

G  is  the  weight  of  a  heavy  wheel,  Pi  is  a  known  vertical 
resistance  (tootli-pressnre),  and  P  a.u 
unknown  vertical  working  force, 
whose  value  is  to  be  determined  to 
maintain  a  uniform  rotation.  The 
utility  of  the  friction-wlieels  is  also 
to  be  shown.  The  resultant  of  /*„ 
G,  and  JR  is  a,  vertical  force  H,  pass- 
ing nearly  through  the  centre  G  of 
the  main  axle  which  rolls  on  the  four 

friction-wheels.      H,  resolved  along  

GA  and  G£,  produces  (nearly)  equal  fig.  i79. 

pressures,  each  being  ]V  =  li  -^  2  cos  a",  at  the  two  axles  of 
the  friction- wheels,  wliich  rub  against  tlieir  fixed  plumber- 
blocks.  H  ^  I*  -\-  J-*^  -\-  G^,  and  .•.  contains  tlie  unknown  I^, 
but  approxiiriately  :=  G -\-  2/*,,  i.e..  is  nearly  the  same  (in  this 
!ase)  whether  friction-wlieels  are  employed  or  not. 

"When  G  makes  one  revolution,  the  fi'ictiony'iVat  each  axle 
7,  is  overcome  through  a  distaTice  =  (r,  :  a,)  2;rr,  and 

Work  lost  per  revol. 

with 

friction-wheels, 

Wliereas,  if  G  revolved  in  a  fixed  bearing. 

Work  lost  per  revol.  ) 

without  >  =f'Ii27rr. 

friction-wheels,        ) 

Apparently,  then,  there  is  a  saving  of  work  in  the  ration,: 
a,  cos  a,  but  strictly  the  Ji  is  not  quite  the  same  in  the  two  cases  ; 
for  with  friction-wheels  the  force  ^  is  less  than  without,  and  -ff 
depends  on  J-*  as  well  as  on  the  known  G  and  /*,.  By  dimin- 
ishing the  ratio  r,  :  a„  and  tlie  angle  a,  the  saving  is  increased. 
If  a  were  so  large  that  cos  a  <^r^:  «„  there  would  be  no  saving, 
but  the  reverse. 

As  to  the  value  of  P  to  maintain  uniform  rotation,  we  have 
12 


=  2/'iV  '-2nr^ 


a,  cos  a' 


■fmnr. 
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for  equilibrium  of  moments  about  C,  with  friction-wheels  (con. 
sidering  the  large  wheel  and  axle^/ree), 

Ph^PA  +  ^Tr, (1) 

in  which  T  is  the  tangential  action,  or  "  grip,"  between  one 
pair  of  friction-wheels  and  the  axle  C  which  rolls  upon  them. 
T' would  not  equal yiT  unless  slipping  took  place  or  were  im- 
pending at  E,  but  is  known  by  considering  a  pair  of  friction- 
wheels  free,  when  2  (Pa)  about  C,  gives 


2 
which  in  (1)  gives  finally 

~  h     'a,  cos  ay       h ^  ' 

Without  friction-wheels,  we  would  have 

P  =  |^P.+/i?p     .     .> (3) 

The  last  term  in  (2)  is  seen  to  be  less  than  that  in  (3)  (unless 
a  is  too  large),  in  the  same  ratio  as  already  found  for  the  saving 
of  work,  supposing  the  ^'s  equal. 

If  P^  were  on  the  same  side  of  C  as  P,  it  would  be  of  an 
opposite  direction,  and  the  pressure  R  would  be  diminished. 
Again,  if  P  were  horizontal,  R  would  not  be  vertical,  and  the 
friction-wheel  axles  would  not  bear  equal  pressures.  Since  P 
depends  on  P„  O,  and  the  frictions,  while  the  friction  depends 
on  R,  and  R  on  ^„  Q,  and  P,  an  exact  analysis  is  quite 
complex,  and  is  not  warranted  by  its  practical  utility. 

Example. — If  an  empty  vertical  water-wheel  weighs  25,000 
lbs.,  required  the  force  P  to  be  applied  at  its  circumference  to 
maintain  a  uniform  motion,  with  a  =  15  ft.,  and  r  =  5  inches. 
Here  P,  =  0,  and  R  =  G  (nearly  ;  neglecting  the  influence  of 
P  on  R),  i.e.,  R  =  25,000  lbs. 

First,  without  friction-wheds  (adopting  the  foot-poniid-sec- 
ond  system  of  units),  withy  =  .07  (abstract  number).  From 
eq.  (3)  we  have 

P  =  0  +  0.07  X  25,000  X  (A  -^  15)  =  48.6  lbs. 
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The  work  lost  in  friction  per  revolution  is 
fmnr  =  0.07  X  25,000  X  2  X  3.14  X  iV  =  ^580  ft.-lbs. 

Secondly,  with  friction-wheels,  in  wliicli  r^  :  a^  =  ^  and 
cos  a  =  0.80  (i.e.,  a  —  36°).     From  eq.  (2) 

P  :=.  0  +  ^ .  J^  X  48.6  =  only  12.15  lbs., 

wliile  the  work  lost  per  revolution 

=  -^ .  ^  X  4580  =  1145  ft.-lbs. 

Of  course  with  friction- wheels  the  wheel  is  not  so  steady  as 
without. 

In  this  example  the  force  J'  has  been  simply  enough  to 
overcome  friction.  In  case  the  wiieel  is  in  actual  use,  /*  is  the 
weight  of  water  actually  in  the  buckets  at  any  instant,  and  does 
the  work  of  overcoming  P^,  the  resistance  of  the  mill  machinery, 
and  also  the  friction.  By  plnciiig  /*,  pointing  upward  on  the 
same  side  of  C  as  P,  and  making  &,  nearly  =  b,  H  will  =  O 
nearly,  just  as  when  the  wheel  is  running  empty ;  and  the 
foregoing  numerical  results  will  still  hold  good  for  practical 
purposes. 

168.  Friction  of  Pivots. — In  the  case  of  a  vertical  shaft  or 
axle,  and  sometimes  in  other  cases,  the  extremity  requires  sup- 
port against  a  thrust  along  the  axis  of  the  axle  or  pivot.  If 
the  end  of  the  pivot  is  flat  and  also  the  surface 
against  which  it  rubs,  we  may  consider  the 
pi'essure,  and  therefore  the  friction,  as  uniform  / 
over  the  surface.  "With  a  flat  circular  pivot, 
then,  Fig.  180,  the  frictions  on  a  small  sector 
of  the  circle  form  a  system  of  parallel  forces 
whose  resultant  is  equal  to  their  sum,  and  is  ^"''  ^^' 

applied  a  distance  of  -fr  from  the  centre.  Hence  the  sum  of 
the  moments  of  all  the  frictions  about  the  centre  ^fR^,  in 
which  S.  is  the  axial  pressure.  Therefore  a  force  P  necessary 
to  overcome  the  friction  with  uniform  rotation  must  have  a 
moment 

Pa  =fB\r, 
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and  the  work  lost  in  friction  per  revolution  is 


(1) 


As  the  pivot  and  step  become  worn,  the  resultant  frictioiiis 
in  the  small  sectors  probably  approach  the  centre ;  for  the 
greatest  wear  occurs  first  near  tlie  outer  edge,  since  there  the 
product ^-y  is  greatest  (see  §  166).  Hence  for  Ir  we  may  more 
reasonably  put  \r. 

Example. — -A  vertical  flat-ended  pivot  presses  its  step  with 
a  force  of  12  tons,  is  6  inclies  in  diameter,  and  makes  40  revolu- 
tions per  minute.  Required  the  H.  P.  absorbed  by  the  friction. 
Supposing  the  pivot  and  step  new,  and  /"  for  good  lubrication 
=  0.07,  we  have,  from  eq.  (1)  {foot-lb. -second). 

Work  lost  per  revolution 

=  .07  X  24,000  X  6.28  X  i .  i  =  1758.4  ft.-lbs., 

and  .*.  work  per  second 

=  1758.4  X  41  =  1172.2  ft.-lbs., 

which  -7-  550  gives  2.13  H.P.  absorbed  in  friction.     If  ordi 
nary  axle-friction  also  occurs  its  effect  must  be  added. 

If  the  flat-ended  pivot  is  hollow,  witli  radii  y,  and  r„  we  may 
put  i(r,  -\-  r,)  instead  of  the  -fr  of  the  preceding. 

It  is  obvious  that  the  smaller  the  lever-arm  given  to  the 
resultant  friction  in  each  sector  of  the  rubbing  surface  the 
smaller  the  power  lost  in  friction.  Hence  pivots  should  be 
made  as  small  as  possible,  consistentljr  with  streno-th. 

For  a  conical  pivot  and  step,  Fig.  181,  the  resultant  friction 
~~  in  each  sector  of  the  conical  bearing  surface  has 

a  lever-arm  =  |r,  about  the  axis  A,  and  a  value 
>  than  for  a  flat-ended  pivot ;  for,  on  account 
of  the  wedge-like  action  of  the  bodies,  the 
pressure  causing  friction  is  greater.  The  sum  of 
the  moments  of  these  resultant  frictions  about 
A  is  the  same  as  if  only  two  elements  of  the 
cone  received  pressure  (each  —  N=  \R  -^  sin  a).     Hence  the 


. 

I 

.. 

•--..., 

p--"" 
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■tn^-rnent  of  friction  of  the  pivot,  i.e.,  the  moment  of  the  force 
necessary  to  maintain  uiiiform  rotation,  is 

''         Z  ^      •'  siu  a  3    " 

and  work  lost  per  revolution      =  ^nf- r.. 

^  3   ■'sm  a   ' 

By  making  r,  small  enough,  these  values  may  be  made  less 
tlian  those  for  a  flat-ended  pivot  of  the  same  diameters  2r. 

In   Schiele's   "  anti-friction"  pivots  the  outline  is   designed 
according  to  the  following  theory  for  securing  uniform  vertical 

wear.    Let^  ■=^  the  pressure  per  P^^" 1 — ' 

horizontal    unit   of    area   (i.e.,  Ijj      jA       W, 

=  Ji  -^r  horizontal  proiection  of  Mim^^ :     ■■  .  \ i~^";^^^^^ 

the    OGtual    rubmng  surjace) ;  ^.^jT'  ''■•  '^^H^^F 

tliis  is  assumed   constant.     Let  ■^-■^^^i_^P---^ 

the  nnit  of   area  be  small,  for  'm  ^'\f.  ^ 

algebraic  simplicity.     The  fric-  fiq.  isa. 

tion  on  the  rubbing  surface,  whose  horizontal  projection  =unity, 
is  =  ./iV'^  =y (p -=- sin  a)  (see  Fig.  182;  the  horizontal  com- 
ponent of  ^  is  annulled  by  a  corresponding  one  opposite).  The 
work  per  revolution  in  producing  wear  on  this  area  ^  fN'iny. 
But  the  vertical  depth  of  wear  per  revolution  is  to  be  the  same 
at  all  parts  of  tlie  surface ;  and  this  implies  that  the  same 
volume  of  material  is  worn  away  under  each  horizontal  imit  of 

area.     HenceyiVSTr?/,  \.e.,f-T^ — 27ry,  is  to  be  constant  for  all 

S)  II   Ol 

values  of  y  ;  and  since ,^  and  27r  are  constant,  we  must  have, 
as  the  law  of  the  curve, 


sin  a 


- — ,  i.e.,  the  tangent  _BC  =  the  same  at  all  potnts. 


This  curve  is  called  tlie  "  tractrix."  Schiele's  pivots  give  a 
very  uniform  wear  at  high  speeds.  The  smoothness  of  wear 
prevents  leakage  in  the  case  of  cocks  and  faucets. 

169.  Normal  Pressure  of  Belting. — When  a  perfectly  flexible 
cord,  or  belt,  ip  stretched  over  a  smooth  cylinder,  both  at  rest. 


182 


MECHANICS    OF   ENGINEERING. 


the  action  between  them  is  normal  at  every  point.     As  to  its 
.  M  I    g    amount,  p,  per  linear  unit  of  arc,  the  fol- 
^  '      *■  lowing  will  determine.     Consider  a  semi- 

circle of  the  cord  free,  neglecting  its  weight. 
Fig.  183.  The  forces  holding  it  in  equilib- 
rium are  the  tensions  at  the  two  ends  (these 
are  equal,  manifestly,  the  cylinder  being 
,  _   smooth  ;  for  tnev  are  tiie  only  two  forces 

/Tj?      *■  having  moments  ahont  C,  and  each  has  the 
Fio.  183.  same  lever-arm),  and  the  normal  pressures, 

-which  are  infinite  in  number,  but  nave  an  intensity,  p,  per 
linear  unit,  which  must  be  constant  along  the  curve  since  S  is 
the  same  at  all  points.  The  normal  pressure  on  a  single  ele- 
ment, ds,  of  tiie  weord  is  =  pds,  and  its  ^  component  = 
pds  cos  6  ^=  jprdd  cos  6.     Hence  2.1"=  0  gives 

cos  ddd  —  2<S'  =  0,  i.e.,  rp 


■••  rpi^.  -  (-  1)]  =  2S 


sin  e  =  2S; 

S 

or    P=- 


(1) 


170.  Belt  on  Roogh  Cylinder.  Impending  Slipping. — If  fric- 
tion is  possible  between  the  two  bodies,  the  tension  may  vary 
»k)ng  the  arc  of  contact,  so  that  p  also  vanes,  and  consequently 


Fig.  184, 


the  friction  on  an  element  dsheing  =fpds  =f(S-r-  r)ds,  also 
varies.  If  slipping  is  impendina,  the  law  of  variation  of  the 
tension  S  may  be  found,  as  follows :  Fig.  184,  in  which  the 
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Impending  slipping  is  toward  tlie  left,  shows  the  cord  free. 
JFor  any  element,  ds,  of  the  cord,  we  have,  putting  2  (moms, 
about  0)  =  0  (Fig.  185), 

(-5+  dS)r  ^8r  +  dFr ;  i.e.,  dF^  dS, 

or  (see  above)  dS  =/'{S  -f-  r)ds. 

But  ds  =  rdO ;  hence,  after  ti'aiisforining, 

fde  =  § (1) 

In  (1)  the  two  variables  6  and  S  are  separated ;  (1)  is  there- 
fore ready  for  integration. 

fa  =  log,  S„  -  log.  8,  =  log.[|].     (2) 

Or,  by  inversion,  S^ef'  —  S„, (3) 

e,  denoting  the  Naperian  base,  =  2.71828  -|-;  oc  of  course  is  in 
TT-measure. 

Since  Sn  evidently  increases  very  rapidly  as  a  becomes 
larger,  xS„  remaining  the  same,  we  have  the  explanation  of  the 
well-known  fact  that  a  comparatively  small  tension,  S^,  exerted 
by  a  man,  is  able  to  prevent  the  slipping  of  a  rope  aronnd  a 
pile-head,  when  the  further  end  is  under  the  great  tension  S„ 
due  to  the  stopping  of  a  moving  steamer.  For  example,  with 
y^  =  -J,  we  have  (Weisbach) 

for  a  =  J  turn,   or  a  =  ^tt,  xS'„  =  l.GQiSI, ; 

=  ^  turn,    or  a  =  tt,    S„  =  2.85<S'„ ; 

=  1  turn,    or  a  —  2;r,  S^  =  8.12S, ; 

=  2  turns,  or  a  =  4;r,  x5„  =  65.94xS'„ ; 

=  4  turns,  or  a  =  8?r,  S„  =  4348.56/^,. 

If  slipping  actually  occurs,  we  must  use  a  value  of /"  for  fric- 
tion of  motion. 

Example. — A  leather  belt  di-ives  an  iron  pulley,  covei'ing 
one  half  the  circumference.     What  is  the  limiting  value  of  the 


184 


KECHANICS   OF   EKGINEEEING. 


ratio  of  S„  (tension  on  driving-side)  to  S„  (tension  on  follow- 
ing side)  if  the  belt  is  not  to  slip,  taking  the  low  value  of 

/^=  0.25  for  leather  on  iron  ? 

We  have  given yia:  =:  0.25  X  ^  =  .7854,  which  by  eq.  (2)  is 
the  Naperian  log.  of  (x^^  :  S„)  when  slipping  occurs.  Hence  the 
common  log.  of  (S^  :  S,)  =  0.7854  X  0.43429  =  0.34109  ;  i.e., 
if 

(S„ :  S,)  =  2.193,  say  2.2, 
/(£e  belt  will  (barely)  shp  (for/=  0.25), 

(       (0.43429  is  the  modulus  of  the  common  system  of   loga. 

Vritbms,  and  =  1 :  2.30258.     See  example  in  §48.) 

At  very  high  speeds  the  relation  j?  ^  S  -^  r  (in  §  169)  is  not 
strictly  true,  since  the  tensions  at  the  two  ends  of  an  element 
ds  are  partly  employed  in  furnishing  the  necessary  deviating 
force  to  keep  the  element  of  the  cord  in  its  circular  path,  the 
remainder  producing  normal  pressure. 

171.  Transmission  of  Power  by  Belting  or  Wire  Bope. — In  the 
eimple  design  in  Fig.  186,  it  is  required  to  find  the  Tnotvoe 
toeight  G,  necessary  to  overcome  the  given  resistance  ^  at  a 
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uniform   velocity  =  i>, ;   also   the   proper  stationary    tension 
weight  0„  to  prevent  slipping  of  the  belt  on  its  pulleys,  and 
the  amount  of  power,  L,  transmitted. 
In  other  words. 


Given : 


j  R,  a,  r,  a^,r,\  a  =  n  for  both  pulleys, ) 
(  «,;  andy  for  both  pulleys ;  f 


Required  :  |  "^ '  ^'  *°  f"''"'®^  ^  '■<  ^o  ^^r  no  slip  ;  w  the  velocity 
'\oiO\v'  that  of  belt ;  and  the  tensions  in  belt. 
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Neglecting  axle-friction  and  the  rigidity  of  the  belting,  the 
power  transmitted  is  thiit  required  to  overcome  R  through  a 
distance  =  v^  every  second,  i.e., 

Lz^Bv, (1) 

Since  (if  the  belts  do  not  slip) 


we  have 


a  :  r::v'  :  V,    and    a,  :  /■, : : -y' :  v^, 
and     V 


V  =  -v.. 
r. 


r  a, 
a  r,  ' 


(2) 


Neglecting  the  mass  of  the  belt,  and  assuming  that  each  pul- 
ley revolves  on  a  gravity-axis,  we  obtain  the  following,  by  con- 
sidering the  free  bodies  in  Fig.  187 : 


(A  fxee) 


Fig.  187. 


(B  and  toick  fceS) 


2  (moms.)  =  0  in  A  free  gives  Br^  =  (*S'„  —  S„)a, ; .    (3) 
2  (moms.)  =  0  in  j5  free  gives  Gr  =  (S^  —  8„)a ;  .     (4) 


whence  we  readily  find 


G=^-^-^B. 


r     a. 


Evidently  B  and  O  are  inversely  proportional  to  their  velo- 
cities 1),  and  v  ;  see  (2).  Tliis  ought  to  be  true,  since  in  Fig. 
186  G  is  the  only  working-force,  B  tlie  only  resistance,  and 
the  motions  are  uniform ;  lience  (from  eq.  (^YL),  §  142) 

Gv  -  Bv,  =  0. 
2X  =  0,  for  ^  and  truck  free,  gives 

G,  =  S^  +  8„ (5) 

while,  for  impending  slip, 

Sn  =  8,ef- (6) 
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By  elimination  between  (4),  (5),  and  (6),  we  obtain 
T_     £A+_1  _  L     «A+J 
^°  ""     a  ■  e/'  -  1  "~  t;'  ■  e>  -  r    *     "     *     ^'-' 
L        ef" 
and  'S'n  =  -, .  ^TvHi: (8) 

Hence  O^  and  /$■„  vai-y  directly  as  the  power  transmitted  and 
inversely  as  the  velocity  of  the  belt.  For  safety  (?„  should  be 
made  >  the  above  value  in  (7) ;  corresponding  values  of  the 
two  tensions  may  then  be  found  from  (5),  and  from  the  rela- 
tion (see  §  150) 

{S^-Sy  =  L (60^) 

These  new  values  of  the  tensions  will  be  found  to  satisfy  the 
condition  of  no  slip,  viz., 

For  leather  on  iron,  e^'"  =  2.2  (see  example  in  §  170),  as  a 
low  value.  The  belt  should  be  made  strong  enough  to  with- 
stand 8n  safely. 

As  the  belt  is  more  tightly  s1;retched,  and  hence  elongated, 
on  the  driving  than  on  the  following  side,  it  "creeps"  back- 
ward on  the  driving  and  forward  on  the  driven  pulley,  so  that 
the  former  moves  slightly  faster  than  the  latter.  The  loss  of 
work  due  to  this  cause  does  not  exceed  2  percent  with  ordinary 
belting  (Cotterill). 

In  the  foregoing  it  is  evident  that  the  sum  of  the  tensions  in 
the  two  sides  =  G„  i.e.,  is  the  same,  whether  the  power  is 
being  transmitted  or  not;  and  this  is  found  to  be  true,  both  in 
theory  and  by  experiment,  when  a  tension-weight  is  not  used, 
viz.,  when  an  initial  tension  8  is  produced  in  the  whole  belt 
before  transmitting  the  power,  then  after  turning  on  the  latter 
the  sum  of  the  two  tensions  (driving  and  following)  always 
=  25,  since  one  side  elongates  as  much  as  the  other  contracts ; 
it  being  understood  that  the  pulley-axles  preserve  a  constant 
distance  apart. 

172.  Rolling  Friction. — The  few  experiments  which  have 
been  made  to  determine  the  resistance  offered  by  a  level  road- 
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way  to  the  uniform  motion  of  a  roller  or  wheel  rolling  upon  it 
corroborate  approximately  the  following  theory.  The  word 
friction  is  hardly  appropriate  in  this  connection  (except  when 
the  roadway  is  perfectly  elastic,  as  will  be  seen),  but  is  sanctioned 
by  usage. 

First,  let  the  roadway  or  track  be  compressible,  but  i/nelastio, 
G  the  weight  of  the  roller  and  its  load,  and  P  the  horizontal 
force*  necessary  to  preserve  auniformmotion 
(both  of  translation  and  rotation).  The  track 
(or  roller  itself)  being  compressed  just  in 
front,  and  not  reacting  symmetrically  from 
behind,  its  resultant  pi-essure  against  the  ■ 
roller  is  not  at  0  vertically  under  the  centre,  ^°'  '^' 

but  sojne  small  distance,  OD  =  h,  in  front.  (The  successive 
crushing  of  small  projecting  particles  has  the  same  effect.) 
Since  for  this  case  of  motion  the  forces  have  the  same  relations 
as  if  balanced  (see  §  124),  we  may  put  2  moms,  about  D  =  0, 

.:Pt=  Oh;    or,    P  =  ^-G.  .    .    .    .    (1) 

According  to  Professor  Goodman  we  have  the  following 
values  of  b,  approximately : 

Inches. 
Iron  or  steel  wheels  on  iron  or  steel  rails. .  fc  =  0.007  to  0.015 

"     "     "         "        "  wood 0.06     "  0.10 

"     "     "         "        "macadam 0.05     "0.20 

"     "     "         "        "  soft  ground 3.0       "  5.0  ' 

Pneumatic  tires  on  good  road,  or  asphalt..         0.02     "  0.022 

"      "  heavy  mud    0.04     "  0.06 

Solid  rubber  tires  on  good  road,  or  asphalt         0.04 
"         "         "      "heavy  mud 0.09     "0.11 

According  to  the  foregoing  theory,  P,  the  "  rolling  friction" 
(seeeq.  (1)),  is  directly  proportional  to  G,  and  inversely  to  the 
radius,  if  i  is  constant.  The  experiments  of  General  Moiin  and 
others  confirm  this,  while  those  of  Dupuit,  Poiree.  and  Sauvage 
indicate  it  to  be  proportional  directly  to  G,  and  inversely  to  the 
square  root  of  the  radius. 

♦Applied  at  the  center  of  the  roller. 
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Although  J  is  a  distance  to  be  expressed  in  linear  units,  and 
not  an  abstract  number  like  the  f  and  f  for  sliding  and  axle- 
friction,  it  is  sometimes  called  a  "  coefficient  of  rolling  fric- 
tion." In  eq.  (1),  h  and  r  should  be  expressed  in  the  same 
unit. 

Of  course  if  P  is  applied  at  the  top  of  the  roller  its  lever- 
arm  about  D  is  2r  instead  of  r,  with  a  corresponding  change 
in  eq.  (1). 

"With  ordinary  railroad  cars  the  resistance  due  to  axle  and 
rolling  frictions  combined  is  about  8  lbs.  per  ton  of  weight  on 
a  level  track.  For  wagons  on  macadamized  roads  5  =  J  inch, 
but  on  soft  ground  from  2  to  3  inches. 

Secondly,  when  the  roadway  is  perfectly  elastic.  This  is 
chiefly  of  theoretic  interest,  since  at  first  sight  no  force  .would 
be  considered  necessary  to  maintain  a  uniform  rolling  motion. 
But,  as  the  material  of  the  roadway  is  compressed  under  the 
roller  its  surface  is  first  elongated  and  then  recovers  its  former 
state ;  hence  some  rubbing  and  consequent  sliding  friction  must 


occur.  Fig.  189  gives  an  exaggerated  view  of  the  circum- 
stances, P  being  the  horizontal  force  applied  at  the  centre 
necessary  to  maintain  a  uniform  motion.  The  roadway  (rub- 
ber for  instance)  is  heaped  up  both  in  front  and  behind  tlie 
roller,  0  being  the  point  of  greatest  pressure  and  elongation 
of  the  surface.  The  forces  acting  are  G,  P,  the  normal 
pressures,  and  the  frictions  due  to  them,  and  must  form  a 
balanced  system.  Hence,  since  O  and  P,  and  also  the  normal 
pressures,  pass  through  O,  the  resultant  of  the  frictions  must 
also  pass  through  C;  therefore  tlie  frictions,  or  tangential 
actions,  on  the  roller  must  be  some  forward  and  some  backward 
(and  not  all  in  one  direction,  as  seems  to  be  asserted  on  p.  260 
of  Cotterill's  Applied  Mechanics,  where  Professor  Reynolds' 


Fig.  190. 
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explanation  is  cited).  The  resultant  action  of  tlie  roadwaj 
upon  tlie  roller  acts,  then,  through  some  point  D,  a  distance 
OD  —  b  ahead  of  0,  and  in  the  direction  DC,  and  we  have  as 
before,  with  Z>  as  a  centre  of  moments, 

Fr=Gh,     or    P=-G. 
r 

If  rolling  friction  is  encountered  aiove  as 
well  as  below  the  rollers,  Fig.  190,  the 
student  may  easily  prove,  by  considering 
three  separate  free  bodies,  that  for  uniform 
motion 

^='i^''. 

where  b  and  5,  are  the  respective  "  coefficients  of  rolling  fric- 
tion ' '  for  the  upper  and  lower  contacts.  (See  Kent's  "  Pocket- 
Book  for  Mechanical.  Engineers"  for  "friction-rollers," 
"ball-bearings,"  and  "roller-bearings." 

Exannple  1. — If  it  is  found  that  a  train  of  cars  will  move 
uniformly  down  an  incline  of  1  in  200,  gravity  being  the  only 
working  force,  and  friction  (both  rolling  and  axle)  the  only 
resistance,  required  the  coefficient,  /"',  of  axle-friction,  the 
diameter  of  all  the  wheels  being  2r  =  30  inches,  that  of  the 
journals  2a  =  3  inches,  taking  b  =  0.02  incli  for  tlie  rolling 
friction.  Let  us  use  equation  (XYI.)  (§  142),  noting  that  while 
the  train  moves  a  distance  s  measured  on  the  incline,  its  weight 

G  does  the  work  G  ^^  s,  the  rolling  friction  -  G  (at*  the  axles) 

has  been  overcome  through  the  distance  5,  and  the  axle-friction 

(total)  through  the  (relative)  distance  —  s  in  the  journal  boxes  j 

whence,  the  change  in  kinetic  energy  being  zero, 

~0s-^  Gs--fG8=0. 
200  r  r"^ 

Gs  cancels  out,  the  ratios  b  :  r  and  a:r  a,Te=z  ^-^  and  r^, 

respectively  (being  ratios  or  abstract  numbers  they  have  the 
^ — i^^— ^^— .^— • 
*  That  is,  the  ideal  resistance,  at  centre  of  axles  and  ||  to  the  incline,  eqaiv' 
alent  to  actual  rolling  resistance. 
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same  numerical  values,  wlietlier  the  inch  or  foot  is  used),  and 
solving,  we  have 

f  =  0.05  -0.0133  =  0.036. 
Exomvple  2. — How  many  pounds  of  tractive  effort  per  ton 
of  load  would  the  train  in  Example  1  require  for  uniform  mo- 
tion on  a  level  track  ?  Ana.  10  lbs. 

173.  Railroad  Brakes.'*' — During  the  uniform  motion  of  a 
railroad  car  the  tangential  action  between  the  track  and  each 
wheel  is  small.  Thus,  in  Example  1,  just  cited,  if  ten  cars  of 
eight  wheels  each  make  up  the  train,  each  car  weighing  20  tone, 
the  backward  tangential  action  of  the  rails  upon  each  wheel  is 
onlj  25  lbs.  When  the  brakes  are  applied  to  stop  the  train 
this  action  is  much  increased,  and  is  the  only  agency  by  which 
the  rails  can  retard  the  train,  directly  or  indirectly :  directly, 
■when  the  pressure  of  the  brakes  is  so  great  as  to  prevent  the 
■wheels  from  turning,  thereby  causing  them  to  "skid"  (i.e., 
slide)  on  the  rails ;  indirecUy,  when  the  brake-pressure  is  of 
such  a  value  as  still  to  permit  perfect  rolling  of  the  wheel,  in 
■which  case  the  rubbing  (and  heating)  occurs  between  the  brake 
and  wheel,  and  the  tangential  action  of  the  rail  has  a  value 
equal  to  or  less  than  the  friction  of  rest.  In  the  first  case, 
then  (skidding),  the  retarding  influence  of  the  rails  is  theyWc- 
tion  of  motion  between  rail  and  wheel ;  in  the  second,  a  force 
which  may  be  made  as  great  as  \he  friction  of  rest  between  rail 
and  wheel.  Hence,  aside  from  the  fact  tliat  skidding  produces 
objectionable  flat  places  on  the  wheel-tread,  the  brakes  are 
more  effective  if  so  applied  that  skidding  is  impending,  but 
not  actually  produced ;  for  the  friction  of  rest  is  usually  greater 
than  that  of  actual  slipping  (§  160).  This  has  been  proved 
experimentally  in  England.  The  retarding  effect  of  axle  and 
rolling  friction  has  been  neglected  in  the  above  theor3^ 

Example  1. — A  twenty-ton  car  with  an  initial  velocity  of  80 
feet  per  second  (nearly  a  mile  a  minute)  is  to  be  stopped  on  a 
level  within  1000  feet ;  required  the  necessary  friction  on  each 
of  the  eight  wheels. 

Supposing  the  wheels  not  to  skid,  the  friction  will  occur 

*  See  statement  on  p.  168,  as  to  diminution  of  the  coefficient  /  with 
speed. 
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between  the  brakes  ano  wheels,  and  is  overcome  through  the 
(relative)  distance  1000  feet.  Ea.  (XYI.),  §  142,  gives  (foot- 
Ib.-second  system) 

0  -  8i^X  1000  =  0-1  ^(80)S 

from  which F  {^^  friction  at  circumference  of  each  wheel) 

=  496  lbs. 

Note. — ^This  result  of  496  lbs.  must  be  looked  upon  as  only  an  average 
value.  For  a  given  pressure,  N,  of  brake-shoe  on  wheel-rim  on  account 
of  the  variation  of  the  coefficient  /'  with  changing  speed  (see  p.  168) 
the  friction  will  be  small  at  first  and  gradually  increase.  This  same 
remark  applies  to  Examples  3  and  4,  also. 

Example  2. — Supnose  skidding  to  be  impending  in  the  fore- 
going, and  the  coefhcient  of  friction  of  rest  (i.e.,  impending 
slipping)  between  rail  ana  wHeel  to  be  y"  =  0.20.  In  what 
distance  will  the  car  oe  stopned  ?  Ans.  496  ft 

Example  3. — Supoose  me  car  in  Example  1  to  be  on  an  up. 
grade  of  60  feet  to  tne  mile.  Qn  applying  eq.  (XYI.)  here^ 
the  weight  20  tons  wui  enier  as  a  resistance.)   Ans.  439  lbs. 

Exam/pie  4. — In  lixamnle  3.  consider  all  four  resistances^ 
viz.,  gravity,  rolling  tncnon.  and  brake  and  axle  frictions,  the 
distance  being  1000  tt..  and  Jf  the  unknown  quantity. 

(Take  the  wheel  dimensions  of  p.  189.)  Ans.  414  lbs. 

174.  Friction  of  Car-journals  in  Brass  Bearings. — (Prof.  J. 
E.  Denton,  in  Vol.  xii  Transac.  Am.  Soc.  Mech.  Engs., 
p.  405;  also  Kent's  Pocket-Book.)  A  new  brass  dressed 
with  an  emery  wheel,  loaded  with  5000  lbs.,  may  have  an 
actual  bearing  surface  on  the  journal,  as  shown  by  the  polisli 
of  a  portion  of  the  surface,  of  only  one  sq.  inch.  With  this 
j  pressure  of  5000  Ibs./sq.in.  the  coefficient  of  friction  may  be 
0.060  and  the  brass  may  be  overheated,  scarred,  and  cut;  or, 
on  the  contrary,  it  may  wear  down  evenly  to  a  smooth  bearing, 
giving  a  highly  polished  area  of  contact  of  3  sq.  in. ,  or  more, 
inside  oi  two  hours  of  running,  gradually  decreasing  the 
pressure  per  sq.  in.  of  contact,  and  showing  a  coefficient  of 
friction  of  less  than  0.005.  A  reciprocating  motion  in  the 
direction  of  the  axis  is  of  importance  in  reducing  the  friction. 
"With  such  polished  surfaces  any  oil  will  lubricate  and  the 
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coeflBcient  of  friction  tlien  depends  on  the  viscosity  of  the  oil. 
"With  a  pressure  of  1000  lbs.  per  sq.  in. ,  revolutions  from  170 
to  320  per  min.,  and  temperature  of  75°  to  113°  Fahr.,  with 
both  sperm  and  parraflBne  oils,  a  coefficient  as  low  as  0.0011 
has  been  obtained,  the  oil  being  fed  continuously  by  a  pad. 

175.  Well  Lubricated  Journals.  Laws  of  Friction. — In  the 
Proc.  Inst.  Civ.  Engs.  for  1886  (see  also  Engine€nng  News 
for  Mar.  31,  April  7  and  14,  1888)  Prof,  Goodman  presents 
the  conclusions  arrived  at  by  him  as  to  the  laws  of  friction  of 
weU  lubricated  journals  as  based  on  the  experiments  made  by 
Thurston,  Beauchamp  Tower,  and  Stroudley.  They  are  as 
:f ollows : 

I      1.  The  coelEcient  of  friction  with  surfaces  efficiently  lubri- 
cated is  from  ^  to  ^  that  for  dry  or  scantily  lubricated  surfaces, 

2,  The  coefficient  of  friction  for  moderate  pressures  and 
speeds  varies  approximately  inversely  as  the  normal  pressure ; 
the  frictional  resistance  varies  as  the  area  in  contact,  the 
normal  pressure  remaining  constant. 

3,  At  very  low  journal  speeds  the  coefficient  of  friction  is 
abnormally  high,  but  as  the  speed  of  sliding  increases  from 
about  10  to  100  ft.  per  min.  the  friction  diminishes;  and 
again  rises  when  that  speed  is  exceeded,  varying  approximately 
as  the  square  root  of  the  speed. 

4,  The  coefficient  of  friction  varies  approximately  inversely 
as  the  temperature,  within  certain  limits,  viz.,  just  before 
abrasion  takes  place. 

In  one  of  Mr.  Tower's  experiments  it  was  found  that  when 
the  lubrication  was  made  by  a  pad  under  the  journal  (which 
received  pressure  on  its 'upper  surface)  the  coefficient  was 
some  seven  times  as  large  as  when  an  "oil  bath,"  or  copious 
supply  of  oil,  was  provided;  (0.0090  as  against  0.0014). 

176.  Rigidity  of  Ropes. — If  a  rope  or  wire  cable  passes  over 
a  pulley  or  sheave,  a  force  P  is  required  on  one  side  greater 
than  the  resistance  Q  on  the  other  for  uniform  motion,  aside 
from  axle-friction.  Since  in  a  given  time  both  jR  and  Q 
describe  tlie  same  space  s,  if  /*  is  >  Q,  then  I*s  is  >  Qs,  i.e., 
the  work  done  by  P  is  >  than  that  expended  upon  Q.  Tliis 
is  because  some  of  the  work  Ps  lias  been  expended  in  bending 
the  stiff  rope  or  cable,  and  in  overcoming  friction  between  tlie 
atrands,  both  where  the  rope  passes  upon  and  where  it  leaves 
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the  pnlley.  With  hemp  ropes,  Fig.  191,  the  material  being 
nearly  inelastic,  the  energy  spent  in  bending  it  on  at  D  is 
nearly  all  lost,  and  energy  must  also  be  spent  in  straightening 


Fig.  191. 


"a  at  E\  but  with  a  wire  rope  or  cable  some  of  this  energy  is 
restored  by  the  elasticity  of  the  material.  The  energy  spent 
in  friction  or  rubbing  of  strands,  however,  is  lost  in  both  cases. 
The  figure  shows  geometrically  why  P  must  be  >  ^  for  a 
uniform  motion,  for  the  lever-arm,  a,  of  P  is  evidently  <  h 
that  of  Q.     If  axle-friction  is  also  considered,  we  must  hare 

Pa  =  Ql^f{P+Qy, 

r  being  the  radius  of  the  journal. 

Experiments  with  cordage  have  been  made  by  Prony,  Cou- 
lomb, Eytelwein,  and  Weisbach,  with  considerable  variation  in 
the  results  and  formulae  proposed.  (See  Coxe's  translation  of 
vol.  i.,  Weisbach's  Mechanics.) 

With  pulleys  of  large  diameter  the  effect  of  rigidity  is  very 
slifflit.  For  instance,  Weisbach  gives  an  example  of  a  pulley 
five  feet  in  diameter,  with  which.  Q  being  =  1200  lbs.,  P 
=  1219.  A  wire  rope  f  in.  in  diameter  was  used.  Of  this 
difference,  19  lbs.,  only  5  lbs.  was  due  to  rigidity,  the  remainder, 
14  lbs.,  being  caused  by  axle-friction.  When  a  hemp-rope  1.6 
inches  in  diameter  was  substituted  for  the  wire  one,  P — ^=27 
lbs.,  of  which  12  lbs.  was  due  to  the  rigidity.  Hence  in  one 
case  the  loss  of  work  was  less  than  -J  of  1%.,  in  the  other  about 
1^,  caused  by  the  rigidity.  For  very  small  sheaves  and  thick 
ropes  the  loss  is  probably  much  greater. 
13 
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177.  Miscellaneous  Examples. — Example  1.  The  end  of  a 
shaft  12  inches  in  diameter  and  making  50  revolutions  per  min- 
ute exerts  against  its  bearing  an  axial  pressure  of  10  tons  and 
a  lateral  pressure  of  40  tons.  "With/=/'=  0.05,  required 
the  H.  P.  lost  in  friction.  Ans.  22.2  H.  F. 

Example  2. — A  leather  belt  passes  over  a  vertical  pulley, 
covering  half  its  circumference.  One  end  is  held  by  a  spring 
balance,  which  reads  10  lbs.  wliile  the  other  end  sustains  a 
■weight  of  20  lbs.,  the  pulley  making  100  revolutions  per  min- 
ute. Required  the  coefiScient  of  friction,  and  the  H.  P.  spent 
in  overcoming  the  friction.  Also  suppose  the  pulley  turned 
in  the  other  direction,  the  weight  remaining  the  same.  The 
diameter  of  the  pulley  is  18  inches.    ^       (/"  =  0.22  ; 

'**'|0.142and.284H.P. 

Example  3. — A  grindstone  with  a  radius  of  gyration  =  12 
inches  has  been  revolving  at  120  revolutions  per  minute,  and 
at  a  given  instant  is  left  to  the  influence  of  gravity  and  axle 
friction.  The  axles  are  1^  inches  in  diameter,  and  the  wheel 
makes  160  revolutions  in  coming  to  rest.  Required  the  coeffi- 
cient of  axle-friction.    (Average.)  .4ns.  /= 0.039. 

Examiple  4. — A  board  A,  weight  2  lbs.,  rests  horizontally  (Sn 
another  B\  coefficient  of  friction  of  rest  between  them  being 
f  =  0.30.  JS  is  now  moved  horizontally  with  a  uniformly 
accelerated  motion,  the  acceleration  being  =15  fset  per  "  square 
second ;"  will  A  keep  company  with  it,  or  not  ?    Ana.  "Ho." 
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STRENGTH  OF  MATERIALS. 

[Ob  Mechanics  of  Mateeials]. 


CHAPTEE  I. 

ELEMENTAEY   STRESSES  AND  STRAINS. 

178.  Deformation  of  Solid  Bodies. — In  the  preceding  por- 
tiona  of  this  work,  what  was  called  technically  a  "  rigid 
body,"  was  supposed  incapable  of  changing  its  form,  i.e., 
the  positions  of  its  particles  relatively  to  each  other,  under 
the  action  of  any  forces  to  be  brought  upon  it.  This  sup- 
position was  made  because  the  change  of  form  which  must 
actually  occur  does  not  appreciably  alter  the  distances, 
angles,  etc.,  measured  in  any  one  body,  among  most  of 
the  pieces  of  a  properly  designed  structure  or  machine. 
To  show  how  the  individual  pieces  of  such  constructions 
should  be  designed  to  avoid  undesirable  deformation  or 
injury  is  the  object  of  this  division  of  Mechanics  of  En- 
gineering, viz.,  the  Strength  of  Materials. 


Fio.  198.    i  17& 

AS  perhaps  the  simplest  instance  of  the  deformation  or 
distortion  of  a  solid,  let  us  consider  the  case  of  a  prismatic 
rod  in  a  state  of  tension,  Fig.  192  (eye-bar    of    a    bridge 

195 
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truss,  e.g.).  The  pull  at  each  end  is  P,  and  the  body  is 
said  to  be  under  a  tension  of  P  (lbs.,  tons,  or  other  unit), 
not  2P.  Let  ABCD  be  the  end  view  of  an  elementary 
parallelopiped,  originally  of  square  section  and  with  faces 
at  45°  with  the  axis  of  the  prism.  It  is  now  deformed,  the 
four  faces  perpendicular  to  the  paper  being  longer*  tiian 
before,  while  the  angles  BAD  and  BOD,  originally  right 
angles,  are  now  smaller  by  a  certain  amount  d,  ABC  and 
ADO  larger  by  an  equal  amount  8.  The  element  is  said 
to  be  in  a  state  of  strain,  viz.:  the  elongation  of  its  edges 
(parallel  to  paper)  is  called  a  tensile  strain,  while  the  alter- 
ation in  the  angles  between  its  faces  is  called  a  shearing 
strain,  or  angular  distortion  (sometimes  also  called  a  slid- 
ing, or  tangential,  strain,  since  BO  has  been  made  to  slide, 
relatively  to  AD,  and  thereby  caused  the  change  of  angle). 
[This  use  of  the  word  strain,  to  signify  change  of  form  and 
not  the  force  producing  it,  is  of  recent  adoption  among 
many,  though  not  all,  technical  writers.] 

179.  Strains.  Two  Kinds  Only. — Just  as  a  curved  line  may 
be  considered  to  be  made  up  of  small  straight-line  ele- 
ments, so  the  substance  of  any  solid  body  may  be  consid- 
ered to  be  made  up  of  small  contiguous  parallelopipeds, 
whose  angles  are  each  90°  before  the  body  is  subjected  to 
the  action  of  forces,  but  which  are  not  necessarily  cubes. 
A  line  of  such  elements  forming  an  elementary  prism  is 
sometimes  called  a,  fibre,  but  this  does  not  necessarily  imply 
a  fibrous  nature  in  the  material  in  question.  The  system 
of  imaginary  cutting  surfaces  by  which  the  body  is  thus 
subdivided  need  not  consist  entirely  of  planes  ;  in  the  sub- 
ject of  Torsion,  for  instance,  the  parallelopipedical  ele- 
ments considered  lie  in  concentric  cylindrical  shells,  cut 
both  by  transverse  and  radial  planes. 

Since  these  elements  are  taken  so  small  that  the  only 
possible  changes  of  form  in  any  one  of  them,  as  induced 
by  a  system   of  external  forces  acting  on  the  body,  are 

*  When  a  is  oearly  0°  (or  90°)  BG  and  AD  (or  AB  and  DC)  are  shorter 
than  before,  on  jiccount  of  Uiteral  contraction;  see  §  193. 
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elongations  or  contractions  of  its  edges,  and  alteration  of 
its  angles,  tliere  are  but  two  kinds  of  strain,  elongation 
(contraction,  if  negative)  and  shearing. 

180,  Distributed  Forces  or  Stresses. — In  the  matter  preced- 
ing this  chapter  it  has  sufficed  for  practical  purposes  to 
consider  a  force  as  applied  at  a  point  of  a  body,  but  in 
reality  it  must  be  distributed  over  a  definite  area ;  for 
otherwise  the  material  would  be  subjected  to  an  infinite 
force  per  unit  of  area.  (Forces  like  gravity,  magnetic  at- 
traction, etc.,  we  have  already  treated  as  distributed  over 
the  mass  of  a  body,  but  reference  is  now  had  particularly 
to  the  pressure  of  one  body  against  another,  or  the  action 
of  one  portion  of  the  body  on  the  remainder.)  For  in- 
stance, sufficient  surface  must  be  provided  between  the 
end  of  a  loaded  beam  and  the  pier  on  which  it  rests  to 
avoid  injury  to  either.  Again,  too  small  a  wire  must  not 
be  used  to  sustain  a  given  load,  or  the  tension  per  unit 
of  area  of  its  cross  section  becomes  sufficient  to  rupture 
it. 

Stress  is  distributed  force,  and  its  intensity  at  any  point 
of  the  area  is 

dP  .,. 

^=dF       '        '       '  (1) 

where  dF  is  a  small  area  containing  the  point  and  dP  the 
force  coming  upon  that  area.  If  equal  dP's  (all  parallel) 
act  on  equal  dF'soi  a  plane  surface,  the  stress  is  said  to 
be  of  uniform  intensity,  which  is  then 


i'=J       .        .        .        .        (2) 


where  P=-  total  force  and  F  the  total  area  over  which  it 
acts.  The  steam  pressure  on  a  piston  is  an  example  of 
stress  of  uniform  intensity. 
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For  example,  if  a  force  P=  28800  lbs,  is  uniformly  dis- 
tributed over  a  plane  area  of  F=72  sq.  inches,  or  }4  of  a 
sq.  foot,  the  intensity  of  the  stress  la 

28800     ,n„  „  .     ■, 

p= =400  lbs.  Der  sq.  men, 

(or  p  =  288004- >^ =57600  lbs.  per  so.  foot,  or  ^=14400^- 
^=28.8  tons  per  sq.  ft.,  etc.- 

181.  Stresses  on  an  Element :  of  Two  Kinds  Only. — When  a 
solid  body  of  any  material  is  in  eauiiibrium  under  a  sys- 
tem of  forces  which  do  not  rupture  it.  not  only  is  its  shape 
altered  (i.e.  its  elements  are  stra■^ned^.  and  stresses  pro- 
duced on  those  planes  on  which  the  forces  act,  but  other 
stresses  also  are  induced  on  some  or  all  internal  surfaces 
which  separate  element  from  element,  f  over  and  above  the 
forces  with  which  the  elements  may  have  acted  on  each 
other  before  the  application  of  the  external  stresses  or 
"  applied  forces  ").  So  long  as  the  whole  solid  is  the  "free 
body  "  under  consideration,  these  internal  stresses,  being 
the  forces  with  which  the  portion  on  one  side  of  an  imag- 
inary cutting  plane  acts  on  the  portion  on  the  other  side, 
do  not  appear  in  any  equation  of  eauiiibrium  (for  if  intro- 
duced they  would  cancel  out);  but  if  we  consider  free  a 
portion  only,  some  or  all  of  whose  bounding  surfaces  are 
cutting  planes  of  the  original  body,  the  stresses  existing 
on  these  planes  are  brought  into  the  eauations  of  equilib- 
rium. 

Similarly,  if  a  single  element  of  the  body  is  treated  by 
itself,  the  stresses  on  all  six  of  its  faces,  together  with  its 
weight,  form  a  balanced  system  of  forces,  the  body  being 
supposed  at  rest. 


IN 

Fia.  isrt 


ELEMENTAKY   STRESSES,    ETC. 


19f) 


As  an  example  of  internal  stress,  consider  again  tlie  case 
of  a  bar  in  tension  ;  Fig.  193  shows  the  whole  bar  (or  eye- 
bar)  free,  the  forces  P  being  the  pressures  of  the  pins  in 
the  eyes,  and  causing  external  stress  (compression  here) 
on  the  surfaces  of  contact.  Conceive  a  right  section  made 
through  BS,  far  enough  from  the  eye,  G,  that  we  may  con- 
sider the  internal  stress  to  be  uniform  *  in  this  section,  and 
consider  the  portion  BSG  as  a  free  body,  in  Fig.  194.  The 
stresses  on  RS,  now  one  of  the  bounding  surfaces  of  the 
free  body,  must  be  parallel  to  P,  i.e.,  normal  to  B8; 
(otherwise  they  would  have  components  perpendicular  to 
P,  which  is  precluded  by  the  necessity  oi  lY  being  =  0, 
the  supposition  of  uniformity.)     Let  .F  =  the  sec- 
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tional  area  BS,  and  p  =  the  stress  per  unit  of  area ;  then 


IX=Q  gives  P=Fp,  i.e.,  p=  - 

F 


(2) 


The  state  of  internal  stress,  then,  is  such  that  on  planes 
perpendicular  to  the  axis  of  the  bar  the  stress  is  tensile  and 
normal  (to  those  planes).  Since  if  a  section  were  made 
oblique  to  the  axis  of  the  bar,  the  stress  would  still  be 
parallel  to  the  axis  for  reasons  as  above,  it  is  evident  that 
on  an  oblique  section,  the  stress  has  components  both  nor- 
mal and  tangential  to  the  section,  the  normal  component 
being  a  tension. 

♦  As  will  be  sliown  laler  (§  295)  the  Hue  of  the  two  P's  iu  Fig.  193  must 
pass  through  the  centre  of  gravity  of  the  cross-si.ctiou  MiS  (pliiue  tigure)  of 
the  biu-,  for  Ihe  stress  to  be  uniform  over  the  section. 
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The  pr«3seiice  of  the  tanoential  or  shearing  stress  in  ob- 
lique Sections  is  rendered  evident  by  considering  that  if  an 
oblique  dove-tail  joint  were  cut  in  the  rod,  Fig.  195,  the 
shearing  stress  on  its  surfaces  may  be  sufficient  to  over- 
come friction  and  cause  sliding  along  the   oblique  plane. 

If  a  short  prismatic  block  is  under  the  compressive  ac- 
tion of  two  forces,  each  =  P  and  applied  centrally  in  one 
base,  we  may  show  that  the  state  of  internal  stress  is  the 
same  as  that  of  the  rod  under  tension,  except  that  the  nor- 
mal stresses  are  of  contrary  sign,  i.e.,  compressive  instead 
of  tensile,  and  that  the  shearing  stresses  (or  tendency  to 
slide)  on  oblique  planes  are  opposite  in  direction  to  those 
in  the  rod. 

Since  the  resultant  stress  on  a  given  internal  plane  of  a 
body  is  fully  represented  by  its  normal  and  tangential 
components,  we  are  therefore  justified  in  considering  but 
two  kinds  of  internal  stress,  normal  or  direct,  and  tangen- 
tial or  shearing. 

182.  Stress  on  Oblique  Section  of  Rod  in  Tension. — Consider 
free  a  small  cubic  element  whose 
edge  =a  in  length;  it  has  two 
faces  parallel  to  the  paper,  being 
taken  near  the  middle  of  the  rod 
in  Fig.  192.  Let  the  angle  which 
the  face  AB,  Fig.  196,  makes  with 
the  axis  of  the  rod  be  =  a.  This 
angle,  for  our  present  purpose,  is 
considered  to  remain  the  same 
while  the  two  forces  P  are  acting, 
as  before  their  action.  The  re- 
sultant stress  on  the  face  AB  hav- 
ing an  intensity  p=  P-^F,  (see  eq. 
2)  per  unit  of  transverse  section 
of  rod,  is  =  ^  (a  sin  a)  a.  Hence 
its  component  normal  to  AB  is 

pa^  sin2  a ;  and  the  tangential  or  shearing  component  along 

AB  =—j>a^  sin  a  cos  o.      Dividing  by  the  area,  a^,  we  hava 

the  following : 

For  a  rod  in  simple  tension  we  have,  on  a  plane  making 

an  angle,  a,  with  the  axis : 


Fig.  197. 
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a  Normal  Stress  =jp  sin^a  per  unit  of  area  .  .  (1) 
and  a  Shearing  Stress  =p  sin  a  cos  a  per  unit  of  area   .     (2) 

"  Unit  of  area  "  here  refers  to  the  oblique  plane  in  ques- 
tion, while  p  denotes  the  normal  stress  per  unit  of  area  of 
a  transverse  section,  i.e.,  when  a=90°.  Fig.  194. 

The  stresses  on  CD  are  the  same  in  value  as  on  AB, 
while  for  BO  and  AD  yre  substitute  90° — a  for  a.  Fig. 
197  shows  these  normal  and  shearing  stresses,  and  also, 
much  exaggerated,  the  strains  or  change  of  form  of  the 
element  (see  Fig.  192). 

182a.  Relation  between  Stress  and  Strain. — Experiment 
shows  that  so  long  as  the  stresses  are  of  such  moderate 
value  that  the  piece  recovers  its  original  form  completely 
when  the  external  forces  which  induce  the  stresses  are  re- 
moved, the  following  is  true  and  is  known  as  Hookers  Law 
(stress  proportional  to  strain).  As  the  forces  P  in  Fig. 
193  (rod  in  tension)  are  gradually  increased,  the  elonga- 
tion, or  additional  length,  of  BK  increases  in  the  same 
ratio  as  the  normal  stress,  p,  on  the  sections  B8  and  KN^ 
per  unit  of  area  [§  191]. 

As  for  the  distorting  effect  of  shearing  stresses,  consider 
in  Fig.  197  that  since 

p  sin  a  cos  a  =  p  cos  (90° — a)  sm  (90°^a) 

the  shearing  stress  per  unit  of  area  is  of  eqiujiX  value  on  aU 
four  of  the  faces  (perpendicular  to  paper)  in  the  elementary 
block,  and  is  evidently  accountable  for  the  shearing  strain, 
i.e.,  for  the  angular  distortion,  or  difference,  d,  between 
90°  and  the  present  value  of  each  of  the  four  angles.  Ao- 
oording  to  Hooke's  Law  then,  as  P  increases  within  tb* 
limit  mentioned  above,  8  varies  proportionally  to 

p  sin  a  cos  a,  i.e.  to  the  stress. 

182b.  Example. — Supposing  the  rod  in  question  were  of 
a  kind  of  wood  in  which  a  shearing  stress  of  200  lbs.  per 
sq.  inch  along  the  grain,  or  a  normal  stress  of  400  lbs.  per 
Bq.  inch,  perpendicular  to  a  fibre-plane  will  produce  rup- 
ture, required  the  value  of  a  the  angle  which  the  grain 
must  make  with  the  axis  that,  as  P  increases,  the  danger 
of  rupture  from  each  source  may  be  the  same.     This  re- 
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quires  that  200:400::p  sin  a  cos  a'.p  sin^a,  i.e.  tan.  a  must 
-=  2.000. •.«=  63^°.  If  the  cross  section  of  the  rod  is  2  sq. 
inches,  the  force  P  at  each  end  necessary  to  produce  rup- 
ture of  either  kind,  when  a=63}4°,  is  found  by  putting 
psin  acosi2=200.-.p=500.01bs. per  sq.inch.  Whence, since* 
p=P^F,  P=1000  lbs.  (Units,  inch  and  pound.) 

183.  Elasticity  is  the  name  given  to  the  property  which 
most  materials  have,  to  a  certain  extent,  of  regaining  their 
original  form  when  the  external  forces  are  removed.  If 
the  state  of  stress  exceeds  a  certain  stage,  called  the  Elastic 
Limit,  the  recovery  of  original  form  on  the  part  of  the  ele- 
ments is  only  partial,  the  permanent  deformation  being 
called  the  Set. 

Although  theoretically  the  elastic  limit  is  a  perfectly  defi- 
nite stage  of  stress,  experimentally  it  is  somewhat  indefi- 
nite, and  is  generally  considered  to  be  reached  when  the 
permanent  set  becomes  well  marked  as  the  stresses  are  in- 
creased and  the  test  piece  is  given  ample  time  for  recovery 
in  the  intervals  of  rest. 

The  Safe  Limit  of  stress,  taken  well  within  the  elastic 
limit,  determines  the  working  strength  or  safe  load  of  the 
piece  under  consideration.  E.g.,  the  tables  of  safe  loads 
of  the  structural  steel  beams  for  floors,  made  by  the  Cambria 
Steel  Co. ,  at  Johnstown,  Pa. ,  are  computed  on  the  basis  that 
the  greatest  normal  stress  (tension  or  compression)  occurring 
on  any  internal  plane  shall  not  exceed  16,000  lbs.  per  sq.  inch; 
and,  again,  by  the  building  laws  of  Philadelphia,  the  greatest 
shearing  stress  to  be  permitted  in  ' '  web  plates  "  of  "  mUd 
steel"  is  8750 lbs./in.2 

The  intimate  Limit  is  reached  when  rupture  occurs. 

184.  The  Modulus  of  Elasticity  (sometimes  called  co-efficient 
of  elasticity)  is  the  number  obtained  by  dividing  the  stress 
per  unit  of  area  by  the  corresponding  relative  strain. 

Thus,  a  rod  of  wrought  iron  )4  sq-  inch  sectional  area 
being  subjected  to  a  tension  of  2^  tons  =5,000  lbs.,  it  is 
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found  that  a  length  which  was  six  feet  before  tension  is 
■=  6.002  ft.  during  tension.  The  relative  longitudinal  strain 
or  elongation  is  then=(0.002)-^6=l :  3,000  and  the  corres- 
ponding stress  (being  the  normal  stress  on  a  transverse 
plane)  has  an  intensity  of 

J?t==P^i^=  5,000-^1^=10,000  lbs.,  per  sq.  inch. 

Hence  by  definition  the  modulus  of  elasticity  is  (for  ten- 
sion), if  we  denote  the  relative  elongation  by  e, 

2?t=jPt-T-£=  10,000-4-  3-15=30,000,000  lbs.  per  sq.  inch,  (the 

Bub-script  "  t "  refers  to  tension). 

It  will  be  noticed  that  since  e  is  an  abstract  number,  Ei 
is  of  the  same  quality  as  pi,  i.e.,  lbs.  per  sq.  inch,  or  one  di- 
mension of  force  divided  by  two  dimensions  of  length. 
(In  the  subject  of  strength  of  materials  the  inch  is  the 
most  convenient  English  linear  unit,  when  the  pound  is 
the  unit  of  force  ;  sometimes  the  foot  and  ton  are  used  to- 
gether.) 

The  foregoing  would  be  called  the  modulus  of  elasticity 
of  wrought  iron  in  tension  in  the  direction  of  the  fibre,  as 
given  by  the  experiment  quoted.  But  by  Hooke's  Law  js 
and  e  vary  together,  for  a  given  direction  in  a  given  ma- 
terial, hence  within  the  elastic  limit  E  is  constant  for  a  given 
direction  in  a  given  material.  Experiment  confirms  this 
appr  oxim  ately . 

Similarly,  the  modulus  of  elasticity  for  compression  E^ 
in  ft  given  direction  in  a  given  material  may  be  determined 
by  experiments  on  short  blocks,  or  on  rods  confined  lat- 
erally to  prevent  fiexure. 

As  to  the  modulus  of  elasticity  for  shearing,  E^,  we 
divide  the  shearing  stress  per  unit  of  area  in  the  given 
direction  by  d  (in  radians)  the  corresponding  angular  strain 
or  distortion;  e.g.,  for  an  angular  distortion  of  0.10°  or 
5=. 00174,  and  a  shearing  stress  of  15,660  lbs.  per  sq.  inch, 
we  have  £?='^  =  9,000,000  lbs.  per  sq.  inch. 
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184a.  Young's  Modulus  is  a  name  frequently  given  to  Et  and 
E^,  it  being  understood  that  in  the  experiments  to  determine 
these  moduli  the  elastic  limit  is  not  passed,  and  also  that  the 
ro(J  or  prism  tested  is  not  subjected  to  any  stress  on  the  sides. 
See  p.  507. 

185.  Isotropes. — This  name  is  given  to  materials  which 
are  homogenous  as  regards  their  elastic  properties.  In 
such  a  material  the  moduli  of  elasticity  are  individually 
the  same  for  all  directions.  E.g.,  a  rod  of  rubber  cut  out 
of  a  large  mass  will  exhibit  the  same  elastic  behavior  when 
subjected  to  tension,  whatever  its  original  position  in  the 
mass.  Fibrous  materials  like  wood  and  wrought  iron  are 
not  isotropic  ;  the  direction  of  grain  in  the  former  must 
always  be  considered.  The  "  piling  "  and  welding  of  nu- 
merous small  pieces  of  iron  prevent  the  resultant  forging 
from  being  isotropic. 

186.  Resilience  refers  to  the  potential  energy  stored  in  a 
body  held  under  external  forces  in  a  state  of  stress  which 
does  not  pads  the  elastic  limit.  On  its  release  from  con- 
Btraint,  by  virtue  of  its  elasticity  it  can  perform  a  certain 
amount  of  work  called  the  resilience,  depending  in  amount 
upon  the  circumstances  of  each  case  and  the  nature  of  the 
material.     See  §  148. 

187.  General  Properties  of  Materials. — In  view  of  some  defi- 
nitions already  made  we  may  say  that  a  material  is  ductile 
when  the  ultimate  limit  is  far  removed  from  the  elastic 
limit ;  that  it  is  brittle  like  glass  and  cast  iron,  when  those 
limits  are  near  together.  A  small  modulus  of  elasticity 
means  that  a  comparatively  small  force  is  necessary  to 
produce  a  given  change  of  form,  and  vice  versa,  but  implies 
little  or  nothing  concerning  the  stress  or  strain  at  the 
elastic  limit ;  thus  Weisbach  gives  E^,  lbs.  per  sq.  inch  for 
wrought  iron  =  28,000,000=  double  the  E^  for  cast  iron 
while  the  compressive  stresses  at  the  elastic  limit  are  the 
same  for  both  materials  (nearly). 
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188.  Element  with  Normal  Stress  on  Sides  as  well  as  on  End-Paces. 
Ellipse  oJ  Stress.— In  Fig.  193,  p.  198,  the  parallelepiped  RKNS  is  sul>- 
jected  to  stress  on  the  two  end-faces  only.  Let  us  now  consider  a  small 
square-cornered  element  of  material  subjected  to  a  normal  stress  Pi 
(tension)  on  the  two  vertical  end-faces,  while  on  the  horizontal  side  faces 
there  acts  a  normal  (also  tensile)  stress  of  p,  Ibs./in.';    (but  no  stress 

on  the  vertical  side eg, — _^ 

faces).  In  Fig.  197a  --'''  '  """"-     -'^ 

is  shown,  as  n.  free 
body  in  equilibrium, 
a  triangular  prism 
ABC,  which  is  the 
upper  right-hand 
half  of  such  an  ele- 
ment; obtained  by 
passing  the  cutting 
plane  AC  along  a 
diagonal  of  the  side 
plane  (plane  of 
paper)  on  which 
there  is  no  stress, 
and  T  to  it.  The 
angle  6  may  have 
any  value  and  it 
is  desired  to  deter- 
mine the  unit  stress  Via.  197a. 
5„  induced  on  the  oblique  plane  AC  by  the  normal  stresses  p,  and  p, 
acting  respectively  on  the  end  face  BC  and  on  the  side  face  AB.  The 
Unit  stress  q„  on  the  face  AC  is  not  T  to  that  face  but  makes  with  it 
some  angle  /u.  Let  AB  =  b  inches,  BC=n  in.,  and  AC  =  c  in.;  ea^h 
of  the  rectangular  areas  having  a  common  dimension,  =d  in.,  T  to 
the  paper.  Then  the  total  (oblique)  stress  on  face  AC  is  q^  lbs.,  that 
on  AB  is  pjftd,  and  that  on  BC  is  pitid  lbs.  Since  the  total  stress  on  AC 
is  the  anti-resultant  of  the  other  two,  and  these  are  T  to  each  other, 
we  have 

(ffocd) '  =  (pind) '  +  (pj)d)  ^•    i.e. ,  3o'  =  (Piy )  +  (^'t)  ' 

But,  since  n-Hc  =  sin  B,  and  6^c  =  cos  8,  this  may  be  written 

q,' =(p.  Bin  ey +(p,  cos  Oy (1) 

Eq.  (1)  gives  the  magnitude  of  go  for  ^.ny  value  of  angle  6;  but  both 
position  and  magnitude  are  best  shown  by  a  geometrical  construction. 
O  being  any  point  on  AC,  draw  a  circle  with  center  at  0  and  radius, 
OHi,  equal  by  scale  to  the  unit  stress  p^.  Similarly,  with  radius  OH^, 
equal  (on  same  sca'i)  to  the  unit  stress  pj,  draw  the  circle  H^E,.  Through 
0  draw  EfiN  normal  to  the  face  AC  on  which  the  stress  q^  is  to  be  deter- 
mined, and  note  the  intersections  £J,  and  E.^  (both  on  left  of  0)  with 
the  two  circles  respectively.  A  vertical  line  through  E^  and  a  hori- 
zontal through  i?j  intersect  at  some  point  m.  Om  is  the  magnitude 
and  position  of  the  stress  g„;  since  mDi  =  EJ)^  =  p^  sin  0,  and  00^  = 
PiCosd;   hence  from  eq.  (1)  Om  =  q^.. 
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The  point  m  is  a  point  in  an  ellipse  whose  semi-principal  axes  are  OHi 
and  OHI,  i.e.,  p,  and  p,.  This  ellipse  is  called  the  Ellipse  of  Stress; 
Om  being  a  semi-diameter,  determined  in  the  way  indicated.  (Similarly, 
if  the  elementary  right  parallelepiped  is  subjected  to  the  action  of  three 
normal  stresses,  p„  pj,  and  pj,  on  all  three  pairs  of  faces,  respectively, 
the  unit  stress  on  any  oblique  plane  is  a  semi-diameter  of  an  EUipsoid 
of  Stress). 

The  imit  shearing  stress  on  the  oblique  face  AC  is  g«=g'o  cos  /i;  and 
the  unit  normal  stress  is  g  =  g,  sin  /i. 

In  case  the  normal  stress  pj  on  the  face  AB  were  compressive,  p,  being 
tensile,  a  horizontal  would  be  drawn  through  E'2  on  the  circle  of  radius 
OH2,  instead  of  through  E,,  to  meet  the  vertical  through  E„  and  would 
thus  determine  Om',  instead  of  Om,  as  the  stress  on  AC.  If,  in  such 
a  case,  pj  were  numerically  equal  to  p,,  and  6  were  45°,  50  would  =  Pi  =  Pi, 
and  would  lie  in  the  surface  AC  (pure  shear;  compare  with  Exam.  5, 
p.  242).  With  Pi  =  P2,  and  both  tensile,  or  both  compressive,  5o  would 
be  equal  to  pj,  =P2,  for  aU  values  of  d. 

189.  Classification  of  Cases. — ^Although  in  almost  anj  cas« 
whatever  of  the  deformation  of  a  solid  body  by  a  balanced 
system  of  forces  acting  on  it,  normal  gud  shearing  stresses 
are  both  developed  in  every  element  ■vrhich  is  affected  at 
all  (according  to  the  plane  section  considered,)  still,  cases 
where  the  body  is  prismatic,  and  the  external  system  con- 
sists of  two  equal  and  opposite  forces,  one  at  each  end  of 
the  piece  and  directed  away  from  each  other,  are  commonly 
called  cades  of  Tension;  (Fig.  192);  if  the  piece  is  a  short 
prism  with  the  same  two  terminal  forces  directed  toward 
each  other,  the  case  is  said  to  be  one  of  Compression ;  a  case 
similar  to  the  last,  but  where  the  prism  is  quite  long 
("  long  column  "),  is  a  case  of  Flexure  or  bending,  as  are  also 
most  cases  where  the  "  applied  forces  "  (i.e.,  the  external 
forces),  are  not  directed  along  the  axis  of  the  piece.  Rivet- 
ed joints  and  "  pin-connections  "  present  cases  of  Shearing; 
a  twisted  shaft  one  of  Torsion.  When  the  gravity  forces 
due  to  the  weights  of  the  elements  are  also  considered,  a 
combination  of  two  or  more  of  the  foregoing  general  cases 
may  occur. 

In  each  case,  as  treated,  the  principal  objects  aimed  at 
are,  so  to  design  the  piece  or  its  loading  that  the  greatest 
stress,*  in  whatever  element  it  may  occur,  shall  not  exceed 
a  safe  value  ;  and  sometimes,  furthermore,  to  prevent  too 
great  deformation  on  the  part  of  the  piece.  The  first  ob- 
ject is  to  provide  sufficient  strength ;  the  second  sufficient 

stiffness. 

>    *  See  §  405b  for  mention  of  the  "elongation  theory  '  of  safety.     This 
w  based  on  considerations  of  strain,  or  deformation,  instead  of  stresc 
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191.  Hooke's  Law  by  Experiment. — ^As  atypical  experiment 
in  the  tension  of  a  long  rod  of  ductile  metal  such  as 
tVTOUght  iron  and  the  mild  steels,  the  following  table  is  quot- 
ed from  Prof.  Cotterill's  "  Applied  Mechanics."  The  experi- 
ment is  old,  made  by  Hodgkinson  for  an  English  Railway 
Commission,  but  well  adapted  to  the  purpose.  From  the 
great  length  of  the  rod,  which  was  of  wrought  iron  and 
0.517  in.  in  diameter,  the  portion  whose  elongation  was 
obserTsd  being  49  ft.  2  in.  long,  the  small  increase  in  length 
below  the  elastic  limit  was  readily  measured.  The  succes- 
sive loads  were  of  such  a  value  that  the  tensile  stress 
f^P-h-F,  or  normal  stress  per  sq.  in.  in  the  transverse 
section,  was  made  to  increase  by  equal  increments  of  2667. 5 
lbs.  per  sq.  in.,  its  initial  value.  After  each  application  of 
load  the  elongation  was  measured,  and  after  the  removal 
of  the  load,  the  permanent  set,  if  any. 

Table  of  Elongations  of  a  Wrought  Iron  Rod,  of  a 
Length  =  49  Ft.  2  In. 


V 

;l 

A\ 

£  =  AH-i 

;' 

Load  (lbs.  per 
square  inch.) 

Elongation, 
(inches.) 

Increment 

of 
Elongation. 

e,  the  relative 
elongation,  (ab- 
stract number.) 

Permanent 

Set. 

(inches.) 

1X2667.5 

.0485 

.0485 

0.000082 

2X     " 

.1095 

.061 

.000186 

3X     " 

.1675 

.058 

.000283 

0.0015 

4X     " 

.224 

.0565 

.000379 

.002 

5X     " 

.2805 

.0565 

.000475 

.0027 

6X     " 

.337  . 

.0565 

.000570 

.003 

7X     " 

.393 

.056 

.004 

8X     " 

.452 

.059 

.000766 

.0075 

9X      " 

.5155 

.0635 

.0195 

lOX     " 

.598 

.0825 

.049 

IIX     " 

.760 

.162 

.1545 

12X      " 

1.310 

.550 

.667 

etc. 
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Referring  now  to  Fig.  198,  the  notation  is  evident,  f 
is  the  total  load  in  any  experiment,  F  the  cross  section  of 
the  rod ;  hence  the  normal  stress  on  the  transverse  section 
is  p=P-T-F.  When  the  loads  are  increased  by  equal  in- 
crements, the  corresponding  increments  of  the  elongation 
X  should  also  be  equal  if  Hooke's  law  is  true.  It  will  be 
noticed  in  the  table  that  this  is  very  nearly  true  up  to  the 
8th  loading,  i.e.,  that  A).,  the  difference  between  two  con- 
secutive values  of  I,  is  nearly  constant.  In  other  words  the 
proposition  holds  good : 

if  P  and  Pi  are  any  two  loads  below  the  8tli,  and  X  and  ii 
the  corresponding  elongations. 

The  permanent  set  is  just  perceptible  at  the  3d  load,  and 
increases  rapidly  after  the  8th,  as  also  the  increment  of 
elongation.  Hence  at  the  8th  load,  which  produces  a  ten- 
sile stress  on  the  cross  section  of  J3=  8x2667.5=  21340.0 
lbs.  per  sq.  inch,  the  elastic  limit  is  reached. 

As  to  the  state  of  stress  of  the  individual  elements,  if 

we  conceive  such  sub -division 
of  the  rod  that  four  edges  of 
each  element  are  parallel  to  the 
axis  of  the  rod,  we  find  that  it 
is  in  equilibrium  between  two 
normal  stresses  on  its  end  faces 
JwA  ^^ig.  199)  of  a  value  ^pdF=- 
(P^F)dF  where  dF  is  the  hor- 
izontal section  of  the  element. 
If  dx  was  the  original  length, 
and  dX  the  elongation  produced  by  pdF,  we  shall  have, 
since  all  the  dx'a  of  the  length  are  equally  elongated  at  the 

dk     X 
same  time,  t-  =  t 

dx     I 

where  Z  =  total  (original)  length.  But  dX-i-dx  is  the  relative 
elongation  s,  and  by  definition  (§  184)  the  Modulus  of  Elas- 
ticity for  Tension,  Et)=p^s,  {Young's  Modulus,  §  184a). 
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''■^^=ixj  -  ^^=f,  •  •  •  •  (1) 

dx 

Eq.  (1)  enables  us  to  solve  problems  involving  the  elonga- 
tion of  a  prism  under  tension,  so  long  as  the  elastic  limit 
is  not  surpassed. 

The  values  of  E^  computed  from  experiments  like  those 
just  cited  should  be  the  same  for  any  load  under  the  elas- 
tic limit,  if  Hooke's  law  were  accurately  obeyed,  but  in 
reality  they  differ  somewhat,  especially  if  the  material 
lacks  Ii^imogeneity.  In  the  present  instance  (see  Table) 
we  have  from  the 

2d  liVj.>er.  ^  =/)-=-£=  28,680,000  lbs.  per  sq.  in. 
5th     "        E=  "    =28,009,000 
8th    "        E,=  "    =27,848,000 

192.  Stress-iStram  Diagrams. — If  the  relative  elongations 
or  "strains"  (r)  corresponding  to  a  series  of  values  of  the 
tensile  unit-stresyo3  (p)  (Ibs./in.^)  to  which  a  rod  of  metal 
has  been  subjected  in  a  testing  machine,  are  plotted  as 
abscissae,  and  the  urit-stresses  themselves  (p)  as  ordinates, 
we  have  in  the  cur\'e  joining  these  points  a  useful  graphia 
representation  of  the  results  of  experiment. 

Fig.  200  shows  some  of  these  curves,  giving  average  re- 
sults for  the  principal  "ferrous  "  metals.  On  the  left,  in 
(I),  the  scale  adopted  (horizontal)  for  the  "strain"  {s)  or 
"unit-elongation  "  is  one  hundred  times  as  great  as  that 
used  in  the  right-hand  diagram,  (II);  while  the  vertical 
scale  for  stress  (p)  in  (I)  is  only  twice  as  great  as  that  in 
(II).  The  change  of  form  within  the  elastic  limit  is  so 
small  compared  with  that  beyond,  that  this  difference  in 
scale  is  quite  necessary  in  order  that  diagram  (I)  may  show 
what  occurs  within  the  elastic  limit  and  a  little  beyond. 
Diagram  (II)  shows  the  remainder  of  the  curves  of  wrought 
iron  and  soft  steel,  up  to  the  point  of  rupture. 

We  have  here  the  means  of  comparing  the  properties  of  the 
lour  typical  metals  represented,  as  to  elasticity  and  tenacity. 
Up  to  the  respective  elastic  limits,  B,  B' ,  B" ,  and  B'" ,  stress 
is  fairly  proportional  to  strain,  and  »  straight  hne  is  the  result; 
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the  "true  elastic  limit  "  being  regarded  as  the  point  where 
such  proportionality  ceases.  In  the  case  of  wrought  iron  and 
soft  steel  there  is  a  point  Y,  called  the  "yield  point,"  a  little 
above  the  true  elastic  hmit,  and  sometimes  called  the  "apparent 
elastic  hmit,"  or  "commercial  elastic  limit,"  immediately  be- 
yond which  further  slight  increments  of  stress  produce  rela- 
tively great  increments  of  strain,  permanent  set  becoming 
very  marked;  i.e.,  the  part  YD  of  the  curve  is  almost  hori- 
zontal. Beyond  D  the  curve  rises  again,  more  steeply,  but 
just  before  rupture  [see  (II)]  may  descend  somewhat;   since, 


saooor T": 


4D,0K 


^Harder  Steel 


(DO       e=  jOOl 


j002  .003  =  8 

Fig.  200. 


on  account  of  the  lateral  contraction  mentioned  in  the  next 
paragraph,  here  plotted,  the  stress  being  computed  by  dividing 
the  total  pull  by  the  original  sectional  area,  is  less  toward 
rupture  than  at  stages  closely  preceding. 

If  at  any  point  beyond  the  elastic  limit,  as  at  C  (see  curve 
for  wrought  iron)  in  (I),  the  stress  be  gradually  removed,  the 
relations  of  stress  and  strain  during  this  gradual  diminution 
of  stress,  are  shown  by  the  straight  Hne  CC.  The  position  of 
the  point  C  indicates  that  there  is  in  the  rod  (now  under  no 
stress)  a  permanent  set,  or  relative  elongation,  of  £  =  0.0015, 
or  15  parts  in  10,000,  an  elastic  recovery  having  occurred  from 
0.0028  to  0.0015  (see  horizontal  scale). 

Since  by  definition  the  modulus  of  elasticity  E  =  p^e,  the  values 
of  the  respective  moduli  for  the  metals  in  diagram  (I)  are  proper- 
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tional  to  the  tangent  of  the  angle  which  the  corresponding 
straight  portions  OB,  OB',  etc.,  make  with  the  horizontal  axis. 
From  the  various  ordinates  and  abscissae  for  the  points  B,  B', 
etc.,  we  find  E  for  cast  iron  to  be  14,000,000  Ibs./in.^  and  for 
the  other  three  metals  28,000,000,  30,000,000,  and  40,000,000, 
respectively.  The  curve  for  the  "harder  steel "  is  not 
shown  in  (II),  being  beyond  the  limits  of  the  diagram,  as , 
to  stress;  and  the  complete  curve  for  cast  iron  is  contained 
within  the  limits  of  diagram  (I),  since  the  elongation  at 
rupture  is  very  small  in  the  case  of  this  metal,  only  about 
3/10  of  one  per  cent,  or  3  parts  in  1000;  whereas  that  for 
wrought  iron  or  soft  steel  is  300  parts  in  1000  (or  30  per 
cent).  In  the  case  of  cast  iron  the  elastic  limit  is  very  ill- 
defined  and  the  proportion  of  carbon  and  the  mode  of  manu- 
facture have  much  influence  on  its  behavior  under  test. 

"Soft  steel "  is  another  name  for  "structural  steel,"  used 
in  construction  on  a  large  sc'ale,  as  in  buildings  and  bridge 
trusses;  "medium  steel "  being  a  somewhat  harder  grade 
of  the  same.  Many  grades  of  steel  are  made  which  are 
much  stronger  and  harder  than  these,  such  as  tool  steel, 
nickel  steel,  and  piano  wire  (whose  rupturing  stress  may 
be  as  high  as  300,000  Ibs./in.^).  Wrought  iron  in  the  form 
of  wire  is  much  stronger  than  in  bars. 

Note. — Such  a  line  as  CC,  showing  the  relation  of  stress  and  strain 
as  the  stress  is  gradually  removed,  will  be  called  an  "elasticity  line" 
on  p.  241.  In  §  206  some  mention  will  be  made  of  the  phenomena  of 
"overstraining"  a  test-piece  of  iron  or  steel,  showing  that  on  re-applying 
stress  after  a  certain  period  of  rest  the  plotted  results  of  stress  and 
strain  relations  show  that  the  line  C'C  is  retraced  to  C  and  continues 
in  the  same  straight  line  prolonged,  to  a  new  elastic  limit  higher  than  C, 
before  curving  off  to  the  right. 

193.  Lateral  Contraction. — In  the  stretching  of  prismB  of 
nearly  all  kinds  of  material,  accompanying  the  elongation 
of  length  is  found  also  a  diminution  of  width  whose  rela- 
tive amount  in  the  case  of  the  three  metals  just  treated  is 
about  i^  or  i^  of  the  relative  elongation  (within  elastic; 
limit).  Thus,  in  the  third  experiment  in  the  table  of  §  191, 
this  relative  lateral  contraction  or  decrease  of  diameter 
=  ^  to  i^  of  e,  i.e.,  about  0.00008.  In  the  case  of  cast 
iron   and  hard   steels  contraction   is  not   noticeable  ex- 
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oept  by  very  delicate  measurements,  both  within  and  with« 
out  the  elastic  limit;  but  the  more  ductile  metals,  as 
wrought  iron  and  the  soft  steels,  when  stretched  beyond 
the  elastic  limit  show  this  feature  of  their  deformation 
in  a  Tery  marked  degree.  Fig.  201  shows  by  dotted  lines 
the  original  contour  of  a  wrought  iron  rod,  while  the  con- 
tinuous lines  indicate  that  at  rupture.  At  the  cross  section 
,  ,  of  rupture,  whose  position  is  determined  by  some 

!  I  local  weakness,  the  drawing  out  is  peculiarly 

I  I   pronounced. 

The  contraction  of  area  thus  produced  is  some- 
times as  great  as  50  or  60^  at  the  fracture. 

194.  "Flow  of  Solids." — "When  the  change  in  re- 
lative position  of  the  elements  of  a  solid  is  ex- 
treme, as  occurs  in  the  making  of  lead  pipe, 
drawing  of  wire,  the  stretching  of  a  rod  of  duc- 
tile metal  as  in  the  preceding  article,  we  have 
Fio.  SOI.     instances  of  what  is  called  the  Flow  of  Solids,  in- 
teresting experiments    on    which    have    been    made   by 
Tresca. 

195.  Moduli  of  Tenacity. — The  tensile  stress  per  square 
inch  (of  original  sectional  area)  required  to  rupture  a 
prism  of  a  given" material  will  be  denoted  by  T  and  called 
the  moduliis  of  ultimate  tenacity  ;  similarly,  the  moduliis  of 
safe  tenacity,  or  greatest  safe  tensile  stress  on  an  element, 
by  T' ;  while  the  tensile  stress  at  elastic  limit  may  be 
called  F".  The  ratio  of  T'  to  T"  is  not  fixed  in  practice 
but  depends  upon  circumstances  (from  ^  to  ^). 

Hence,  if  a  prism  of  any  material  sustains  a  total  pull 
or  load  P,  and  has  a  sectional  area=i^,  we  have 


(■■ 


P=  FT  for  the  ultimate  or  breaking  load. 

P'=FT'  "      "    safe  load.  ^     .    .     (2) 

P"=F2"'"      «     load  at  elastic  limit. 

Of  course  T'  should  always  be  less  than  T".  (The  hand- 
book of  the  Cambria  Steel  Co. ,  in  quoting  from  the  building 
laws  of  various  cities  of  the  U.  S.,  gives  allowable  unit- 
stresses  for  ordinary  materials,  both  in  tension  and  com- 
pression.) 
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196.  Resilience  of  a  Stretched  Prism. — ^Fig.  202.  In  the 
gradual  stretching  of  a  prism,  fixed  at  one  extremity,  the 
value  of  the  tensile  force  P  at  the  other  necessarily  de- 
pends on  the  elongation  k  at  each  stage  of  the  lengthening, 
according  to  the  relation  [eq.  (1)  of  §  191.J 


"-n  ■ '"> 


within  the  elastic  limit.     (If  we  place  a  weight  O  on  the 
flanges  of  the  unstretched  prism  and  then  leave 
it  to  the  action  of  gravity  and  the  elastic  action 
of  the  prism,  the  weight  begins  to  sink,  meeting 
an  increasing  pressure  P,  proportional  to  X,  from 
the  flanges).     Suppose  the  stretching  to  continue 
until  P  reaches  some  value  P"  (at  elastic  limii 
h  say),  and  I  a  value  X'.     Then  the*  work  done  sa 
"H^      far  is  (see  p.  155) 
J^ \n»  Cr=  mean  force  X  space  ==  >^  P"  A"     .     .     (4) 

But  from  (2)  P"=FT",  and  (see  §§  184  and  191) 

i!'=t"l 
.'.  (4)  becomes  U=^%  T"  e".  Fl=}4  T"  e"  V     .     .      (6) 

•where  F'is  the  volume  of  the  prism.  The  quantity  j4T"e", 
or  work  done  in  stretching  to  the  elastic  limit  a  cubic 
inch  (or  other  unit  of  volume)  of  the  given  material,  may 
be  called  the  Modvlus  of  Resilience  for  tension.  From  (5) 
it  appears  that  the  amounts  of  work  done  in  stretching  to 
the  elastic  limit  prisms  of  the  same  material  but  of  differ- 
ent dimensions  are  proportional  to  their  volumes  simply. 
The  quantity  }4  T"e''  is  graphically  represented  by  the 
area  of  one  of  the  triangles  such  as  OA'B',  OA"B"  in  Fig. 
200 ;  for  (in  the  curve  for  wrought  iron  for  instance)  th& 
modulus  of  tenacity  at  elastic  limit  is  represented  by  4'5', 
and  e"  (i.e.,  e  for  elastic  limit)  by  OA'.     The  remainder  oi 
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the  area  OB'F'  included  between  the  curve  and  the  hori- 
zontal axis,  i.e.,  from  B'  to  F',  represents  the  work  done  in 
stretching  a  cubic  unit  from  the  elastic  limit  to  the  point 
of  rupture,  for  each  vertical  strip  having  an  altitude  =p 
and  a  width  =  de,  has  an  area  =pde,  i.e.,  the  work  done  by 
the  stress  _p  on  one  face  of  a  cubic  unit  through  the  dis- 
tance de,  or  increment  of  elongation. 

If  a  weight  or  load  =  (?  be  "  suddenly  "applied  to  stretch 
the  prism,  i.e.,  placed  on  the  flanges,  barely  touching 
:them,  and  then  allowed  to  fall,  when  it  comes  to  rest  again 
it  has  fallen  through  a  height  Ai,  and  experiences  at  this 
instant  some  pressure  Pi  from  the  flanges;  Pi=?.  Apply- 
ing to  this  body  the  "Work  and  Energy"  method  (p.  138), 
noting  that  its  initial  and  final  kinetic  energy  are  each  zero 
and  that  the  force  G  is  constant,  while  the  upward  force  P 
(from  the  flanges)  is  variable,  with  an  average  value  of  |Pi, 
we  have 

GXi  =  JPi^i  +  0  -  0 ;  whence  Pi  =  2G. 
Since  Pi  =  2G,  i.e.,  is  >(?,  the  body  does  not  remain  in 
this  position  but  is  pulled  upward  by  the  elasticity  of  the 
prism.  In  fact,  the  motion  is  harmonic  (see  §§  59  and 
138).  Theoretically,  the  elastic  limit  not  being  passed,  the 
oscillations  should  continue  indefinitely. 

Hence  a  load  G  "  suddenly  applied  "  occasions  double  the 
tension  it  would  if  compelled  to  sink  gradually  by  a  sup- 
port underneath,  which  is  not  removed  until  the  tension  is 
Just  —  G,  oscillation  being  thus  prevented. 

If  the  weight  G  sinks  through  a  height  =h  before  strik- 
ing the  flanges.  Pig.  202,  we  shall  have  similarly,  within 
elastic  limit,  if  Xi=  greatest  elongation,  (the  mass  of  rod 
being  small  compared  with  that  of  G). 

G{h+X{)=%P,X,        .        .        .        .    (6) 

If  the  elastic  limit  is  to  be  just  reached  we  have  from  eqs. 
(6)  and  (6),  neglecting  ^  compared  with  h, 

Gh=y2T"e"V         .         .         .        (7> 
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ein  equation  of  condition  that  the  prism  shall  not  be  in- 
jured. 

Example. — If  a  steel  prism  have  a  sectional  area  of  J^ 
eq.  inch  and  a  length  1=10  ft.  =120  inches,  what  is  the 
greatest  allowable  height  of  fall  of  a  weight  of  200  lbs., 
that  the  final  tensile  stress  induced  may  not  exceed  T"  = 
30,000  lbs.  per  sq.  inch,  if  e"  =.002  ?  From  (7),  using  the 
inch  and  pound,  we  have 

,     T"s"V    30,000 X. 002 xj/x  120     ...     , 

A==i— --— =  — '- — ^^/'^ =4.5  inches. 

1G  2x200 

197.  Stretching  of  a  Prism  by  Its  Own  Weight. — In  the  case 
of  a  very  long  prism  such  as  a  mining- 
,  pump  rod,  its  weight  must  be  taken  into 
account  as  well  as  that  of  the  terminal 
load  P ,  see  Fig.  203.  At  (a.)  the  prism 
is  shown  in  its  unstrained  condition ;  at 
(6)  strained  by  the  load  P^  and  its  own 
weight.  Let  the  cross  section  be  =F,  the 
heaviness  of  the  prism  =7-.  Then  the  rela- 
tive extension  of  any  element  at  a  distance 


Fia.  303. 


<e  from  o  is  * 


_dX     (P,+rFx) 


e= 


dx' 


FE, 


(1) 


(See  eq.  (1)  §  191) ;  since  Pi-\-Fyx  is  the  load  hanging  upon 
the  cross  section  at  that  locality.  Equal  dx's,,  therefore, 
are  unequally  elongated,  x  varying  from  0  to  I.  The  totai 
elongation  is 


A=  r^dX=^  r^  IP.dx+rFxdx] 

e/o  FE ivo 


P^l  j,}40i 
F'E,     FE, 


Le.,  A=  the  amount  due  to  Pi,  plus  an  extension  which 
half  the  weight  of  the  prism  would  produce,  hung  at  the 
lower  extremity. 


PI 

*  In  A.  =  ^=-  put  dX  for  A,  dx  for  I,  and  (Pi 


yFx)  for  P. 
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The  foregoing  relates  to  the  deformation  of  the  piece, 
and  is  therefore  a  problem  of  stiffness.  As  to  the  strength 
of  the  prism,  the  relative  elongation  s=dl-h-dx  [see  eq.  (1)], 
■which  is  variable,  must  nowhere  exceed  a  safe  value  s'= 
T'^E,  (from  eq.  (1)  §  191,  putting  P=FT',  and  X=}!). 
Now  the  greatest  value  of  the  ratio  dX :  dx,  by  inspecting 
eq.  (1),  is  seen  to  be  at  the  upper  end  where  x=l.  The 
proper  cross  section  F,  for  a  given  load  jP,,  is  thus  found. 

Putting  :^J'^^:=^,    we  have  i^  =-^?l-_  .        (2) 

^      FE,        E,  T—rl  ^  ' 

198.  Solid  of  Uniform  Strength  in  Tension,  or  homging  body 
of  minimum  material  supporting  its  ovm 
weight  and  a  terminal  load  Pj.  Let  it  be  a 
solid  of  revolution.  If  every  cross-section 
^  at  a  distance  =a;  from  the  lower  extrem- 
ity, bears  its  safe  load  FT',  every  element 
of  the  body  is  doing  full  duty,  and  its  form 
is  the  most  economical  of  material. 

The   lowest  section  must  have  an  area 

Fie.  804.         Fo-Pi-^T',  since  P,  is  its  safe  load.     Fig. 

204.     Consider  any  horizontal  lamina  ;  its  weight  is  yFdx, 

(j=  heaviness  of  the  material,  supposed  homogenous),  and 

its  lower  base  i^'must  have  Pi-\-G  for  its  safe  load,  i.e. 

G+P,=FT'        ...         a) 

in  which  O  denotes  the  weight  of  the  portion  of  the  solid 
below  F.     Similarly  for  the  upper  base  F-\-dF,  we  have 

G+P^-\-rFdx={^F-i[-dF)T'        .        .        (2) 

By  suhtraction  we  obtain 

rFdx=T'dF;    ie.  I,,dx=    ^ 
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in  which  the  two  variables  x  and  F  are  separated.  By  in- 
tegration we  now  have 

J  F„ 

yx         "P  vx 

le.,  F=Foef  =^  eF        (4) 

from  which  F  may  be  computed  for  any  value  of  x. 

The  weight  of  the  portion  below  any  F  is  found  from  (1) 
and  (4) ;  ie. 

while  the  total  extension  k  will  be 

^=^"^1 (6) 

the  relative  elongation  dk-i-dx  being  the  same  for  every  dx 
and  bearing  the  same  ratio  to  e"  (at  elastic  limit),  as  T' 
does  to  T". 

199.  Tensile  Stresses  Induced  by  Temperature, — If  the  two 
ends  of  a  prism  are  immovably  fixed,  when  under  no  strain 
and  at  a  temperature  t,  and  the  temperature  is  then  low- 
ered to  a  value  t',  the  body  suffers  a  tension  proportional 
to  the  fall  in  temperature  (within  elastic  limit).  If  for  a 
rise  or  fall  of  1°  Fahr.  (or  Cent.)  a  unit  of  length  of  the 
material  would  change  in  length  by  an  amount  rj  (called 
the  co-efficient  of  expansion)  a  length  =1  would  be  con- 
tracted an  amount  ?.=r^l(t-t')  during  the  given  fall  of  tem- 
perature if  one  end  were  free.  Hence,  if  this  contraction 
is  prevented  by  fixing  both  ends,  the  rod  must  be  under  a 
tension  P,  equal  in  value  to  the  force  which  would  be 
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necessary  to  produce  the  elongation  X,  just  stated,  under 
ordinary  circumstances  at  the  lower  temperature. 

From  eq.  (1)  §191,  therefore,  we  have  for  this  loudiou 
dne  to  fall  of  temperature 

For  1°  Cent,  we  may  write 

For  Cast  iron  :y  =  .0000111 ; 
«  Wrought  iron  =  .0000120 ; 
"     Steel  =  .0000108  to  .0000114; 

«     Copper  ly  =  .0000172 ; 

«    Zinc  7j  =  .0000300. 
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200.  Short  and  Long  Columns. — In  a  prism  in  tension,  its 
own  weight  being  neglected,  all  the  elements  between  th«. 
localities  of  application  of  the  pair  of  external  forces  pro- 
ducing; the  stretching  are  iu  the  saine  state  of  stress,  if  the 
external  forces  act  axially  (excepting  the  few  elements  in  the 
immediate  neighborhood  of  the  forces ;  these  suffering 
local  stresses  dependent  on  the  manner  of  application  of 
the  external  forces),  and  the  prism  may  be  of  any  length 
without  vitiating  this  statement.  But  if  the  two  external 
forces  are  directed  toward  each  other  the  intervening  ele- 
ments will  not  all  be  in  the  same  state  of  compressive 
stress  unless  the  prism  is  comparatively  short  (or  unless 
numerous  points  of  lateral  support  are  provided).  A  long 
prism  will  buckle  out  sideways,  thus  eve»  inducing  tensile 
stress,  in  some  cases,  in  the  elements  on  the  convex  side, 

Hence  the  distinction  between  short  Uochs  and  iowg 
columns.  Under  compression  the  former  yield  by  crush- 
ing or  splitting,  while  the  latter  give  way  by  flexure  (i.e. 
bending).     Long  columns,  then  will  be  treated  separately 
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m  a  subsequent  chapter.  In  tlie  present  section  the  blocks 
treated  being  about  three  or  four  times  as  long  as  wide, 
all  the  elements  will  be  considered  as  being  under  equal 
compressive  stresses  at  the  same  time. 

201.  Notation  for  Compression. — By  using  a  subscript  c, 
we  may  write 

E^=  Modulus  of  Elasticity;*  i.e.  the  quotient  of  the 
compressive  stress  per  unit  of  area  divided  by  the  relative 
shortening.  {Young^s  Modulus;  no  stress  on  sides) ; 

C—  Modulus  of  crushing ;  i.e.  the  force  per  unit  of  sec- 
tional area  necessary  to  rupture  the  block  by  crushing ; 

C"=  Modulus  of  safe  compression,  a  safe  compressive 
stress  per  unit  of  area ;  and 

C"—  Modulus  of  compression  at  elastic  limit. 

For  the  absolute  and  relative  shortening  in  length  we 
may  still  use  A  and  e,  respectively,  and  within  the  elastic 
limit  may  write  equations  similar  to  those  for  tension,  F 
being  the  sectional  area  of  the  block  and  P  one  of  the  ter- 
minal forces,  while  p  =  compressive  stress  per  unit  of  area 
of  F,  viz.: 

^'~'7~dr^^~i:^~FX    •   •   •   •  W 

within  the  elastic  limit. 
Also  for  a  short  block 

Crushing  force  —FC  \ 

Compressive  force  at  elastic  limit  =-FG"     \   .     (2/ 
Safe  compressive  force  =FC'  ) 

202.  Remarks  on  Crushing. — As  in  §  182  for  a  tensile 
stress,  so  for  a  compressive  stress  we  may   prove  th^at  a 

*[NoTE. — It  must  be  remembered  that  the  modulus  of  elasticity, 
whether  for  normal  or  shearing  stresses,  is  a  number  indicative  of  stiff 
ness,  not  of  strength,  and  has  no  relation  to  the  elastic  limit  (except 
that  experiments  to  determine  it  must  not  pass  that  limit).] 


220  MECHANICS   OF  ENGINEERING. 

shearing  stress =p,  sin  a  cos  a  is  produced  on  planes  at  an 
angle  a  with  the  axis  of  the  short  block,  p  being  the  com- 
pressive stress  per  unit  of  area  of  transverse  section.  Experi- 
ment shows,  however,  that,  although  the  above  value  for  the 
shearing  stress  is  a  maximum  for  a  =  45°,  in  the  crushing  of 
short  blocks  of  rather  brittle  materials  like  cast  iron  and  stone, 
the  surface  along  which  separation  takes  place  makes  an  angle 
smaller  than  45°  with  the  axis  (35°  for  cast  iron,  according  to 
Hodgkinson's  experiments) ;  but  the  block  must  be  two  or 
three  times  as  long  as  wide  to  enable  this  phenomenon  to  take 
place.  This  seems  to  show  that  the  presence  of  the  com- 
pressive stress  on  the  45°  plane  is  sufficient  to  strengthen  the 
material  against  rupture  by  Bhearing  on  that  plane,  causing 
the  separation  to  occur  along  a  plane  on  which  the  compressive 
Btress  is  considerably  less.  Crushing  by  splitting  into  pieces 
parallel  to  the  axis  sometimes  occurs. 

Blocks  of  ductile  material,  however,  yield  by  swelling 
out,  or  bulging,  laterally,  resembling  plastic  bodies  some- 
what in  this  respect. 

The  elastic  limit  is  more  difficult  to  locate  than  in  ten- 
sion, but  seems  to  have  a  position  corresponding  to  that 
in  tension,  in  the  case  of  wrought  iron  and  steel.  With 
cast  iron,  however,  the  relative  compression  at  elastic 
limit  is  about  double  the  relative  extension  (at  elastic 
limit  in  tension),  but  the  force  producing  it  is  also  double. 
For  all  three  metals  it  is  found  that  E^—Et  quite  nearly, 
so  that  the  single  symbol  E  may  be  used  for  both. 
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203.  Tables  for    Tension  and  Compression. — The  round 

numbers  in  the  following  tables  are  to  be  taken  as  rude  aver- 
ages only ;  the  scope  and  design  of  the  present  work  admitting 
of  nothing  more.  For  abundant  details  of  the  more  import- 
ant experiments  and  researches  of  recent  years,  the  reader 
is  referred  to  Professor  J.  B.  Johnson's  "Materials  of  Con- 
struction" and  the  works  of  Professors  Thurston,  Burr,  and 
Lanza;  also  to  "Testing  of  Materials"  by  Unwin,  and 
Martens'  work  of  similar  title.  Another  colunm  might 
have  been  added  giving  the  Modulus  of  Resilience,  viz. : 
ie"T",    (=jr"2  -^£^;   see   §  196).     £  is  an  abstract  num- 
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ber,  and  =X-i-l,  while  U^,  T",  and  T  are  given  in  pounds 
per  square  inch: 

TABLE    OF  THE   MODULI,    ETC.,    OP  MATERIALS    IN   TENSION. 


s" 

e 

K 

'T'll 

T 

Material. 

(Elastic  limit.) 

At  Rupture. 

Mod.  of  Elast. 

Elastic  limit. 

Bupture. 

abst.  number. 

abst.  number. 

lbs.  per  sq.  in. 

lbs.  per  sq.  in. 

lbs.  per  sq.  In. 

Soft  Steel, 

.00120 

.3000 

30,000,000 

35,000 

60,000 

Hard  Steel, 

.00200 

.0500 

40,000,000 

60,000 

120,000 

Cast  Iron, 
Wro't  Iron, 

.00066 
.00080 

.0020 
.3000 

14,000,000 
28,000,000 

9,000 
22,000 

18,000 
45  000 

to 
60,000 
16,000 

to 
50,000 

Brass, 

.00100 

10,000,000 

f    7,000 
\      to 
I  19,000 

Glass, 

9,000,000 

3,500 

Wood,    with 
the  fibres, 

1       .00200 

i        to 

1       .01100 

.0070 

to 
.0150 

200,000 
to 
2,000,000 

3,000 

to 
19,000 

6,000 

to 

28,000 

5emp  rope, 

7,000 

[N.B.— Expressed  in  kUogranw  per  square  centim.,  E^^  T  and  T"    would  be  na 
merically  about  Vi4  as  large  as  above,  while  e  and  «"  would  be  unchanged.] 
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e" 

e 

E. 

G" 

G 

Material. 

Elastic  limit. 

At  Inpture. 

Mod.  of  Blast. 

Elastic  limit. 

Rupture. 

abst.  number 

abst.  number. 

lbs.  per  sq.  in. 

lbs.  per  sq.  in. 

lbs.  per  sq.  in. 

Soft  Steel, 

O.OOIOO 

30,000,000 

30,000 

Hard  Steel, 

0.00130 

0.3000 

40,000,000 

50,000 

200,000 

Cast  Iron, 

0.00150 

14,000.000 

20,000 

90,000 

Wro't  Iron, 

0.00080 

0.8000 

28,000,000 

24,000 

40,000 

Glass, 

20,000 

Granite, 

Sandstone, 

Brick, 

See 
§iai3a 

10,000 
5,000 
3,000 

Wood,  with 
the  fibres. 

I  0.0160 
i     to 
1  0.0400 

350,000 

to 

2,000,000 

2,000 

to 
10.000 

Portland    j. 
Cement,  1 

(S  813a) 

4,000 
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204.  Examples.  No.  1. — A  bar  of  tool  steel,  of  sectional 
area  =0.097  sq.  inches,  is  ruptured  by  a  tensile  force  of 
14,000  lbs.  A  portion  of  its  length,  originally  ^  a  foot, 
is  now  found  to  have  a  length  of  0.532  ft,  Eequired  T, 
and  e  at  rupture.  Using  the  inch  and  pound  as  units  (as 
in  the  foregoing  tables)  we  have  ^=5^=144326  lbs.  per 
sq.  in.;  (eq.  (2)  §  195) ;  while 

£=(0.532— 0.5)  Xl2^(0.50xl2)=0.064. 

Example  2. — Tensile  test  of  a  bar  of  "  Hay  Steel "  for 
the  Glasgow  Bridge,  Missouri.  The  portion  measured  was 
originally  3.21  ft.  long  and  2.09  in.  X  1.10  in.  in  section. 
At  the  elastic  limit  P  was  124,200  lbs.,  and  the  elongation 
was  0.064  ins.     Eequired  E^,  T'\  and  e"  (for  elastic  limit). 

t"=i.  =„Sf^t^ =-00166  at  elastic  limit. 
I      3.21x12 

2"'=124,200-^(2.09xl.l0)=54,000  lbs.  per  sq.  in. 
\ 

^'=f=#r2#x^6=^^'^^^'«««  ^^^-  p^^  «^-  - 

Nearly  the  same  result  for  E^  would  probably  have  been 
obtained  for  values  of  p  and  s  below  the  elastic  limit. 

The  Modulus  of  Besilience  of  the  above  steel  (see  §  196) 
would  be  }4  e"  2^"=  44.82  inch-pounds  of  work  per  cubic 
inch  of  metal,  so  that  the  whole  work  expended  in  stretch- 
ing to  the  elastic  limit  the  portion  above  cited  is 

Ct=  1/  e"  T"  r=3968.  inch -lbs. 

An  equal  amount  of  work  will  be  done  by  the  rod  in  re- 
covering its  original  length. 

Example  3. — ^A  hard  steel  rod  of  J^  sq.  in.  section  and 
20  ft.  long  is  under  no  stress  at  a  temperature  of  130° 


EXAMPLES   LN  TENSION   AND   COMPRESSION.        223 

Cent.,  and  is  provided  with  flanges  so  that  the  slightest 
contraction  of  length  will  tend  to  bring  two  walls  nearer 
together.  If  the  resistance  to  this  motion  is  10  tons  hoyt 
low  must  the  temperature  fall  to  cause  any  motion  ?  rj  be- 
ing =.0000110  (Cent,  scale).  From  §  199  we  have,  ex- 
pressing P  in  lbs.  and  F  in  sq.  inches,  since  Et=  40,000,000 
U>s.  per  sq.  incfi, 

10  X  2,000 = 40,000,000  X  ^  X  (ISO-*')  X  0.000011 ;  whence 
<'=39.0°  Centigrade. 

Example  4. — If  the  ends  of  an  iron  beam  bearing  5  tons 
at  its  middle  rest  upon  stone  piers,  required  the  necessary 
bearing  surface  at  each  pier,  putting  C"  for  stone  ^200 
lbs.  per  sq.  inch.  25  sq.  in.,  Ans. 

Example  5. — How  long  must  a  wrought  iron  wire*  be, 
supported  vertically  at  its  upper  end,  to  break  with  its 
own  weight  ?  216,000  inches,  Ans. 

Example  6. — One  voussoir  (or  block)  of  an  arch-ring 
presses  its  neighbor  with  a  force  of  50  tons,  the  joint  hav- 
ing a  surface  of  5  sq.  feet ;  required  the  compression  per 
sq.  inch.  138.8  lbs.  per  sq.  in.,  Ans. 

205.  Factor  of  Safety. — When,  as  in  the  case  of  stone,  the 
value  of  the  stress  at  the  elastic  limit  is  of  very  uncertain 
determination  by  experiment,  it  is  customary  to  refer  the 
value  of  the  safe  stress  to  that  of  the  ultimate  by  making 
it  the  «'th  portion  of  the  latter,  n  is  called  a  factor  <^ 
safety,  and  should  be  taken  large  enough  to  make  the  safe 
stress  come  within  the  elastic  limit.  For  stone,  n  should 
not  be  less  than  10,  i.e.  0'=C-i-n;  (see  Ex.  6,  just  given). 


206.  Practical  Notes. — It  was  discovered  independently  by 
Commander  Beardslee  and  Prof.  Thurston,  in  1873,  that 
if  wrought  iron  rods  were  strained  considerably  beyond 
tJie  elastic  limit  and  allowed  to  remain  free    from    stress 

*  Take  T  =  60,000  lbs.  per  square  incli. 
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for  at  least  one  day  thereafter,  a  second  test  would  show 
higher  limits  both  elastic  and  iiltimate. 

In  1899  Mr.  James  Muir  discovered  that  this  recovery  of 
elasticity  and  raising  of  both  the  yield-point  and  ultimate 
strength,  in  the  case  of  iron  and  steel  after  ' '  overstraining, ' ' 
may  be  brought  about  by  simply  heating  the  metal  for  a  few 
minutes  in  a  bath  of  boiling  water.  In  one  experiment  a  bar 
of  a  kind  of  mild  steel  which  under  ordinary  tests  broke  at 

39  tons/in.2  with  20%  elongation  on  8  in.,  was  stretched  just 

40  its  yield-point,  then  reUeved  and  heated  for  a  few  minutes 
to  100°  Cent.,  then  stretched  just  to  its  new  yield-point, 
then  reheved  and  heated  as  before;  and  so  on,  for  three 
times  more.  The  first  yield-point  was  at  27,  the  others  at 
33,  38,  43J,  and  47  tons/in.^  The  bar  was  then  broken  at 
49  tons/in. 2  with  total  extension  of  12%.  The  diminished 
ultimate  extension  shows  the  hardening  effect  of  the  treatment. 
(See  Prof.  Ewing's  ''Strength  of  Materials,"  pp.  38  and  40.) 

Bj  fatigue  of  metals  we  understand  the  fact,  recently  dis' 
covered  by  Wohler  in  experiments  made  for  the  Prussian 
&overnment,  that  rupture  may  be  produced  by  causing  the 
ptress  on  the  elements  to  vary  repeatedly  between  two 
limiting  values,  the  highest  of  which  may  be  considerably 
below  T  (or  C),  the  number  of  repetitions  necessary  to 
produce  rupture  being  dependent  both  on  the  range  of 
variation  and  the  higher  value. 

For  example,  in  the  case  of  Phoenix  iron  in  tension, 
jupture  was  produced  by  causing  the  stress  to  vary  fron* 
0  to  52,800  lbs.  per  sq.  inch,  800  times ;  also,  from  0  tc 
44,000  lbs.  per  sq.  inch  240,853  times  ;  while  4,000,000  v^- 
liations  between  26,400  and  48,400  per  sq.  inch  did  not 
cause  rupture.  Many  other  experiments  were  made  and 
the  following  conclusions  drawn  (among  others): 

Unlimited  repetitions  of  variations  of  stress  (lbs.  per 
fiq.  in.)  between  the  limits  given  below  will  not  injure  the 
metal  (Prof.  Burr's  Materials  of  Engineering). 

trr        -Lj.  •  (  From  17,600  Com  p.  to  17,600  Tension. 

Wrought  iron,   j      ..  '    ^  \^  ^^^^^        „ 

r  From  30,800  Comp.  to  80,800  Tensioa 
Axle  Cast  Steel. -J      "  0  to  52,800 

(      "       38500  Tens,    to  88,000        " 
(See  p,  332  for  an  addendum  to  this  paragraph.) 
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207.  Rivets. — The  angular  distortion  called  shearing 
strain  in  the  elements  of  a  body,  is  specially  to  be  provided 
for  in  the  case  of  rivets  joining  two  or  more  plates.  This 
distortion  is  shown,  in  Figs.  205  and  206,  in  the  elements 
ji^ai    lie  plane  of  contact  of  the  plates,  much  exaggerated. 


Jv- 


FlQ.  205. 


\\ 


y^ 


-tC 


Pi6.  306. 


In  Fig.  205  (a  lap-joint)  the  rivet  is  said  to  be  in  single 
shear ;  in  Fig.  206  in  double  shear.  If  P  is  just  great 
enough  to  shear  off  the  rivet,  the  modulus  of  ultimate  shear- 
ing, which  may  be  called  S,  (being  the  shearing  force  per 
unit  of  section  when  ruptiire  occurs)  is 


F    ^d? 


(1) 


in  which  F=  the  cross  section  of  the  rivet,  its  diameter 
being  =d.  For  safety  a  value  S'=  }(  to  y^  oi  S  should 
be  taken  for  metal,  in  order  to  be  within  the  elastic  limit. 

As  the  width  of  the  plate  is  diminished  by  the  rivet 
hole  the  remaining  sectional  area  of  the  plate  should  be 
ample  to  sustain  the  tension  P,  or  2P,  (according  to  the 
plate  considered,  see  Fig.  206),  P  being  the  safe  shearing 
force  for  the  rivet.  Also  the  thickness  t  of  the  plate 
should  be  such  that  the  side  of  the  hole  shall  be  secure 
against  crushing  ;  P  must  not  be  >  Ctd,  Fig.  205. 

Again,  the  distance  a,  Fig.  205,  should  be  such  as  to 
prevent  the  tearing  or  shearing  out  of  the  part  of  the 
plate  between  the  rivet  and  edge  of  the  plate. 
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For  economy  of  material  the  seam  or  joint  should  be 
no  more  liable  to  rupture  by  one  than  by  another,  of  the 


Fig.  307. 

four  modes  just  mentioned.  The  relations  •which  must 
then  subsist  will  be  illustrated  in  the  case  of  the  "  butt- 
joint  "  with  two  cover -plates,  Fig.  207.  Let  the  dimen- 
sions be  denoted  as  in  the  figure  and  the  total  tensile  force 
on  the  joint  be  =  Q.  Each  rivet  (see  also  Fig.  206)  is  ex- 
posed in  each  of  two  of  its  sections  to  a  shear  of  12  Q, 
hence  for  safety  against  shearing  of  rivets  we  put 


Q- 


rd^S' 


(1) 


Along  one  row  of  rivets  in  the  main  plate  the  sectional 
area  for  resisting  tension  is  reduced  to  (b — 3d)ti,  hence  for 
safety  against  rupture  of  that  plate  by  the  tension  Q,  we 
put 


Q={i—Sd)t,T' 


(2) 


Equations  (1)  and  (2)  suffice  to  determine  d  for  the  rivets 
and  ti  for  the  main  plates,  Q  and  b  being  given ;  but  the 
values  thus  obtained  should  also  be  examined  with  refer- 
ence to  the  compression  in  the  side  of  the  rivet  hole,  i.e., 
y^  Q  must  not  be  >  G't^d.  [The  distance  a,  Fig.  205,  to  the 
edge  of  the  plate  is  recommended  by  different  authorities 
to  be  from  d  to  3d.] 

Similarly,  for  the  cover -plate  we  must  have 


und  iO  not  >  C'td. 


}^Q  or  (b—M)tT' 
< 


(») 
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If  the  rivets  do  not  fit  their  holes  closely,  a  large  margin 
should  be  allowed  in  practice.  Again,  in  boiler  work,  the 
pitch,  or  distance  between  centers  of  two  consecutive  rivets 
may  need  to  be  smaller,  to  make  the  joint  steam-tight,  than 
would  be  required  for  strength  alone. 

208.  Shearing  Distortion. — The  change  of  form  in  an  ele- 
ment due  to  shearing  is  an  angular  deformation  and  will 
be  measured  in  ^--measure.  This  angular  change  or  dif- 
ference between  the  value  of  the  corner  angle  during  strain 
and  l^-n,  its  value  before  strain,  will  be  called  8,  and  is 
proportional  (within  elastic  limit)  to  the  shearing  stress 
per  unit  of  area,  p^,  existing  on  all  the  four  faces  whose 
angles  with  each  other  have  been  changed. 

Fig.  208.  (See  §  181).  By  §  184  the  Modulus  of  Shearing 
Elasticity  is  the  quotient  obtained  by  dividing  ^s  by  ^  ;  i.e. 
{elastic  limit  not  passed), 

A=f  ....        (1) 

or  inversely,  d'=ps-^Fs (1/ 

The  value  of  E^  for  different  substances  is  most  easily 
determined  by  experiments  on  torsion 
in  which  shearing  is  the  most  promi- 
nent stress.*  (This  prominence  depends 
on  the  position  of  the  bounding  planes 
of  the  element  considered ;  e.g.,  in  Fig. 
208,  if  another  element  were  considered 
within  the  one  there  shown  and  with 
Fig.  208.  its  planes  at  45°  with  those  of  the  first, 

we  should  find  tension  alone  on  one  pair  of  opposite  faces, 
compression  alone  on  the  other  pair.)  It  will  be  noticed 
that  shearing  stress  cannot  be  present  on  two  opposite 
faces  only,  but  exists  also  on  another  pair  of  faces  (those 
perpendicular  to  the  stress  on  the  first),  forming  a  couple 
of  equal  and  opposite  moment  to  the  first,  this  being 
necessary  for  the  equilibrium  of  the  element,  even  when 

'  *  For  instance,  see  numerical  example  on  p.  237,  giving  a  value  of 
Es  as  resulting  from  a  torsion  test  made  by  students  in  the  Civil  Engi- 
neering Laboratory  at  Cornell  University,  April,  1904. 
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tensile  or  compressive  stresses  are  also  present  on  the 
faces  considered. 

209.  Shearing  Stress  is  Always  of  the  Same  Intensity  on  the 
Fonr  Faces  of  an  Element — (By  intensity  is  meant  per  unit 
of  area  ;  and  the  four  faces  referred  to  are  those  perpen= 
dicular  to  the  paper  in  Fig.  208,  the  shearing  stress  being 
parallel  to  the  paper.) 

Let  dx  and  dz  be  the  width  and  height  of  the  element 
in  Fig.  208,  while  dy  is  its  thickness  perpendicular  to  the 
paper.  Let  the  intensity  of  the  shear  on  the  right  hand 
face  be  =q„  that  on  the  top  face  =j?s.  Then  for  the  ele- 
ment aa  a  free  body,  taking  moments  about  the  axis  0  per- 
pendicular to  paper,  we  have 

q^  dz  dy  X  dx — Ps  dx  dy  X  dz  =0  .*.  g's  =j?s 
{dx  and  dz  being  the  respective  lever  arms  of  the  forces 
g^  dz  dy  and  p^  dx  dy.) 

Even  if  there  were  also  tensions  (or  compressions)  on 
one  or  both  pairs  of  faces  their  moments  about  0  would 
balance  (or  fail  to  do  so  by  a  differential  of  a  higher  order) 
independently  of  the  shears,  and  the  above  result  would 
still  hold. 


210.  Table  of  Moduli  for  Shearing. 


d" 

E. 

S" 

8 

Material. 

I.e.  {  at  elastic 
Umit. 

Mod.  of  Elasticity 
for  Sliearins. 

(Elastic  limit.) 

(Eupture.) 

arc  in  radians. 

lbs.  per  3q.  in. 

lbs.  per  sq.  in 

lbs.  per  sq.  in. 

Soft  Steel, 

9,000,000 

30,000 

70,000 

Hard  Steel, 

0.0033 

14,000,000 

45,000 

90,00C 

Cast  Iron, 

0.0021 

7,000,000 

15,000 

30,00C 

Wrought  Iron, 

0.0082 

9,000,000 

20,000 

50,000 

Biasa, 

5,000,000 

Glass, 

Wood,  across  1 
fibre,             j 

1,500 
to 

8,000 

Wood,  along  j 
fibre,             1 

BOO 

to 

".,200 
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As  in  the  tables  for  tension  and  compression,  the  above 
ralnes  are  averages.  The  true  values  may  differ  from 
these  as  much  as  30  per  cent,  in  particular  cases,  accord' 
ing  to  the  quality  of  the  specimen. 

211.  Punching  rivet  holes  in  plates  of  metal  requiras  the 
overcoming  of  the  shearing  resistance  along  the  convex 
surface  of  the  cylinder  punched  out.  Hence  if  c?  =  diam- 
eter of  hole,  and  t  =  the  thickness  of  the  plate,  the  neces- 
sary force  for  the  punching,  the  surface  sheared  being 
F=tnd,  is 


F=St7vd 


(2)' 


Another  example  of  shearing  action  is  the  "  stripping  " 
of  the  threads  of  a  screw,  when  the  nut  is  forced  off  lon- 
gitudinally without  turning,  and  resembles  punching  in 
its  nature. 

212.  E  and  E^ ;  Theoretical  Eelation. — In  case  a  rod  is  in 
tension  within  the  elastic  limit,  the  relative  (linear)  lateral 
contraction  (let  this  =m)  is  so  connected  with  ^t  and  B, 
that  if  two  of  the  three  are  known  the  third  can  be  de- 
duced theoretically.  This  relation  is  proved  as  follows, 
by  Prof.  Burr.  Taking  an  elemental  cube  with  four  of  its 
faces  at  45°  with  the  axis  of  the  piece,  Fig.  209,  the  axial 
half-diagonal  AD  becomes  of  a  length  AD'=AD-\-s.AD 
under  stress,  while  the  transverse  half  diagonal  contracts 
to  a  length  B'D'=AD — m.AD.     The  angular  distortion  d 


.''■\iiS   . 

B/ 
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is  supposed  very  small  compared  witli  90°  and  is  due  to 
the  shear  ^g  per  unit  of  area  on  the  face  BG  (or  BA). 
From  the  figure  we  have 

tan(45°— ^)  =  ^'=1X7=^""™"''  approx- 

[But,  Fig.  210,  tan(45°— x)=l— 2a;  nearly,  where  x  is  a 
small  angle,  for,  taking  GA=-a.m.ij=  AE,  tan  AD=AF= 
AE—EF.  Now  approximately  EF=EG.^2a,iidEG= 
~BI)^2==x^2 .-.  AF=  1— 2a;  nearly. J     Hence 

1 — 8=1 — m — e;  OT  d=m+e        .        .       (2) 

Eq.  (2)  holds  good  whatever  the  stresses  producing  the 
deformation,  but  in  the  present  pase  of  a  rod  in  tension, 
if  it  is  an  isotrope,  and  Up  =  tension  per  unit  of  area  on 
its  transverse  section,  (see  §  182,  putting  a=45°),  we  have 
^t=F-H£and  ^,=(^9,  on  BG)-i-d=y2p-^8.  Putting  also 
(m : e)=  k,  whence  m  =  fee,  eq.  (2)  may  finally  be  written* 

Prof.  Bauschinger,  experimenting  with  cast  iron  rods, 
found  that  in  tension  the  ratio  m :  e  was  =  S,,  as  an  averagej 
which  in  eq.  (3)  gives 

^=M^,=  J  ^.nearly.       .         .         .     (4) 

His  experiments  on  the  torsion  of  cast  iron  rods  gave 
^3=6,000,000  to  7,000,000  lbs.  per  sq.  inch.  By  (4),  then, 
El  should  be  15,000,000  to  17,500,000  which  is  approxi- 
mately true  (§  203). 

Corresponding  results  may  be  obtained  for  short  blocks 
in  compression,  the  lateral  change  being  a  dilatation  in- 
stead of  a  contraction. 

*  This  ratio,  mn-f,  denoted  by  k,  is  called  Poisson's  Ratio.  For  metals 
its  value  lies  approximately  between  0.20  and  0.35.     See  also  p.  507. 
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813.  Examples  in  Shearing. — Example  1. — Eequired  the 
proper  length,  a.  Fig.  211,  to 
guard  against  the  shearing  off, 
along  the  grain,  of  the  portion 
,  ab,  of  a  wooden  tie-rod,  the  force 
P  being  =  2  tons,  and  the  width 
of  the  tie  =  4  inches.  Using  a 
value  of  S'  =  100  lbs.  per  sq.  in., 
•we  put  ba8'=  4,000  cos  45° ;  i.e. 
Pit^ai.  a=(4,000x0.707)-=-(4xl00)=  7.07 

inches. 

ExAKPLE  2.— -A  7/^  in.  rivet  of  wrought  iron,  in  single 
shear  (see  Fig,  205)  has  an  ultimate  shearing  strength 
P=  FS  =  Y^Tz^B=  yiit{  ',^Y  X  50,000=  30,050  lbs.  For  safety, 
putting  ^'=8,000  instead  of  /S',P'=  4,800  lbs.  is  its  safe 
shearing  strength  in  single  shear. 

The  wrought  iron  plate,  to  be  secure  against  the  side- 
crushing  in  the  hole,  should  tave  a  thickness  t,  computed 
thus  : 

P'=tdO ;  or  4,800=1%  x  12,000  .-.  t=QA&  in. 

If  the  plate  were  only  0.23  in.  thick  the  safe  value  of  P 
would  be  only  %  of  4,800. 

Example  3. — Conversely,  given  a  lap-joint,  Fig.  205,  in 
which  the  plates  are  y^  in.  thick  and  the  tensile  force  on 
the  joint  =  600  lbs.  per  linear  inch  of  seam,  how  closely 
must  ^  inch  rivets  be  spaced  in  one  row,  putting  ,8"=8,000 
and  G"  =12,000  lbs.  per  sq.  in.  ?  Let  the  distance  between 
centres  of  rivets  be  =x  (in  inches),  then  the  force  upon 
each  rivet  =600a!,  while  its  section  i^=0.44  sq.  in.  Having 
regard  to  the  shearing  strength  of  the  rivet  we  put  600x= 
0.44x8,000  and  obtain  03=5.86  in.;  but  considering  that  the 
safe  crushing  resistance  of  the  hole  is  =j{' ^-12,000= 
2,250  lbs.,  600a;=2,250  gives  x=3.75  inches,  which  is  the 
pitch  to  be  adopted.  What  is  the  tensile  strength  of  the 
reduced  sectional  area  of  the  plate,  with  this  pitch  ? 
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Example  4. — Double  butt-joint ;  (see  Fig.  207) ;  %  inch 
plate;  ^  in.  rivets;  T'=C"=12,000;  iS"=8,333;  width  of 
plate8=14  inches.  Will  one  row  of  rivets  be  sufficient  at 
each  side  of  joint,  if  ^=30,000  lbs.?  The  number  of  rivets 
—  ?  Here  each  rivet  is  in  double  shear  and  has  therefore 
a  double  strength  as  regards  shear.  In  double  shear  the 
safe  strength  of  each  rivet  =2i^5^'=7,333  lbs.  Now  30,000-v- 
7,333=40  (say).  With  the  four  rivets  in  one  row  the  re- 
duced sectional  area  of  the  main  plate  is  =[14 — 4x  ^]  X^/a 
=4.12  sq.  in.,  whose  safe  tensile  strength  is  =i^T'=4.12x 
12,000=49,440  lbs.;  which  is  >  30,000  lbs.  .-.  main  plate  is 
safe  in  this  respect.  But  as  to  side-crushing  in  holes 
in  main  plate  we  find  that  G%d  (i.e.  12,000  X  Vg X  %  =3,375 
lbs.)  is  <}(Q  i.e.<7,500  lbs.,  the  actual  force  on  side  of 
hole.  Hence  four  rivets  in  one  row  are  too  few  unless 
thickness  of  main  plate  be  doubled.  Will  eight  in  one 
row  be  safe  ? 

213a.  (Addendum  to  §  206.)  Elasticity  of  Stone  and  Cements. 
— Experiments  by  Gen.  Gillmore  with  the  large  Watertowa 
testing-machine  in  1883  resulted  as  follows  (see  p.  221  for 
notation) : 

With  cubes  of  Haverstraw  Freestone  (a  homogeneous  brown- 
stone)  from  1  in.  to  12  in.  on  the  edge,  ^  was  found  to  be 
from  900,000  to  1,000,000  lbs.  per  sq.  in.  approximately  ;  and 
C  about  4,000  or  5,000  lbs.  per  sq.  in.  Cubes  of  the  same 
range  of  sizes  of  Dyckerman's  Portland  cement  gave  ^  from 
1,350,000  to  1,630,000,  and  O  from  4,000  to  7,000,  lbs.  per  sq. 
in.  Cubes  of  concrete  of  the  above  sizes,  made  with  the 
Newark  Oo.'s  Eosendale  cement,  gave  Eg  about  538,000,  while 
cubes  of  cement-mortar,  and  some  of  concrete,  both  made  with 
National  Portland  cement,  showed  F„  from  800,000  to  2,000,- 
000  lbs,  per  sq.  in. 

The  compressibility  of  hricTe  piers  12  in.  square  in  section 
and  16  in.  high  was  also  tested.  They  were  made  of  common 
North  River  brick  with  mortar  joints  f  in.  thick,  and  showed 
a  value  for  J?„  of  about  300,000  or  400,000,  while  at  elastic 
limit  C"  was  on  the  average  1,000,  lbs.  per  sq.  in. 
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CHAPTER  n. 
TORSION. 


214.  Angle  of  Torsion  and  of  Helix.  When  a  cylindrical 
beam  or  shaft  is  siibjected  to  a  twisting  or  torsional  action, 
i.  e.  when  it  is  the  means  of  holding  in  equilibrium  two 
couples  in  parallel  planes  and  of  equal  and  opposite  mo- 
ments, the  longitudinal  axis  of  symmetry  remains  straight 

and  the  elements  along  it  exper- 
kience  no  stress  (whence  it  may  be 
/called    the  "line    of    no    twist"), 
while  the  lines  originally  parallel  to 
ptju.  gi3  it  assume  the  form  of  helices,  each 

element  of  which  is  distorted  in  its  angles  (originally 
right  angles),  the  amount  of  distortion  being  assumed  pro- 
portional to  the  radius  of  the  helix.     The  directions  of  the 
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faces  of  any  element  were  originally  as  follows  :  two  radial, 
two  in  consecutive  transverse  sections,  and  the  other  two 
tangent  to  two  consecutive  circular  cylinders  whose  com- 
mon axis  is  that  of  the  shaft.  E.g.  in  Fig.  212  we  have 
an  unstrained  shaft,  while  in  Fig.  213  it  holds  the  two 
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couples  (of  equal  moment  Pa  =  Qb)m  equilibrium.  These 
couples  act  in  parallel  planes  perpendicular  to  the  axis  of 
the  prism  and  a  distance,  I,  apart.  Assuming  that  the 
transverse  sections  remain  plane  and  parallel  during  tor- 
sion, any  surface  element,  m,  which  in  Fig.  212  was  entire- 
ly right-angled,  is  now  distorted.  Two  of  its  angles  have 
been  increased,  two  diminished,  by  an  amount  8,  the  angle 
between  the  helix  and  a  line  parallel  to  the  axis.  Suppos- 
ing m  to  be  the  most  distant  of  any  element  from  ihe  axis, 
this  distance  being  e,  any  other  element  at  a  distance  z 

from  the  axis  experiences  an  angular  distortion  =~S, 

If  now  we  draw  0  B'  parallel  to  0' A  the  angle  B  0  B', 
=a,  is  called  the  Angle  of  Torsion,  while  5  may  be  called  the 
Jielix  angle;  the  former  lies  in  a  transverse  plane,  the  latter 
in  a  plane  tangent  to  the  cylinder.     Now 

tan  8  =  (linear  arc  B  B')-i-l ;  but  lin.  arc  BB'=  ea;  hence, 
putting  3  for  tan  8,  (8  being  small) 

'-T W 

(S  and  a  both  in  radians). 

215.  Shearing  Stress  on  the  Elements.  The  angular  distor- 
tion, or  shearing  strain,  8,  of  any  element  (bounded  as  al- 
ready described)  is  due  to  the  shearing  stresses  exerted  on 
it  by  its  neighbors  on  the  four  faces  perpendicular  to  the 

tangent  plane  of  the  cylindri- 
cal shell  in  which  the  element 
lis  situated.  Consider  these 
'neighboring  elements  of  an 
outside  element  removed,  and 
the  stresses  put  in ;  the  latter 
are  accountable  for  the  dis- 
tortion   of   the     element    and 
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hold  it  in  equilibrium.  Fig.  214  shows  this  element 
"free."  Within  the  elastic  limit  d  is  known  to  be  propor- 
tional to  jOg,  the  shearing  stress  per  unit  of  area  on  the 
faces  whose  relative  angular  positions  have  been  changed. 
That  is,  from  eq.  (1),  §  208,  S — Ps^^s\  whence,  see  (1)  of 
8  214, 

v.^t^^ (2) 


In  (2)  jjg  and  e  both  refer  to  a  surface  element,  e  being 
the  radius  of  the  cylinder,  and  p,  the  greatest  intensity  oi 
shearing  stress  existing  in  the  shaft.  Elements  lying  nearer 
the  axis  suffer  shearing  stresses  of  less  intensity  in  pro- 
portion to  their  radial  distances,  i.e.,  to  their  helix -angles. 
That  is,  the  shearing  stress  on  that  face  of  the  element 
which  forms  a  part  of  a  transverse  section  and  whose  dis- 
tance from  the  axis  is  z,  is  p,  =—  p^,  per  unit  of  area,  and 

the  total  shear  on  the  face  is  pdF,  c^i^  being  the  area  of  the 
face. 

216.  Torsional  Strength. — ^We  are  now  ready  to  expose  the 
full  transverse  section  of  a  shaft  under  torsion,  to  deduce 
formulae  of  practical  utility.  Making  a  right  section  of 
the  shaft  of  Fig.  213  anywhere  between  the  two  couples 
and  considering  the  left  hand  portion  as  a  free  body,  the 
forces  holding  it  in  equilibrium  are  the  two  forces  F  of 
the  left-hand  couple  and  an  infinite  number  of  shearing 
forces,  each  tangent  to  its  circle  of  radius  a,  on  the  cross 
section  exposed  by  the  removal  of  the  right-hand  portion. 
The  cross  section  is  assumed  to  remain  plane  during  tor- 
sion, and  is  composed  of  an  infinite  number  of  dF's,  each 
being  the  area  of  an  exposed  face  uf  au  element;  see  fig. 
21!?. 
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Fis.  215. 


JtUacli  elementary  shearing  force  =  -5  p,dF,  and  «  is  its 
lever  arm  about  the  axis  Oo .  For  equilibrium,  S  (mom.) 
about  the  axis  Oo  must  =0 ;  i.e.  in  detail 


—P}4ci^P}4a+    C  (  ~  pM)z'^ 


or,  reducing. 


£•  r;?dF=Pa ;  or,  P^'^Pa 
eJ  e 


(3) 


Eq,  (3)  relates  to  torsional  strength,  since  it  contains  p„  the 
greatest  shearing  stress  induced  by  the  torsional  couple, 
whose  moment  Pa  is  called  the  Moment  of  Torsion,  the 
stresses  in  the  cross  section  forming  a  couple  of  equal  and 
opposite  moment.   Pa  is  also  called  the  "  torque." 

/p  is  recognized  as  the  Polar  Moment  of  Inertia  of  the  cross 
section,  discussed  in  §  94  ;  e  is  the  radial  distance  of  the 
outermost  element,  and  =  the  radius  for  a  circular  shaft, 

217.  Torsional  Stiffness. — In  problems  involving  the  angle 
of  torsion,  or  deformation  of  the  shaft,  we  need  an  equa- 
tion connecting  Pa  and  a,  which  is  obtained  by  substitut- 
ing in  eq.  (3)  the  value  of  p^  in  eq.  (2),  whence 


aIpE, 


-Pa. 


(4) 


From  this  is  appears  that  the  angle  of  torsion,  a,  is  pro- 
portional to  the  moment  of  torsion,  or  "torque,"  Pa  inch-lbs., 
within  the  elastic  Hmit ;  a  must  be  expressed  in  radians. 
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iSxample. — A  portion  3.4  ft.  long,  of  a  solid  cylindrical  shaft  of  soft 
steel,  of  diam.  =  1.5  in.,  is  found  by  the  use  of  "Torsion  Clinometers" 
(see  frontispiece)  to  be  held  at  an  angle  of  torsion  of  a  =  5.41°,  =0.0944 
radians,  just  befor3  the  elastic  limit  is  reached,  by  a  "torque,"  =Pa,  of 
10,200  in. -lbs.     Compute  the  Modulus  of  Elasticity  for  Shearing. 

Substituting  in  eq.  (4),  with  7p=OTV2,  (§  94),  =s(0.75)<-^2,  =0.497 
in.*,  and  Z=3.4X  12  =  40.8  in.,  we  have 

^•=a0944°x0^497  =  ^'^^°'°°°  '^^-  P^'  ^l'  ^• 

218.  Torsional  Resilience  is  the  work  done  in  twisting  a 
shaft  from  an  unstrained  state  until  the  elastic  limit  is 
reached  in  the  outermost  elements.  If  in  Fig.  213  we 
imagine  the  right-hand  extremity  to  be  fixed,  while  the 
other  end  is  gradually  twisted  through  an  angle  a  each 
force  P  of  the  couple  must  be  made  to  increase  graidually 
from  a  zero  value  up  to  the  value  Pi,  corresponding  to  ay. 
In  this  motion  each  end  of  the  arm  a  describes  a  space 
=  }4o'0-u  and  the  mean  value  of  the  force  =  ^P,  (compare 
§  196).     Hence  the  work  done  in  twisting  is 

Ui=)4PiX}4aayX2—}4Piaai         .         .    (5) 
By  the  aid  of  preceding  equations,  (5)  can  be  written 

If  for  jjj  we  write  8'  (Modulus  of  safe  shearing)  we  have 
for  the  safe  resilience  of  the  shaft 

^-IS- <^ 

If  the  torsional  elasticity  of  an  originally  unstrained  shaft 
is  to  be  the  means  of  arresting  the  motion  of  a  moving 
mass  whose  weight  is  G,  (large  compared  with  the  parts 
intervening)  and  velocity  ^v,  we  write  (§  133) 

9    2 
»8  the  condition  that  the  shaff  shall  not  be  injured. 
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213.  roiar  Moment  of  Inertia. — ^For  a  shaft  of  circnlaz 
cross  section  (see  §  94)  7p=^n^r*;  for  a  hollow  cylinder 
I^=j4n{ri — Ti*) ;  while  for  a  square  shaft  If=yib*',  b  being 
the  side  of  the  square ;  for  a  rectangular  cross-section 
sides  b  and  h,  I^=lJb1i{b^+¥).  For  a  cylinder  e=r;  if  hol- 
low, e=r ,  the  greater  radius.     For  a  square,  e:=^6-y/2. 

220.  Non-Circular  Shafts. — If  the  cross-section  is  not  cir- 
cular it  becomes  warped,  in  torsion,  instead  of  remaining 
plane.  Hence  the  foregoing  theory  does  not  strictly  ap- 
ply. The  celebrated  investigations  of  St.  Tenant,  how- 
ever, cover  many  of  these  cases.  (See  §  708  of  Thompson 
and  Tait's  Natural  Philosophy ;  also.  Prof.  Burr's  Elas- 
ticity and  Strength  of  the  Materials  of  Engineering).  His 
results  give  for  a  square  shaft  (instead  of  the 

«6^^  =  Pa  of  eq.  (4)  of  §  217), 
o( 

Pa=o.m.^fi.    .      .      .      .  (1) 

ot 

and  Pa  =yj>^Pe,  instead  of  eq.  (3)  of  §  216,  p^  being  the 
greatest  shearing  stress. 

The  elements  under  greatest  shearing  strain  are  found 
at  the  middles  of  the  sides,  instead  of  at  the  corners,  when 
the  prism  is  of  square  or  rectangular  cross-section.  The 
warping  of  the  cross-section  in  such  a  case  is  easily  veri  • 
fied  by  the  student  by  twisting  a  bar  of  india-rubber  in 
his  fingers. 

221.  Transmission  of  Power. — Fig.  216.  Suppose  the  cog- 
wheel B  to  cause  A,  on  the 
same  shaft,  to  revolve  uni- 
formly and  overcome  a  resis- 
tance Q,  the  pressure  of  the 
teeth   of   another  cog-wheel, 

♦p  5  being  driven  by  still  another 
Fi8. 216.  wheel.     The  shaft  AB  is  un- 

der torsion,  the  moment  of  torsion  being  =Par^  Qh.  (Pi 
and  Qi  the  bearing  reactions  have  no  moment  about  the 
axis  of  the  shaft).  If  the  shaft  makes  u  levolutions  per 
unit-time,  the  work  transmitted  {transmitted  ;  not  exptnd- 
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ed  in  twisting  the  shaft  whose  angle  of  torsion  remains 
constant,  corresponding  to  Pa)  per  unit-time,  i.e.  the  Power, 
is 

L=P.'ina.u=2TtuPa        .        .        .    (8) 

To  reduce  L  to  Horse  Power  (§  132),  we  divide  by  N, 
the  number  of  units  of  work  per  unit-time  constituting 
one  H.  P.  in  the  system  of  units  employed,  Le,, 

Horse  Power  =H.  P.= 


For  example  JV=33,000  ft. -lbs.  per  minute,  or  =396,000 
inch -lbs.  per  minute;  or  =  550  ft. -lbs.  per  second.  Usually 
the  rate  of  rotation  of  a  shaft  is  given  in  revolutions  per 
minute. 

But  eq.  (8)  happens  to  contain  Pa  the  moment  of  torsion 
acting  to  maintain  the  constant  value  of  the  angle  of  tor- 
sion, and  since  for  safety  (see  eq.  (3)  §  216)  Pa=S'Ip-i-e, 
with  /p=  %7j:r*  and  e=r  for  a  solid  circular  shaft,  we  have 
for  Buch  a  shaft 

(Safe),  H.  P.  =5!^    ...        (9) 

which  is  the  safe  H.  P.,  which  the  given  shaft  can  trans- 
mit at  the  given  speed.  8'  may  be  made  7,000  lbs.  per  sq. 
inch  for  wrought  iron ;  10,000  for  steel,  and  5,000  for  cast- 
iron.  If  the  value  of  Pa  fluctuates  periodically,  as  when 
a  shaft  is  driven  by  a  connecting  rod  and  crank,  for  (H.  P.) 
we  put  mX(H.  P.),  m  being  the  ratio  of  the  maximum  to 
ihe  mean  torsional  moment;  m=  about  17^  under  ordi- 
nary circumstances  (Cotterill). 

With  a  hollow  cylindrical  shaft,  of  outer  radius =r„  and  inner  =  r, 
the  r'  of  eq.  (9)  must  be  replaced  by  (r,*— r,*)-j-r,.  If,  furthermore,  the 
thickness  of  metal  is  small,  we  may  proceed  thus,  taking  numerical  data: 
Let  the  radius  to  the  middle  of  the  thickness  be  r„=10  in.,  the  thickness 
t  =  i  in.,  and  the  (steel)  shaft  make  m=120  revs./min.;  with  iS'  =  5000 
Ibs./in.';  then  the  total  safe  shearing  stress  in  the  cross-section  is 
i2'  =  2sro<-S'  =  27rlOXiX  5000  =  78,540  lbs.,  while  the  velocity  of  the 
mid-thickness  is  y  =  2»rr„M  =  2ff  10X2  =  125.6  iQ./sec.  =  10.47  ft./sec.  Henoe 
the  (safe)  power  that  may  be  transmitted  at  given  speed  is  Ic=BV 
-78,540X10.47=822,100  ft.-Ibs.  per  sec;   or,  (-=-550),  =1495  H.P. 
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222.  Autographic  Testing  Machine. — The  principle  of  Prof 

Thurston's  invention  bearing  thib  name  is  shown  in  Fig 


Fig.  217. 

217.  The  test-piece  is  of  a  standard  shape  and  size,  its 
central  cylinder  being  subjected  to  torsion.  A  jaw,  carry- 
ing a  handle  (or  gear-wheel  turned  by  a  worm)  and  a  drum 
on  which  paper  is  wrapped,  takes  a  firm  hold  of  one  end 
of  the  test-piece,  whose  further  end  lies  in  another  jaw 
rigidly  connected  with  a  heavy  pendulum  carrying  a  pen- 
cil free  to  move  axially.  By  a  continuous  slow  motion  of 
the  handle  the  pendulum  is  gradually  deviated  more  and 
more  from  the  vertical,  through  the  intervention  of  the 
test-piece,  which  is  thus  subjected  to  an  increasing  tor- 
sional moment.  The  axis  of  the  test-piece  lies  in  the  axis 
of  motion.  This  motion  of  the  pendulum  by  means  of  a 
properly  curved  guide,  WB,  causes  an  axial  (i.e.,  parallel 
to  axis  of  test-piece)  motion  of  the  pencil  A,  as  well  as  an 
angular  deviation  /9  equal  to  that  of  the  pendulum,  and 
this  axial  distance  CF,=sT,  of  the  pencil  from  its  initial 
position  measures  the  moment  of  torsiori=^a=:/'csin  )6. 
As  the  piece  twists,  the  drum  and  paper  move  relatively 
to  the  pencil  through  an  angle  sUo  equal  to  th©  angle 
of  torsion  a  so  far  attained.  The  abscissa  so  and  ordinate 
sT  oi  the  curve  thus  marked  on  the  paper,  measure, 
when  the  paper  is  unrolled,  the  values  of  a  and  Pa  through 
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all  the   stages   of  the  torsion.    Pig.  218  shows  typical 


^ 
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jurves  thus  obtained.  Many  valuable  indications  are 
given  by  these  strain  diagrams  as  to  homogeneousness  of 
composition,  ductility,  etc.,  etc.  On  relaxing  the  strain 
at  any  stage  within  the  elastic  limit,  the  pencil  retraces 
its  path ;  but  if  beyond  that  limit,  a  new  path  is  taken 
called  an  "elasticity-line,"  in  general  parallel  to  the  first 
part  of  the  line,  and  showing  the  amount  of  angular  re- 
covery, £U,  and  the  permanent  angular  set,  OB. 

222a.  Torsion  Clinometers. — ^When  the  test-piece  used  in  the 
Thurston  testing  machine  is  short,  the  indicated  angles  of 
torsion  below  the  elastic  limit  are  far  in  excess  of  the  actual 
values,  on  account  of  the  initial  yielding  of  the  wedges  in  the 
jaws.  By  the  use  of  "torsion  clinometers,"  however  (see 
frontispiece)  the  angle  of  torsion  can  be  measured  accurately 
within  one  minute  of  arc. 

223.  Examples  in  Torsion, — The  modulus  of  safe  shearing 
strengtn,  >S"5  as  given  in  §  221,  is  expressed  in  pounds  per 
square  inch ;  hence  these  two  units  should  be  adopted 
throughout  in  any  numerical  examples  where  one  of  the 
above  values  for  S'  is  used.  The  same  statement  applies 
to  the  modulus  of  shearing  elasticity,  H^,  in  the  table  of 
§  210. 

Example  1.— Fig.  216.  With  P  =  1  ton,  a  =  3  ft.,  I  = 
10  ft.p  and  the  radius  of  the  cylindrical  shaft  r=2.5  inches, 
required  the  max.  shearing  stress  per  sq.  inch,  p^,  the 
shaft  being  of  wrought  iron.     From  eq.  (3)  §  216 

Pae      2,000x36x2.5     „  nomr,  •     i, 

P'=-X V.^X(2.5)^      ^^'^^'  ^^'-  ^''  "*!•  '""^ 

vhieh  is  a  safe  value  for  any  ferrous  metaL 
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Example  2. — What  H.  P.  is  the  shaft  in  Ex.  1  transmit- 
ting, if  it  makes  50  revolutions  per  minute  ?  Let  u  = 
number  of  revolutions  per  unit  of  time,  and  JV=  the  num- 
ber of  units  of  work  per  unit  of  time  constituting  one 
horse-power.  Then  H.  V.=Pu2Tta-i-N,  vfhich  for  the  foot- 
pound-minute system  of  units  gives 

H.  P.=2,000x50x2;rX3-j-33,000=57i^  H.  P. 

*'  Example  3. — What  different  radius  should  be  given  tc 
the  shaft  in  Ex.  1,  if  two  radii  at  its  extremities,  originally 
parallel,  are  to  make  an  angle  of  2°  when  the  given  moment 
of  torsion  is  acting,  the  strains  in  the  shaft  remaining  con- 
stant. From  eq.  (4)  §  217,  and  the  table  210,  with  a=iM?Jr=» 
0.035  radians  (i.e.  7r-measure),  and  I^'=^l<^r*;  we  have 


r*= 


2,000x36x120 

^7:0.035X9,000,000 


=17.45 .-.  r-=2.04  inches. 


(This  would  bring  about  a  different  'p^,  but  still  safe.)  The 
foregoing  is  an  example  in  stiffness. 

Example  4. — A  working  shaft  of  steel  (solid)  is  to  trand- 
mit  4,000  H.  P.  and  make  60  rev.  per  minute,  the  maximum 
twisting  moment  being  Ij^  times  the  average;  required 
its  diameter.  d=14.74  inches.     Ans. 

Example  5. — In  example  1,  p,=  2,930  lbs.  per  square 
inch ;  what  tensile  stress  does  this  imply  on  a  plane  at  45° 
with  the  pair  of  planes  on  which  p^  acts  ?     Fig.  219  shows 


p.  <»«' 


p.cbc' 
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a  small  cube,  of  edge  =dx,  (taken  from  the  outer  helix  of 
Fig.  215,)  free  and  in  equilibrium,  the  plane  of  the  paper 
being  tangent  to  the  cylinder ;  while  220  shows  the  portion 
BD  G,  also  free,  with  the  unknown  total  tensile  stvesH pdx^^ 
acting  on  the  newly  exposed  rectangle  of  area  =dxxdx,^2, 
p  being  the  unknown  stress  per  unit  of  area.  From  sym- 
metry the  stress  on  this  diagonal  plane  has  no  shearing 
component.  Putting  H  [components  normal  to  BD}=0, 
we  have 

pdx'^2=2dx'paG034:5°=dx'p^^/2^.^.p=Ps    .      (1) 

That  is,  a  normal  tensile  stress  exists  in  the  diagonal 
plane  BD  of  the  cubical  element  equal  in  intensity  to  the 
shearing  stress  on  one  of  the  faces,  i.e.,  =2,930  lbs.  per  sq. 
in.  in  this  case. 

Similarly  in  the  plane  ^(7  will  be  found  a  compressive 
stress  of  2,930  lbs.  per  sq.  in.  If  a  plane  surface  had  been 
exposed  making  any  other  angle  than  45°  with  the  face  of 
the  cube  in  Fig.  219,  we  should  have  found  shearing  and 
normal  stresses  each  less  than  p,  per  sq.  inch.  Hence  the 
interior  dotted  cube  in  219,  if  shown  "  free  "  is  in  tension 
in  one  direction,  in  compression  in  the  other,  and  with " 
no  shear,  these  normal  stresses  having  equal  intensities. 
Since  *S"  is  usually  less  than  T'  or  G',  iip^  is  made  =  >S" 
the  tensile  and  compressive  actions  are  not  injurious.  It 
follows  therefore  that  when  a  cylinder  is  in  torsion  any 
helix  at  an  angle  of  45°  with  the  axis  is  a  line  of  tensile, 
or  of  compressive  stress,  according  as  it  is  a  right  or  left 
handed  helix,  or  vice  versa. 

Example  6. — A  solid  and  a  hollow  cylindrical  shaft,  of 
equal  length,  contain  the  same  amount  of  the  same  kind 
of  metal,  the  solid  one  fitting  the  hollow  of  the  other. 

Compare  their  torsional  strengths,  used  separately. 
The  solid  shaft  has  only  £L  the  strength  of  the  hoUow 
one.    Ans. 

Example  7. — Compare  the  shafts  of  Example  6  as  to  tor- 
sional stiffness  (i.  e.,  tlie  angles  of  torsion  due  to  equal  moments). 
The  solid  shaft  is  only  one-third  as  stiff  as  the  other ;  an  equal 
moment  produces  three  times  the  angle.     Ans. 
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CHAPTEB  in. 

FLEXURE  OF  HOMOGENEOUS  PRISMS  UNDER 
PERPENDICULAR  FORCES  IN  ONE  PLANE. 

224.  Assumptions  of  the  Common  Theory  of  Flexure. — When 
a  prism  is  bent,  under  the  action  of  external  forces  per- 
pendicular to  it  and  in  the  same  plane  with  each  other,  it 
may  be  assumed  that  the  longitudinal  fibres  are  in  tension 
on  the  convex  side,  in  compression  on  the  concave  side, 
and  that  the  relative  stretching  or  contraction  of  the  ele- 
ments is  proportional  to  their  distances  from  a  plane  in- 
termediate between,  with  the  understanding  that  the  flex- 
ure is  slight  and  that  the  elastic  limit  is  not  passed  in  any 
element.  ) 

This  "  common  theory  "  is  sufficiently  exact  for  ordinary 
engineering  purposes  if  the  constants  employed  are  prop- 
erly determined  by  a  wide  range  of  experiments,  and  in- 
volves certain  assumptions  of  as  simple  a  nature  as  possi- 
ble, consistently  with  practical  facts.  These  assumptions 
are  as  follows,  (for  prisms,  and  for  solids  with  variable  cross 
sections,  when  the  cross  sections  are  similarly  situated  as 
regards  a  central  straight  axis)  and  are  approximately 
borne  out  by  experiment : 

(1.)  The  external  or  "  applied  "  forces  are  all  perpendicu- 
lar to  the  axis  of  the  piece  and  lie  in  one  plane,  which  may 
be  called  the  force-plane ;  the  force-plane  contains  the 
axis  of  the  piece  and  cuts  each  cross-section  symmetri- 
cally ; 

(2.)  The  cross-sections  remain  plane  surfaces  during 
flexure ; 

(3.)  There  is  a  surface  (or,  rather,  sheet  of  elements) 
which  is  parallel  to  the  axis  and  perpendicular  to  the 
force-plane,  and  along  which  the  elements  of  the  solid  ex- 
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perience  no  tension  nor  compression  in  an  axial  direction, 
this  being  called  the  Neutral  Surface; 

(4.)  The  projection  of  the  neutral  surface  upon  the  force 
plane  (or  a  ||  plane)  being  called  the  Neutral  Line  or  Elastic 
Curve,  the  bending  or  flexure  of  the  piece  is  so  slight  that 
an  elementary  division,  ds,  of  the  neutral  line  may  be  put 
=dx,  its  projection  on  a  line  parallel  to  the  direction  of 
the  axis  before  flexure ; 

(5.)  The  elements  of  the  body  contained  between  any 
two  consecutive  cross-sections,  whose  intersections  with 
the  neutral  surface  are  the  respective  Neutral  Axes  of  the 
sections,  experience  elongations  (or  contractions,  accord- 
ing as  they  are  situated  on  one  side  or  the  other  of  the 
neutral  surface),  in  an  axial  direction,  whose  amounts  are 
proportional  to  their  distances  from  the  neutral  axis,  and 
indicate  corresponding  tensile  or  compressive  stresses ;      i, 

(6.)  E,^E,; 

(7.)  The  dimensions  of  the  cross-section  are  small  com- 
pared with  the  length  of  the  piece  ; 

(8.)  There  is  no  shear  perpendicular  to  the  force  plane, 
on  internal  surfaces  perpendicular  to  that  plane. 

In  the  locality  where  any  one  of  the  external  forces  Is 
applied,  local  stresses  are  of  course  induced  which  demand 
separate  treatment.     These  are  not  considered  at  present. 

225.  Illustration. — Consider  the  case  of  flexure  shown  in 
pig.  221.     The  external  forces  are  three  (neglecting  the 
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■weight  of  the  beam),  viz.:  Pi,  P^,  and  P3.     Pj  and  Pj  are 
loads,  P2  the  reaction  of  the  support. 

The  force  plane  is  vertical.  N^L  is  the  neutral  line  or 
elastic  curve.  NA  is  the  neutral  axis  of  the  cross-section 
at  m ;  this  cross-section,  originally  perpendicular  to  the 
sides  of  the  prism,  is  during  flexure  ~|  to  their  tangent 
planes  drawn  at  the -inter section  lines  ;  in  other  words,  the 
side  view  QNB,  of  any  cross-section  is  perpendicular  to 
"the  neutral  line.  In  considering  the  whole  prism  free  we 
-have  the  system  Pj,  P2,  and  P3  in  equilibrium,  whence 
from  IY=0  we  have  P2=Pi+P3,  and  from  2"  (mom.  about 
P)  =  0,  PJ-i=  Fill.  Hence  given  Pj  we  may  determine  the 
other  two  external  forces.  A  reaction  such  as  P2  is  some- 
times called  a  supporting  force.  The  elements  above  the 
neutral  surface  NiOL8&xe  in  tension ;  those  below  in  com- 
pression (in  an  axial  direction). 

226.  The  Elastic  Forces. — Conceive  the  beam  in  Fig.  221 
separated  into  two  parts  by  any  transverse  section  such 
as  QA,  and  the  portion  NiON,  considered  as  a  free  body 
in  Fig.  222.    Of  this  free  body  the  surface  QAB  is  one  of 


^iaz 
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the  bounding  surfaces,  but  was  originally  an  internal  sur- 
face of  the  beam  in  Fig.  221.  Hence  in  Fig.  222  we  must 
put  in  the  stresses  acting  on  all  the  dF'a  or  elements  of  area 
of  QAS.  These  stresses  represent  the  actions  of  the  body 
taken  away  upon  the  body  which  is  left,  and  according  to 
assumptions  (5),,  (6)  and  (8)  consist  of  normal  stresses  (ten- 
sion or  compression)  proportional  per  unit  of  area,  to  the 
distance,  z,  of  the  dF's  from  the  neutral  axis,  and  of  shear- 
ing stresses  parallel  to  the  force-plane  (which  in  most 
cases  will  be  vertical). 

The  intensity  of  this  shearing  stress  on  any  dF  varies 
with  the  position  of  the  dF  with  respect  to  the  neutral 
axis,  but  the  law  of  its  variation  will  be  investigated  later 
(§§  253  and  254).  These  stresses,  called  the  Elastic  Forces 
of  the  cross-section  exposed,  and  the  external  forces  P,  and 
Pi,  form  a  system  in  equilibrium.  We  may  therefore  ap- 
ply any  of  the  conditions  of  equilibrium  proved  in  §  38. 

227.  The  Neutral  Axis  Contains  the  Centre  of  Gravity  of  the 
Cross-Section. — Fig.  222.  Let  e=  the  distance  of  the  outer- 
most element  of  the  cross-section  from  the  neutral  axis,  and 
the  normal  stress  per  unit  of  area  upon  it  be  =p,  whether 
tension  or  compression.  Then  by  assumptions  (5)  and  (6), 
§  224,  the  intensity  of  nprmal  stress  on  any  dF  is  =  ~  p 
and  the  actual 

normal  stress  on  any  dF  i3=  -  pdF       .        (1) 

This  equation  is  true  for  dF'a  having  negative  z'a,  i.e. 
on  the  other  side  of  the  neutral  axis,  the  negative  value 
of  the  force  indicating  normal  stress  of  the  opposite  char- 
acter ;  for  if  the  relative  elongation  (or  contraction)  of  two 
axial  fibres  is  the  same  for  equal  z's,  one  above,  the  other 
below,  the  neutral  surface.,  the  stresses  producing  thet 
changes  in  length  are  also  the  same,  provided  J('t=J^c;  see  §§ 
184  and  20L 

For  this  free  body  in  equilibrium  put  I!X=0  (Xisa 
horizontal  axis).  Put  the  normal  stresses  equal  to  their 
X  components,  the  flexure  being  so  slight,  and  the  X  com- 
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ponent  of  the  shears  =  0  for  the  same  reason.  This  gives 
(see  eq.  (1)  ) 

rl.  pdF=^  0 ;  i.e.  £-   rdFz=  0  ;  or,  ^  FI=0        (.2) 

Ih  which  i=  distance  of  the  centre  of  gravity  of  the  cross- 
section  from  the  neutral  axis,  from  which,  though  un- 
known in  position,  the  a's  have  been  measured  (see  eq. 
<4)  §  23). 

In  eq.  (2)  neither  p-r-e  nor  F  can  be  zero  .•,  z  must  =  0 ; 
i,e.  the  neutral  axis  contains  the  centre  of  gravity.  Q.  E.  D. 
[If  the  external  forces  were  not  all  perpendicular  to  the 
beam  this  result  would  not  be  obtained,  necessarily.] 

228.  The  Shear. — The  "  total  shear,"  or  simply  the 
"  shear,"  in  the  cross-section  is  the  sum  of  the  vertical 
shearing  stresses  on  the  respective  dF's.  Call  this  sum 
J,  and  we  shall  have  from  the  free  body  in  Fig.  222,  by 
putting  2'r=0  (F  being  vertical) 

Pa— P.— J=0.-.J=P^P,        .        .         (3) 

That  is,  the  shear  equals  the  algebraic  sum  of  the  ex- 
ternal forces  acting  on  one  side  (only)  of  the  section  con- 
sidered. This  result  implies  nothing  concerning  its  mode 
of  distribution  over  the  section. 

229.  The  Moment. — By  the  "Moment  of  Flexure"  or 
simply  the  Moment,  at  any  cross-section  is  meant  the  sum 
of  the  moments  of  the  elastic  forces  of  the  section,  taking 
the  neutral  axis  as  an  axis  of  moments.  In  this  summa- 
tion the  normal  stresses  appear  alone,  the  shear  taking  no  part, 
having  no  lever  arm  about  the  axisiVA.  Hence,  Fig.  222,  the 
moment  of  flexure  (or  "moment  of  resistance  ") 

This  function,  CdFz^,    of   the    cross-section   or  plane   figure 
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is  the  quantity  called  Moment  of  Inertia  of  a  plane  figure, 
§  85.  For  the  free  body  in  Fig.  222,  by  putting  2'(mom,s 
about  the  neutral  axis  NA)—Q,  we  have  then 


^ PiXi-\-P2Xi=0,  or  in  general,    ^  =M 

e  e 


(5) 


in  which  M  signifies  the  sum  of  moments,*  aJ)oiit  the  neutral 
axis  of  the  section,  of  all  the  forces  acting  on  the  free  body 
considered,  exclusive  of  the  elastic  forces  of  the  exposed 
section  itself.     M  is  also  called  the  "Bending  Moment." 

Example. — In  Fig.  222  let  P,  =  3  and  P2  =  4  tons,  a;i  =  l  ft.  8  in.  and 
x,  =  5  in.;  the  section  of  the  beam  being  a  rectangle,  with  NA=b  =  3  in. 
and  QB=h  =  6  in.  Then  I  about  axis  iVA  is,  (p.  94),  6/1'-=- 12  =  54  in.'; 
and  e=3  in.  Hence  the  "bending  moment,"  M,  =3X20-4X5  =  40 
in.-tons.  Equating  M  to  the  "mom.ent  of  resistance"  [or  moment  of 
the  "stress  couple"  (see  §  230)]  we  obtain,  from  eq.  (5),  p  =  Me-h7  = 
40X3-^54  =  2.22  tons/in.^  for  the  unit  normal  stress  in  the  outer 
fibre  at  Q,  or  B.  We  find  also,  for  the  shear  at  section  QB,  J  =  4—  3  =  1  ton. 

230.  Strength  in  Flexnre. — Eq.  (5)  is  available  for  solving 
problems  involving  the  Strength  of  beams  and  girders,  since 
it  contains  p,  the  greatest  normal  stress  per  unit  of  area  to 
be  found  in  the  section. 

In  the  cases  of  the  present  chapter,  where  all  the  exter- 
nal forces  are  perpendicular  to  the  prism  or  beam,  and 
have  therefore  no  components  parallel  to  the  beam,  i.e.  to 
the  axis  X,  it  is  evident  that  the  normal  stresses  in  any 
section,  as  QB  Fig.  222,  are  equivalent  to  a  couple  ;  for  the 
condition  -X=0  falls  entirely  upon  them  and  cannot  be 
true  unless  the  resultant  of  the  tensions  is  equal,  parallel, 
and  opposite  to  that  of  the  compressions.  These  two  equal 
and  parallel  resultants,  not  being  in  the  same  line,  form  a 
couple  (§  28),  which  we  may  call  the  stress-couple.  The 
moment  of  this  couple  is  the  "  moment  of  flexure  "  "—  ,  and 
it  is  further  evident  that  the  remaining  forces  in  Fig.  222, 
viz.:  the  shear  J  and  the  external  forces  Pi  and  Pj,  are 
equivalent  to  a  couple  of  equal  and  opposite  moment  to 
the  one  formed  by  the  normal  stresses. 

*  It  is  evident,  therefore,  that  Jf  (ft.-lbs.,  or  in. -lbs.)  is  numerically  equal 
to  the  "moment  of  flexure,"  or  moment  of  the  "  stress  couple "  ;  so  that 
occasion  all.y  it  maybe  convenient  to  use  "Jf"  to  denote  the  value  of  the 
latter  moftient  also. 
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231.  Elexura]  StifBaes«. — The  neutral  line,  or  elastic  cnrre^ 
containing  the  centres  of  gravity  of  all  the  sections,  was 
originally  straight ;  its  radius  of  curvature  at  any  point, 
as  N,  Fig.  222,  c'uring  flexure  may  be  introduced  as  fol- 
lows. QB  and  U'V  are  two  consecutive  cross-sections, 
originally  parallel,  but  now  inclined  so  that  the  intersec- 
tion C,  found  by  prolonging  them  sufficiently,  is  the  centre 
of  curvature  of  the  ds  (put  —dx)  which  separates  them  at 
N,  and  GG=p=  the  radius  of  curvature  of  the  elastic 
curve  at  N.  From  the  similar  triangles  U'  UO  and  GNG  we 
have  dXidx  ::e:  p,  in  which  dX  is  the  elongation,  U'  U,  of  a 
portion,  originally  =dx,  of  the  outer  fibre.  But  the  rela- 
tive elongation  e=  t—  of  the  latter  is,  by  §184,  within  the 

elastic  limit,  =^.'.  -^  =—  and  eq.  (5)  becomet 
E     E     p 


EI 


=M 


(6) 


Axrs  X 


From  (6)  the  radius  of  curvature  can  be  computed.  E= 
the  value  of  E^=E^,  as  ascertained  from  experiments  in 
bending. 

To  obtain  a  differential  equation  of  the  elastic  curve,  (6) 
may  be  transformed  thus,  Fig.  223.     The  curve  being  very 

flat,  consider  two  consecutive 
ds's  with  equal  dx'& ;  they  may 
be  put  =  their  dx's.  Produce 
the  first  to  intersect  the  dy  of  the 
second,  thus  cutting  off  the  cTy, 
(////yi  i.e.  the  difference  between  two 
^ffy  consecutive  dy's.  Drawing  a  per- 
pendicular to  each  ds  at  its  left 
extremity,  the  centre  of  curva- 
ture C  is  determined  by  their  in- 
tersection, and  thus  the  radius 
of  curvature  p.  The  two  shaded 
triangles  have  their  small  angles 


Fio.  sas. 


equal,  and  d^y  is  nearly  perpen- 
dicular to  the  prolonged  ds ; 
hence,  considering  them  sim- 
ilar, we  have 


p:dx::dx\6Py  .*.  —  =  j-| 


d2y 
"da-.a' 
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and  hence  from  eq.    (6)  we )   ,  ^       „^d^v 

may  write  }  {approx.)  ±EI^  =  M  .     (Y) 

as  a  differential  equation  of  the  elastic  curve.  From  this 
the  equation  of  the  elastic  curve  may  be  found,  the  de- 
flections at  different  points  computed,  and  an  idea  thus 
formed  of  the  stiffness.  All  beams  in  the  present  chap- 
ter being  prismatic  and  homogeneous  both  U  and  /  are  the 
same  (i.e.  constant)  at  all  points  of  the  elastic  curve.  In 
using  (7)  the  axis  Xmust  be  taken  parallel  to  the  length 
of  the  beam  before  flexure,  which  must  be  slight  ;  the 
minus  sign  in  (7)  provides  for  the  case  when  cPy-i-da?  is  es- 
sentially negative. 

232.  Resilience  of  Flexure. — If  the  external  forces  are  made 
to  increase  gradually  from  zero  up  to  certain  maximum 
values,  some  of  them  may  do  work,  by  reason  of  their 
points  of  application  moving  through  certain  distances 
due  to  the  yielding,  or  flexure,  of  the  body.  If  at  the  be- 
ginning and  also  at  the  end  of  this  operation  the  body  ia 
at  rest,  this  work  has  been  expended  on  the  elastic  resis- 
tance of  the  body,  and  an  equal  amount,  called  the  work 
of  resilience  (or  springing-back),  will  be  restored  by  the 
elasticity  of  the  body,  if  released  from  the  external  forces, 
provided  the  elastic  limit  has  not  been  passed.  The  energy 
thus  temporarily  stored  is  of  the  potential  kind;  see  §§ 
148,  180,  196  and  218. 

232a.  Distinction  Between  Simple,  and  Continuous,  Seams  (or 
"Girders"). — The  external  forces  acting  on  a  beam  consist 
generally  of  the  loads  and  the  "  reactions  "  of  the  sup« 
ports.  If  the  beam  is  horizontal  and  rests  on  two  supports 
only,  the  reactions  of  those  supports  are  easily  found  by 
elementary  statics  [§  36]  alone,  without  calling  into  ac- 
count the  theory  of  flexure,  and  the  beam  is  said  to  be  a 
Simple  Seam,  or  girder ;  whereas  if  it  is  in  contact  with 
more  than  two  supports,  being  "  continuous,"  therefore, 
over  some  of  them,  it  is  a  Continuous  Girder  (§  271).  The 
remainder  of  this  chapter  will  deal  only  with  simple 
beams. 
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ELASTIC  CURVES. 

233.  Case  I.  Horizontal  Prismatic  Beam,  ^.Supported  at  Botli 
Ends,  With  a  Central  Load,  Weight  of  Beam  Neglected. — Fig. 
224.     First  considering  the  whole  beam  free,  we  find  each 


-MZ- 


M 


? 


-I— 


Fig.  824.    §  883. 
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reaction  to  be  =}4P-  AOB  is  the  neutral  line  ;  required 
the  equation  of  the  portion  OB  referred  to  0  as  an  origin, 
aJnd  to  the  tangent  line  through  0  as  the  axis  of  X.  To 
do  this  consider  as  free  the  portion  mB  between  any  sec- 
tion m  on  the  right  of  0  and  the  near  support,  in  Fig. 
225      The  forces  holding  this  free  body  in  equilibrium 


Fig.  2^5.  FlQ.  886. 

»re  the  one  external  force  i^P,  and  the  elastic  forces  act- 
ing on  the  exposed  surface.  The  latter  consist  of  J,  the 
shear,  and  the  tensions  and  compressions  represented  in 
the  figure  by  their  equivalent  "  stress-couple."  Selecting 
N,  the  nsutral  axis  of  m,  as  an  axis  of  moments  (that  J 
may  not  appear  in  the  moment  equation)  and  putting 
Z  (mom)  =0  we  have 
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)    .(1) 


Fig.  226  shows  the  elastic  curve  OB  in  its  purely  geomet- 
rical aspect,  much  exaggerated.  For  axes  and  origin  as  in 
figure  <Py-i-dx'  is  positive. 
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Eq.  (1)  gives  the  second  aj-derivative  of  y  equal  to  a 
function  of  x.  Hence  the  first  x-derivative  of  y  will  be 
equal  to  the  a;-anti-derivative  of  that  function,  plus  a  con- 
stant, G.  (By  anti -derivative  is  meant  the  converse  of  de- 
rivative, sometimes  called  integral  though  not  in  the  sense 
of  summation).  Hence  from  (1)  we  have  (^/ being  a  con- 
stant factor  remaining  undisturbed) 

(2)'  is  an  equation  between  two  variables  dj/-i-c?a;  and  x,  and 
holds  good  for  any  point  between  0  and  B;  dy-r-dx  de- 
noting the  tang,  of  a,  the  slope,  or  angle  between  the  tan- 
gent line  and  X.  At  0  the  slope  is  zero,  and  x  also  zero ; 
Hence  at  0  (2)'  becomes 

^/X0=0— 0+C 

which  enables  us  to  determine  the  constant  C,  whose  valne 
must  be  the  same  at  0  as  for  all  points  of  the  curve. 
Hence  C=0  and  (2)'  becomes 

<=f(4--^)  •   •   •  » 

from  which  the  slope,  tan.  a,  (or  simply  u,  is  ;r -measure; 
since  the  angle  is  small)  may  be  found  at  any  point.  Thus 
at  B  we  have  x=}4i  and  dy-T-dx=ai,  and 

.     _1       PP 
••"''16'  M 

Again,  taking  the  aj-anti-derivative  of  both  members  of  eq^ 
(2)  we  have 

^^^=x(x-?)+^'   •       •       •   (3y 

and  since  at  0  both  x  and  y  are  zero,  C"  is  zero.  Hence 
the  equation  of  the  elastic  curve  05  is 
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To  compute  the  deflection  of  0  from  the  right  line  joiji« 
ing  A  and 5 in  Fig.  224,  i.e.  BK,  =d,  we  put  x=)^lia{S), y 
being  then  =d,  and  obtain 

Eq.  (3)  does  not  admit  of  negative  values  for  x ',  for  il 
the  free  body  of  Fig.  225  extended  to  the  left  of  0,  the  ex- 
ternal forces  acting  would  be  F,  aownward,  at  0 ;  and  ^P, 
upward,  at  £,  instead  of  the  latter  alone ;  thus  altering 
the  form  of  eq.  (1).  From  symmetry,  however,  we  know 
that  the  curve  AO,  Fig.  224,  is  symmetrical  with  0^8  about 
the  vertical  through  0. 

Numerical  lUustratlon. — Let  jthe  beam  shown  in  Fig.  224,  resting 
on  two  unyielding  supports  at  the  same  level,  be  of  white  oak  timber 
and  bear  a  load  of  P  =  200  lbs.  at  the  middle,  its  length  being  1=12  ft. 
and  cross-section  rectangular  with  a  width  (horizontal)  of  6  =  2  in.  and 
height  h  =  6  in.  The  modulus  of  elasticity  E  will  be  taken  as  1,600,000 
Ibs./in.'  Required  the  radius  of  curvature,  p,  of  the  elastic  curve  at 
a  point  4  ft.  from  the  right-hand  pier  (or  left). 

From  the  free  body  in  Fig.  225  we  have,  using  the  form  El-i-p  for 
the  moment  of  the  stress-couple  in  the  section,  and  putting  1  (moms.);v 
=  0,  with  1  =  2  ft.,  .B/h-/;=  100X48,  the  inch  and  pound  being  selected 
as  units.  Now  7  =  6^'-;- 12  (p.  94)  which  =  36  in.*;  whence,  solving, 
/)=  1,600,000X36-^4800=  12,000  in.  The  curve  is  evidently  very  flat. 
The  smallest  radius  of  curvature  is  found  at  the  middle  of  the  beam 
and  is  8000  in. ;  at  either  extremity,  A  or  B,  it  is  infinite,  since  at  each 
of  these  points  the  moment  of  the  stress-couple  is  zero. 

At  the  same  point  (4  ft.  from  B)  the  "slope"  of  the  elastic  curve, 
viz.,  dy^dx,  is  found  by  putting  1  =  2  ft.  =  24  in.,  in  eq.  (2)  from  which 
is  derived  tan  a  =  dy/dx  =  0.O025,  corresponding  to  an  angle  of  0°  8'  36". 
At  the  extremity  B  we  find,  from  ai  =  PP^16EI,  the  slope  of  the  tangent 
line  to  be  aj  =  0.0045;  which  is  the  tangent  of  0°  15'  29". 

The  deflection  of  the  middle  point  is  known  from  eq.  (4),  viz., 
d=Pl''^i8EI;  i.e.,  d=(200X144X144X144)H-(48x  1,600,000X36)  = 
0.216  in. 

It  now  remains  to  ascertain  if  the  elastic  limit  is  passed  in  any  fibre 
of  the  beam.  If  we  put  the  form  pl-^e  (for  moment  of  stress-couple) 
in  place  of  the  present  left-hand  member  of  eq.  (1>,  and  solve  for  the 
unit  (normal)  stress  in  outer  fibre,  we  &adp  =  iPe(i  l-x)^I,  which 
shows  that  p  is  greatest  in  the  outer  fibre  of  the  section  for  which  U  —  x 
is  greatest,  within  the  limits  of  the  half-length;  and  this  occurs  at  the 
middle  of  the  beam,  where  x  =  0.  With  this  substitution  we  obtain 
p(mai.)  =  pm  =  Pie  -^  (4/) ;  or  p«  =  (200  X  12  X  12  X  3)  -^  (4  X  36)  =  600 
lbs./in.',  which  is  well  withm  the  elastic  limit,  for  tension  or  compression, 
in  white  oak. 
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233a.  Load  Suddenly  Applied. — Eq.  (4)  gives  the  deflection 
d  corresponding  to  the  force  or  pressure  P  applied  at  the 
middle  of  the  beam,  and  is  seen  to  be  proportional  to  it. 
If  a  load  G  hangs  at  rest  from  the  middle  of  the  beam, 
P—G;  but  if  the  load  G^,  being  initially  placed  at  rest 
upon  the  unbent  beam,  is  suddenly  released  from  the  ex- 
ternal constraint  necessary  to  hold  it  there,  it  sinks  and 
deflects  the  beam,  the  pressure  P  actually  felt  by  the  beam 
varying  with  the  deflection  as  the  load  sinks.  What  is 
the  maximum  deflection  dm  ?  and  what  the  pressure  P^ 
between  the  load  and  the  beam  at  the  instant  of  maximum 
deflection  ?  Id.  this  motion  of  the  body,  or  ' '  load, "  it  is 
acted  on  by  two  forces,  the  constant  downward  force  G  (its 
weight)  and  the  variable  upward  force  P,  whose  average  value 
is  ^Pja )  while  its  initial  and  final  kinetic  energy  are  each  zero. 
G  does  the  work  Gdm,  while  the  work  done  upon  P  is  ^P^d^^ ; 
hence,  by  the  theorem  of  "  Work  and  Energy"  (p.  138),  we 
have 

Gdin=i^mdm+0-0 (5) 

That  is,  P^=2G.  Since  at  this  instant  the  load  is  sub- 
jected to  an  upward  force  of  2(t  and  to  a  downward  force 
of  only  G  (gravity)  it  immediately  begins  an  upward  mo- 
tion, reaching  the  point  whence  the  motion  began,  and 
thus  the  oscillation  continues.  We  here  suppose  the  elas- 
ticity of  the  beam  unimpaired.  This  is  called  the  "  sud- 
den "  application  of  a  load,  and  produces,  as  shown  above, 
double  the  pressure  on  the  beam  which  it  does  when  grad- 
ually applied,  and  a  double  deflection.  The  work  done 
by  the  beam  in  raising  the  weight  again  is  called  its  re- 
silience. 

Similarly,  if  the  weight  G  is  allowed  to  fall  on  the  mid- 
dle of  the  beam  from  a  height  Ji,  we  shall  have 

Gx(h-\-dJ,  or  approx.,  Gh=)4P^d^; 

and  hence,  since  (4)  gives  d,^  in  terms  of  P^, 
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This  theory  snpp&iBes  the  mass  of  the  beam  small  com- 
pared with  the  falling  weight. 

234.  Case  H  Horizontal  Prismatic  Beam,  Supported  at  Both 
Bnds,  Bearing  a  Single  Eccentric  Load.  Weight  of  Beam  Neg- 
lected.— Pig.  227.  The  reactions 
of  the  points  of  support,  P^  and 
Pi,  are  easily  found  by  consider- 
ing the  whole  beam  free,  and  put- 
ting first  2'(mom.)o  =0,  whence  F\ 
= PZ-T-?!,  and  then  ^(mom.)B=0, 
r.s227.  whence  Po=-P(^—^)-^?i.     Po  and 

Pi  will  now  be  treated  as  known  quantities.  > 

The  elastic  curves  OC  and  OB,  though  having  a  common 
tangent  line  at  G  (and  hence  the  same  slope  a„),  and  a  com- 
mon ordinate  at  G,  have  separate  equations  and  are  both 
referred  to  the  same  origin  and  axes,  as  shown  in  the 
figure.  The  slope  at  0,  <h>  and  that  at  P,ai,  are  unknown 
constants,  to  be  determined  in  the  progress  of  the  work. 

Equation  of  OC. — Considering  as  free  a  portion  of  the 
beam  extending  from  5  to  a  section  made  anywhere  on 
00,  X  and  y  being  the  co-ordinates  of  the  neutral  axis  of 
that  section,  we  conceive  the  elastic  forces  put  in  on  the 
exposed  surface,  as  in  the  preceding  problem,  and  put 
2'(mom.  about  neutral  axis  of  the  section)  =0  which  gives 
(remembering  that  here  cPy-^da?  is  negative.) 

whence,  by  taking  the  x  anti-derivatives  of  both  members 

M^^Piix-^y-p^Q^^^no 

To  find  0,  write  out  this  equation  for  the  point  0,  where 
dy-i-dx=af)  and  x=0,  and  we  have  C=EIao;  hence  the 
equation  for  slope  is 
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i;i^=Filx-^)-F,(l,a>-'^)+EIa,        .      (2) 

Again  taking  the  x  anti-derivatives,  we  have  from  (2) 

Uly  =P ^?J_^)_P,^|l_^  '^+EIa^+iG'=0)     (3) 

^at  Oboth  X  and  y  are  =0  .•.  C"=0).  In  equations  (1),  (2), 
and  (3)  no  value  of  x  is  to  be  used  <0  or  >Z,  since  for 
points  in  CB  different  relations  apply,  thus 

Equation  of  CB. — Fig.  227.  Let  the  free  body  extend 
from  ^  to  a  section  made  anywhere  on  C-S.2'(moms.),  as 
before,  =0,  gives  (see  foot-note  on  p.  822) 

^^g=-A(Z.-^)     ...        (4) 

{N.JB.  In  (4),  as  in  (1),  UlcPy-^dx'  is  written  equal  to  a  neg- 
ative quantity  because  itself  essentially  negative ;  for  the 
curve  is  concave  to  the  axis  X  in  the  first  quadrant  of  the 
co-ordinate  axes.) 

From  (4)  we  have  in  the  ordinary  way  (oj-anti-deriv.) 

EI^^=-P,(l,x -'^)  +  0"     .        .        (5)' 

To  determine  G",  consider  that  the  curves  CB  and  OC 
have  the  same  slope  (dy-i-dx)  at  G  where  x=l;  hence  put 
x=l  in  the  right-hand  members  of  (2)  and  of  (5)'  and 
equate  ths  results.     This  gives  C"  =  j4PP+UIao  and  .•. 

EI^^=^  +  EIa^P,[l,a^p         .        (5) 
8LrLd.'.Ely=^x+ma,fl>-FSi'^~1  +C"'      .      (6)' 
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At  C,  where  a;  =?,  both  curves  have  the  same  ordinate; 
hence,  by  putting  x  —  l  in  the  right  members  of  (3)  and  (6)' 
and  equating  results,  we  obtain  C"  — — }iPl?.  •'.{&)'  be 
comes 

i;iy  =  }4PPx+EMa>-P,^-^—^j-f±.     (6) 

as  the  Equation  of  CB,  Fig.  227.  But  «„  is  still  an  unknown 
constant,  to  find  which  write  out  (6)  for  the  point  B  where 
X  =  li,  and  j^  =  0,  whence  we  obtain 

a,=  _^lPP-3PPl,+2P,in       .        .         (7) 

«i  =  a  similar  form,  putting  Pg  for  P„  and  (li — T)  for  I. 

235.  Maximum  Deflection  in  Case  II. — Fig.  227.  The  or- 
dinate y„  of  the  lowest  point  is  thus  found.  Assuming 
i>  }4\,  it  will  occur  in  the  curve  OC.  Hence  put  the 
dy-i-dx  of  that  curve,  as  expressed  in  equation  (2),  =0. 
Also  for  do  write  its  value  from  (7),  having  putPi^P^-^?,, 
and  we  have 

whence    [a;  for  max.  y]  =  ^i^l(2li — I) 

Now  substitute  this  value  of  x  in  (3),  also  c^  from  (7),  and 
putPi=PZ-T-?i,  whence 

Max.  Deflec.=ymax=V9 .  -^  lP—3Pl,+2U,']  V^Z(2i,— Z). 

236.  Case  III.  Horizontal  Prismatic  Beam  Supported  at  Both 
Ends  and  Bearing  a  Uniformly  Distributed  Load  along  its  Whole 
Length. — (The  weight  of  the  beam   itself,  if  considered. 
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constitutes  a  load  of  this  nature.)  Let  1=  the  length 
of  the  beam  and  w=  the  weight,  per  unit  of  length, 
of  the  loading ;  then  the  load  coming  upon  any  length  x 
will  be  =wx,  and  the  whole  load  =wl.  By  hypothesis  w 
is  constant.     Fig.  228.     From  symmetry  we  know  that  the 
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reactions  at  A  and  B  are  each  =^w^^,  that  the  middle  0  of 
the  neutral  line  is  its  lowest  point,  and  the  tangent  line  at 
0  is  horizontal.  Conceiving  a  section  made  at  any  point 
m  of  the  neutral  line  at  a  distance  x  from  0,  consider  as 
free  the  portion  of  beam  on  the  right  of  m.  The  forces 
holding  this  portion  in  equilibrium  are  ^wZ,  the  reaction 
at  B ;  the  elastic  forces  of  the  exposed  surface  at  m,  viz.: 
the  tensions  and  compressions,  forming  a  couple,  and  J 
the  total  sh.e?T ;  and  a  portion  of  the  load,  zy(72^ — ^)-  The 
sum  of  the  mcinents  of  these  latter  forces  about  the  neu- 
tral axis  of  m,  is  the  same  as  that  of  their  resultant ;  (i.e., 
their  sum,  since  they  are  parallel),  and  this  resultant  acts  in 
the  middle  of  the  length  }4l — x.  Hence  the  sum  of  these 
moments  =w{]4l — x)^[^l — x).  Now  putting  H  (mom. 
about  neutral  axis  of  m)=0  for  this  free  body,  we  have 

Ei'^=y2wi{)4i^x)-y,w(y,i^xy ; 


^^■' Ei^=yw[%p-a?)  . 


(1) 
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Taking  the  aj-anti-derivative  of  botli  sides  of  (1), 

EI^  =%w{%Vj^}iv,?mG^O)  (2) 

as  the  equation  of  slope.  (The  constant  is  =0  since  at  0 
both  dy^dx  and  x  are  =0.)     From  (2), 

EIy=\{}iV^-'k^')+VG'=0-\         .        .      (3) 

which  is  the  equation  of  the  elastic  curve ;  throughout, 
i.e.,  it  admits  any  value  of  x  from  x=-\-yil  to  x= — j^l. 
This  is  an  equation  of  the  fourth  degree,  one  degree  high- 
er than  those  for  the  Curves  of  Cases  I  and  II,  where 
there  were  no  distributed  loads.  If  w  were  not  constant, 
but  proportional  to  the  ordinates  of  an  inclined  right  line, 
eq.  (3)  would  be  of  the  fifth  degree ;  if  w  were  propor- 
tional to  the  vertical  ordinates  of  a  parabola  with  axis 
vertical,  (3^  would  be  of  the  sixth  degree  ;  and  so  on. 

By  putting  x—yi^  in  (3)  we  have  the  deflection  of  0  be- 
low the  horizontal  thro  ^gh  A  and  B,  viz.:  (with  W=  total 
load  =wT) 

384  '  EI     ^M   '    EI      '        '  ^  ' 

237.  Case  IV.  Cantilevers. — A  horizontal  beam  whose  only 
support  consists  in  one  end  being  built  in  a  wall,  as  in 
Fig.  229(a),  or  supported  as  in  Fig. 
229(6)  is  sometimes  called  a  canti- 
lever. Let  the  student  prove  that  in 
Fig.  229(a)  with  a  single  end  load  P, 
the  deflection  of  B  below  the  tangent 
at  Ois  d=j^Pl'-i-£I;th.e  same  state- 
ment applies  to  Fig.  229(6),  but  the 
tangent  at  0  is  not  horizontal  if  the 
beam  was  originally  so.  It  can  also 
Fia.  229.  ijg  proved  that  the  slope  at  B,  Fig. 

229(a)  (from  the  tangent  at  0)  is 
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The  greatest  deflection  of  the  elastic  curve  from  the  right 
line  joining  AB,  in  Fig.  229(6),  is  evidently  given  by  the 
equation  for  y  max.  in  §  235,  by  writing,  instead  of  P  of 
that  equation,  the  reaction  at  0  in  Fig.  229(6).  This  assumes 
that  the  max.  deflection  occurs  between  A  and  0.  If  it 
occurs  between  0  and  B  put  {l\  —  l)  for  I. 

If  in  Fig.  229(a)  the  loading  is  uniformly  distributed 
along  the  beam  at  the  rate  of  w  pounds  per  linear  unit, 
the  student  may  also  prove  that  the  deflection  of  B  below 
the  tangent  at  0  is 

238.  Case  V.  Horizontal  Prismatic  Beam  Bearing  Equal  Ter- 
minal Loads  and  Supported  Ssrmmetrically  at  Two  Points.— 
Fig.  231.  Weight  of  beam  neglected.  In  the  preceding 
cases  we  have  made  use  of  the  approximate  form  Eld^y-^ds? 
in  determining  the  forms  of  elastic  curves.     In  the  present 
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P 

Fio.  231. 

,P 

Pig.  232. 

case  the  elastic  curve  from  0  to  C  is  more  directly  dealt 
with  by  employing  the  more  exact  expression  EI-^p  (see 
§  231)  for  the  moment  of  the  stress-couple  in  any  section. 
The  reactions  at  0  and  Care  each  =P,  from  symmetry. 
Considering  free  a  portion  of  the  beam  extending  from  A 
to  any  section  m  between  0  and  G  (Fig.  232)  we  have,  by 
putting  2"  (mom.  about  neutral  axis  of  m)=0, 

P(i+x)-  1L—Px=0  .:  p=  ^  ; 
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That  is,  tlie  radius  of  curvature  is  the  same  at  all  points 
of  0(7;  in  other  words  0(7  is  the  arc  of  a  circle  with  the 
above  radius.  The  upward  deflection  of  F  from  the  right 
line  joining  0  and  C  can  easily  be  computed  from  a  knowl- 
edge of  this  fact.  This  is  left  to  the  student  as  also  the 
value  of  the  slope  of  the  tangent  line  at  0  (and  0).  The 
deflection  of  D  from  the  tangent  at  C='^JiPl^-irEL  as  ip 
Fig.  229(a). 
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239.  Maximum  Moment. — ^As  we  examine  the  different  sec- 
tions of  a  given  beam  undar  a  given  loading  we  find  differ- 
ent values  of  p,  the  normal  stress  per  unit  of  area  in  the 
outer  element,  as  obtained  froai  eq.  (5)  §  229,  viz.: 

PL=M.  .        .        .        .   (1) 

e 

in  which  I  is  the  "  Moment  of  Inertia  "  (§  85)  of  the  plane 
figure  formed  by  the  section,  about  its  neutral  axis,  e  the 
distance  of  the  most  distant  (or  outer)  fibre  from  the  neu- 
tral axis,  and  M  the  sum  of  the  moments,  about  this  neu- 
tral axis,  of  all  the  forces  acting  on  the  free  body  of  which 
the  section  in  question  is  one  end,  exclusive  of  the  stresses 
on  the  exposed  surface  of  that  section.  In  other  words 
if  is  the  sum  of  the  moments  of  the  forces  which  balance 
the  stresses  of  the  section,  these  moments  being  taken 
about  the  neutral  axis  of  the  section  under  examination. 
For  the  prismatic  beams  of  this  chapter  e  and  /  are  the 
same  at  all  sections,  hence  p  varies  with  M  and  becomes  a 
maximum  when  Jf  is  a  maximum.  In  any  given  case  the 
location  of  the  "  dangerous  section,"  or  section  of  maximum 
M,  and  the  amount  of  that  maximum  valine  may  be  deter- 
mined by  inspection  and  trial,  this  being  the  only  method 
(except  by  graphics)  if  the  external  forces  are  detached. 


FLBXTJKB   SAFE  LOADS.  263 

If,  however,  the  loading  is  continuous  according  to  a  de- 
finite algebraic  law  the  calculus  may  often  be  applied, 
taking  care  to  treat  separately  each  portion  of  the  beam 
between  two  consecutive  reactions  of  supports,  or  detached 
loads. 

As  a  graphical  representation  of  the  values  of  ilf  along 
the  beam  in  any  given  case,  these  values  may  be  conceived 
laid  off  as  vertical  ordinates  (according  to  some  definite 
scale,  e.g.  so  many  inch-lbs.  of  moment  to  the  linear  inch 
of  paper)  from  a  horizontal  axis  just  below  the  beam.  If 
the  upper  fibres  are  in  compression  in  any  portion  of  the 
beam,  so  that  that  portion  is  convex  downwards,  these  or- 
dinates will  be  laid  off  below  the  axis,  and  vice  versa ;  for 
it  is  evident  that  at  a  section  where  M=  0,  p  also  =0,  i.e., 
the  character  of  the  normal  stress  in  the  outermost  fibre 
changes  (from  tension  to  compression,  or  vice  versa)  when 
jlf  changes  sign.  It  is  also  evident  from  eq.  (6)  §  231  that 
the  radius  of  curvature  changes  sign,  and  consequently  the 
curvature  is  reversed,  when  ilf  changes  sign.  These  mo- 
ment ordinates  form  a  Moment  Diagram,  and  the  extremities 
a  Moment  Curve. 

The  maximum  moment,  M^,  being  found,  in  terms  of 
the  loads  and  reactions,  we  must  make  the  p  of  the  "  dan- 
gerous section,"  where  M=  i!^,  equal  to  a  safe  value  B', 
and  thus  may  write 

—=M^     .  .        .       (2) 

e 

Eq.  (2)  is  available  for  finding  any  one  unknown  quanti- 
ty, whether  it  be  a  load,  span,  or  some  one  dimension  of 
the  beam,  and  is  concerned  only  with  the  Strength,  and  not 
with  the  stiffness  of  the  beam.  If  it  is  satisfied  in  any 
given  case,  the  normal  stress  on  all  elements  in  all  sections 
is  known  to  be  =  or  <^',  and  the  design  is  therefore  safe 
in  that  one  respect. 

As  to  danger  arising  from  the  shearing  stresses  in  any 
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section,  the  consideration  of  the  latter  will  be  taken  up  in 
a  subsequent  chapter  and  will  be  found  to  be  necessary- 
only  in  beams  composed  of  a  thin  web  uniting  two  flanges. 
The  total  shear,  however,  denoted  by  J,  bears  to  the  mo- 
ment M,  an  important  relation  of  great  service  in  deter- 
mining M^.  This  relation,  therefore,  is  presented  in  the 
next  article. 

240.    The  Shear  is  the  First    x-Derivative  of  the  Homent 

Pig.  233.  {x  is  the  distance  of  any  section,  measured  parallel 
uxtc      y  to  the  beam  from  an  arbitrary 

p'dp  origin).  Consider  as  free  a  ver- 
_j  tical  slice  of  the  beam  included 
between  any  two  consecutive 
vertical  sections  whose  distance 
apart  is  dx.  The  forces  acting 
are  the  elastic  forces  of  the  two 
internal  surfaces  now  laid  bare, 
and,  possibly,  a  portion,  wdx, 
of  the  loading,  which  at  this 
part  of  the  beam  has  some  intensity  =w  lbs.  per  running 
linear  unit.  Putting  2'(mom.  about  axis  .N')=0  we  have 
(noting  that  since  the  tensions  and  compressions  of  section 
2i  form  a  couple,  the  sum  of  their  moments  about  N'  is 
just  the  same  as  about  N,) 

PL^'J-  +  Jdx+wdx.^=0 
e        e  2 


pdF 


^pae      - 


■ — dx— 

Fig.  333. 


But  ?  -=i!f,  the  Moment  of  the  left  hand  section,^—  =J!f , 
e  e 

that  of  the  right ;  whence  we  may  write,  after  dividing 

through  by  dx  and  transposing. 


M—M, 
dx 


J+io 


dx 


ie   "^^-J- 


(3) 


for  w  ^  vanishes  when  added  to  the  finite  J,  and  M' — M= 
dM=  increment  of  the  moment  corresponding  to  the  inore- 
ment,  dx,  of  x.     This  proves  the  theorem. 
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Now  the  value  of  x  which  renders  M  a  maximum  or 
minimum  would  be  obtained  by  putting  the  derivative 
dM -=r  dx  =  zero;  hence  we  may  state  as  a 

Corollary. — At  sections  where  the  moment  is  a  m,axim,v/m 
or  minvm.um  the  shea/)' ^passes  through  the  value  zero. 

The  shear  J  at  any  section  is  easily  determined  by  con- 
sidering free  the  portion  of  beam  from  the  section  to  either 
end  of  the  beam  and  putting  2'(vertical  components)=0. 

In  this  article  the  words  maximum  and  minimum  ara 
used  in  the  same  sense  as  in  calculus ;  i.e.,  graphically, 
they  are  the  ordinates  of  the  moment  curve  at  points 
where  the  tangent  line  is  horizontal.  If  the  moment  curve  be 
reduced  to  a  straight  line,  or  a  series  of  straight  lines,  it 
has  no  maximum  or  minimum  in  the  strict  sense  just 
stated  ;  nevertheless  the  relation  is  still  practically  borne 
out  by  the  fact  that  at  the  sections  of  greatest  and  least 
ordinates  in  the  moment  diagram  the  shear  changes  sign 
suddenly.  This  is  best  shown  by  drawing  a  shear  diagram, 
whose  ordinates  are  laid  off  vertically  from  a  horizontal 
axis  and  under  the  respective  sections  of  the  beam.  They 
will  be  laid  off  upward  or  downward  according  as  J  is 
found  to  be  upward  or  downward,  when  the  free  body  con- 
sidered extends  from  the  section  toward  the  right. 

In  these  diagrams  the  moment  ordinates  are  set  off  on 
an  arbitrary  scale  of  so  many  inch -pounds,  or  foot-pounds, 
to  the  linear  inch  of  paper ;  the  shears  being  simply 
pounds,  or  some  other  unit  oi  force,  on  a  scale  of  so  many 
pounds  to  the  inch  of  paper.  The  scale  on  which  the 
beam  is  drawn  is  so  many  f6et,  or  inches,  to  the  inch  of 
paper. 

241.  Safe  Load  at  the  Middle  of  a  Prismatic  Beam  Support- 
ed at  the  Ends. — Fig.  234.  The  reaction  at  each  support 
is  ^P.  Make  a  section  n  at  any  distance  a;<-L  from  B. 
Consider  the  portion  nB  free,  putting  in  the  proper  elas- 
tic and  external  forces.  The  weight  of  beam  is  neglected. 
From  2'(mom.  about  n)=0  we  have 
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^=~x;  i.e.,M=}4Px 

Evidently  M  is  proportional  to  x,  and  the  ordinates  repre- 
senting it  will  therefore  be  limited  by  the  straight  line 


^FiQ.  234. 


ffR,  forming  a  triangle  B'RA'.  From  symmetry,  another 
triangle  O'RA'  forms  the  other  half  of  the  moment  dia- 
gram. From  inspection,  the  maximum  ilf  is  seen  to  be  in 
the  middle  where  a;=  ^Z,  and  hence 


{M  m&-^.)=  M„,=  %Pl 


•     (1) 


Again  by  putting  2'(vert.  compons.)=0,  for  the  free  body 
nB  we  have 

and  must  point  downward  since  ^  points  upward.  Hence 
the  shear  is  constant  and  =  ^P  at  any  section  in  the  right 
hand  half.  If  n  be  taken  in  the  left  half  we  would  have, 
nB  being  free,  from  2'(vert.  com.)=0, 


J^P—JAP- 


■V^P 
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the  same  numerical  yalue  as  before ;  but  J"  must  point  up- 
ward, since  ~  a,t  B  and  «/  at  w  must  balance  the  downward 
F  at  A.  At  A,  then,  the  shear  changes  sign  suddenly, 
that  is,  passes  through  the  value  zero;  also  abiA,Misa 
maximum,  thus  illustrating  the  statement  in  §  240.  Notice 
the  shear  diagram  in  Fig.  234. 

To  find  the  safe  load  in  this  case  we  write  the  maximum 
Talue  of  the  normal  stress,  J9,=  i?',  a  safe  value,  (see  table 
in  a  subsequent  article)  and  solve  the  equation  for  P. 
But  the  maximum  value  of  p  is  in  the  outer  fibre  at  A, 
since  iff  for  that  section  is  a  maximum.     Hence 


EI 


=  1/  VI.  (2) 


is  ihe  equation  for  safe  loading  in  this  case,  so  far  as  the 
normal  stresses  in  any  section  are  concerned. 

Example. — If  the  beam  is  of  wood  and  has  a  rectangu- 
lar section  with  width  6=  2  in.,  height  A-=  4  in.,  while  its 
length  1=  10  ft.,  required  the  safe  load,  if  the  greatest  nor- 
mal stress  is  limited  to  1,000  lbs.  per  sq.  in.  Use  the 
pound  and  inch.  From  §  90  h=^ln  feA'=Vi2X 2x64=  10.66 
biquad,  inches,  while  e=l=2  in. 

... P=  4^^4x1,000x10.66  ^.^yyy  1^^^ 
le  120x2 

'  242.  Safe  Load  Uniformly  Distributed  along  a  Prismatic  Beam 
Supported  at  the  Ends.— Let  the  load  per  lineal  unit  of  the 
length  of  beam  be  =z<;  (this  can  be  made  to  include  the 
weight  of  the  beam  itself).     Fig.  235,     From  symmetry, 

each  reaction  =  y2wl.  For  the  free  body  mO  we  have, put- 
ting 2'(mom.  about  m)=0, 

4  =  ^.-(e..)|...if=J(i«^) 
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whicli  gives  if  for  any  section  by  making  x  vary  from  0 
to  I.  Notice  that  in  this  case  the  law  of  loading  is  con- 
tinuous along  the  whole  length,  and  tHat  hence  the  mo- 
ment curve  is  continuous  for  the  whole  length. 


W-wJ 


Pig,  285. 


To  find  the  shear  J,  at  n,  we  may  either  put  2'(vert.  com 
pons.)=0  for  the  free  body,  whence  J=  ]^wl — wx,  and  mus 
therefore  be  downward  for  a  small  value  of  x  ;  or,  emploj 
ing  §  240,  we  may  write  out  dM-r-dx,  which  gives 


r      dM        IV  n      ON 


dx 


(1.' 


the  same  as  before.  To  find  the  max.  M,  or  M,„,  put  eA=  0., 
which  gives  x=}^l.  This  indicates  a  maximum,  forwlieB 
substituted  in  d'M-r-daf,  i.e.,  in  — w,  a  negative  result  te 
obtained.  Hence  M^  occurs  at  the  middle  of  the  beam  and 
its  value  is 


M^=l 


R'l 


=}iwP=yiWl 


(^i 


the  equation  of  safe  loading.      W=  total  load^toT 

It  can  easily  be  shown  that  the  moment  curve  is  p  por- 
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Jion  of  a  parabola,  whose  vertex  is  at  A"  under  the  mid- 
dle of  the  beam,  and  axis  vertical.  The  shear  diagram 
consists  of  ordinates  to  a  single  straight  line  inclined  to 
its  axis  and  crossing  it,  i.e.,  giving  a  zero  shear,  under  the 
middle  of  the  beam,  where  we  find  the  max.  M. 

If  a  frictionless  dove-tail  joint  with  vertical  faces  were 
introduced  at  any  locality  in  the  beam  and  thus  divided 
the  beam  into  two  parts,  the  presence  of  J^  would  be  made 
manifest  by  the  downward  slipping  of  the  left  hand  part 
on  the  right  hand  part  if  the  joint  were  on  the  right  of  the 
middle,  and  vice  versa  if  it  were  on  the  left  of  the  middle. 
This  shows  why  the  ordinates  in  the  two  halves  of  the 
shear  diagram  have  opposite  signs.  The  greatest  shear 
is  close  to  either  support  and  is  e7nj=^wZ. 

243,  Prismatic  Beam  Supported  at  its  Extremities  and  Loaded 
in  any  Manner.    Equation  for  Safe  Loading. — Fig.  236.    Given 

the  loads  P,,  F2,  and  P3,  whose 
distances  from  the  right  sup- 

^ [55 p eI..;_J^  port  are  l^,  I2,  and  ^ ;  ,required 

^         I  ' — h — ' S  the  equation  for  safe  loading  ; 

i.e.,   find   M^^   and   write   it    = 
M'l^e. 

If  the  moment  curve  were 
continuous,  i.e.,  if  M  were  a 
continuous  function  of  x  from 
end  to  end  of  the  beam,  we 
could  easily  find  M^  by  making 
dM-T-dx—0,  i.e.,  J—0,  and  sub- 
stitute the  resulting  value  of  x  in  the  expression  for  M. 
But  in  the  present  case  of  detached  loads,  J  is  not  zero, 
necessarily,  at  any  section  of  the  beam.  Still  there  is 
soi>:  J  one  section  where  it  changes  sign,  i.e.,  passes  sud- 
denly through  the  value  zero,  and  this  will  be  the  section 
of  greatest  moment  (though  not  a  maximum  in  the  stric': 
sense  used  in  calculus).  By  considering  any  portion  n'^ 
as  free,  J  is  found  equal  to  the  Reaction  at  0  Diminished  by 
the  Loads  Occurring  Between  n  and  0.     The  reaction  at  5  is 


Fia.  236. 
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obtained  by  treating  the  wbole  beam  as  free  (in  which  case 
no  elastic  forces    come  into    play)    and  putting  2'(mom. 
about  O)=0;  while  that  at  0,=:Po=i'i+-P2+i'3— -Pb 
If  n  is  taken  anywhere  between  0  and  E,  J=Pt, 

"  "         E    "    F,  J=Po-Pi 

F    "    H,J=Po-P,-P2 

H      "      £,J=Po-P,-P2-P3 

This  last  value  of  J"  also  =  the  reaction  at  the  other 
support ,  B.  Accordingly,  the  shear  diagram  is  seen  to 
consist  of  a  number  of  horizontal  steps.  The  relation 
J=dM-h-dx  is  such  that  the  slope  of  the  moment  curve  is 
proportional  to  the  ordinate  of  the  shear  diagram,  and 
that  for  a  sudden  change  in  the  slope  of  the  moment  curve 
there  is  a  sudden  change  in  the  shear  ordinate.  Hence  in 
the  present  instance,  J  being  constant  between  any  two 
consecutive  loads,  the  moment  curve  reduces  to  a  straight 
line  between  the  same  loads,  this  line  having  a  different 
inclination  under  each  of  the  portions  into  which  the  beam 
is  divided  by  the  loads.  Under  each  load  the  slope  of  the 
moment  curve  and  the  ordinate  of  the  shear  diagram  change 
suddenly.  In  Fig.  236  the  shear  passes  through  the  value 
zero,  i.e.,  changes  sign,  at  F;  or  algebraically  we  are  sup- 
posed to  find  that  Pg—Pi  is  +  while  P0—P1—P2  is  — ,  in 
the  present  case.  Considering  FO,  then,  as  free,  we  find 
M„,  to  be 

Ma,=  Poli~Pi{h—li)  and  the  equation  for  safe  loading  is 

El^p,i,-pii,-i,)  (1) 

(i.e.,  if  the  max.  ilf  is  at  F).  It  is  also  evident  that  the 
greatest  shear  is  equal  to  the  reaction  at  one  or  the  other 
support,  whichever  is  the  greater,  and  that  the  moment 
at  either  support  is  zero. 

The  student  should  not  confuse  the  moment  curve,  which 
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is  entirely  imaginary,  with  tlie  neutral  line  (or  elastic 
curve)  of  the  beam  itself.  The  greatest  moment  is  not 
necessarily  at  the  section  of  maximum  deflection  of  the 
neutral  line  (or  elastic  curve). 

For  the  case  in  Fig.  236  we  may  therefore  state  that  the 
max.  moment,  and  consequently  the  greatest  tension  or 
compression  in  the  outer  fibre,  will  be  found  in  the  sec- 
tion under  that  load  for  which  the  sum  of  the  loads  (in- 
cluding this  load  itself)  between  it  and  either  support  first 
equals  or  exceeds  the  reaction  of  that  support.  The 
amount  of  this  moment  is  then  obtained  by  treating  as  free 
either  of  the  two  portions  of  the  beam  into  which  this 
section  divides  the  beam. 

244.  Numerical  Example  of  the  Preceding  Article. — Fi^.  237. 
Given  Pi,  Pj,  P3,  equal  to  y^   ton,  1  ton,  and  4  tons,  re- 


spectively ;  <i  =5  feet,  ^2=  7  feet,  and  ^3=  10  feet ;  while  tiie 
total  length  is  15  feet.  The  beam  is  of  timber,  of  rectan- 
gular cross-section,  the  horizontal  width  being  &=10 
inches,  and  the  value  of  B!  (greatest  safe  normal  stress), 
=  y^  ton  per  sq.  inch,  or  1,000  lbs.  per  sq  inch. 
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Requirea  the  proper  depth  h,  lor  the  beam,  for  safe  load< 
ing. 

Solution, — Adopting  a  definite  system  of  units,  viz.,  the 
inch-ton-second  system,  we  must  reduce  all  distances  such 
as  I,  etc.,  to  inches,  express  all  forces  in  tons,  write  K'=r  i^ 
(tons  per  sq.  inch),  and  interpret  all  results  by  the  same  sys- 
tem. Moments  will  be  in  inch-tons,  and  shears  in  tons. 
[N.  B.  In  problems  involving  the  strength  of  materials 
the  inch  is  more  convenient  as  a  linear  unit  than  the  foot, 
since  any  stress  expressed  in  lbs.,  or  tons,  per  sq.  inch,  is 
numerically  144  times  as  small  as  if  referred  to  the  square 
foot.] 

Making  the  whole  beam  free,  we  have  from  moms,  about 
O,  Pb~[>^x60+1x84+4x120]=3.3  tons.-.  Po=5.5— 
3.3=2.2  tons. 

The  shear  anywhere  between  O  and  ^is  </=  Po=2.2  tons. 

^  and  i^  is  J"  =2.2— i^  =1.7 

tons. 
The  shear  anywhere  between  F  and  jETis  J  =2.2 — }4 — 1  = 

0.7  tons. 
The  shear  anywhere  between  Ji  and  B  ia  J  =  2.2 — % — 1 

-^=—3.3  tons. 
Since  the  shear  changes  sign  on  passing  H.  .:  the  max. 
moment  is  at  i? ;  whence  making  HO  free,  we  have 
M  atir=ilf„=2.2xl20—>^X  60— 1x36=198  inch-tons. 

r)/ r 

For  safety  M™  must  =  — ,  in  which   B  =  j4   ton   per   sq. 

inch,  e  —  yih.  —  }^  of  unknown  depth  of  beam,  and  I,  §90,  = 

i  hh^,  with  6=10  inches 

.-.i.  >^  .|-XlOA^=198;  or  ^2=237.6.-.  A=15.4  inches. 

245.  Comparative  Strength  of  Eectangular  Beams For  such 

a  beam,  under  a  given  loading,  the  equation  for  safe  load- 
ing is 

—=M^  i.  e.  }i  R  bh'=M^  ....  (1) 
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whence  the  following  is  evident,  (since  for  the  same  length, 
mode  of  support,  and  distribution  of  load,  M^  is  propor- 
tional to  the  safe  loading.) 

For  rectangular  prismatic  beams  of  the  same  length, 
same  material,  same  mode  of  support  and  same  arrange- 
ment of  load  : 

(1)  The  safe  load  is  proportional  to  the  width  of  beams 
having  the  same  depth  (h). 

(2)  The  safe  load  is  proportional  to  the  square  of  the 
depth  of  beams  having  the  same  width  (b). 

(3)  The  safe  load  is  proportional  to  the  depth  of  beams 
having  the  same  volume  (i.  e.  the  same  hh] 

(It  is  understood  that  the  sides  of  the  section  are  hori- 
zontal and  vertical  respectively  and  that  i,he  material  i*' 
homogeneous.) 

246.  Comparative  Stiffness  of  Rectangular  Beams.— Taking  tiu. 
deflection  under  the  same  loading  as  an  inverse  me' .sure 
of  the  stiffness,  and  noting  that  in  §§  233,  235,  and  236, 
this  deflection  is  inversely  proportional  to  1=^^  b¥  = 
the  "  moment  of  inertia  "  of  the  section  about  its  neutral 
2,xis,  we  may  state  that : 

For  rectangular  prismatic  beams  of  the  same  length, 
same  material,  same  mode  of  support,  and  same  loading  : 

(1)  The  stiffness  is  proportional  to  th'>  -^ddth  for  beams 
of  the  same  depth. 

(2)  The  stiffness  is  proportional  to  the  cube  of  the 
height  for  beams  of  the  same  width  (b). 

(3)  The  stiffness  is  proportional  to  the  square  of  the 
::epth  for  beams  of  equal  volume  (bhl). 

(4)  It  the  length  alone  vary,  the  stiffness  is  inversely 
proportional  to  the  cube  of  the  length. 

247.  Table  of  Moments  cf  Inertia. — These  are  here  recapitu- 
lated for  the  simpler  cases,  and  also  the  values  of  «.  the 
Distance  of  the  outermost  fibre  from  the  axis. 

Since  the  stiffness  varies  as  /(other  things  being  equal). 
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while  the  strength  varies*  as  7-i-e,  it  is  evident  that  a 
square  beam  has  the  same  stiffness  in  any  position  (§89), 
while  its  strength  is  greatest  with  one  side  horizontal,  for 
then  e  is  smallest,  being  —}^b. 

Since  for  any  cross-section  1=  CdF  a^,  in  which  2=the 

distance  of  any  element,  dF,  of  area  from  the  neutral  axis,* 
a  beam  is  made  both  stiffer  and  stronger  by  throwing 
most  of  its  material  into  two  flanges  united  by  a  vertical 
web,  thus  forming  a  so-called  "  I-beam  "  of  an  I  shape.  But 
not  without  limit,  for  the  web  must  be  thick  enough  to 
cause  the  flanges  to  act  together  as  a  solid  of  continuous 
substance,  and,  if  too  high,  is  liable  to  buckle  sideways, 
thus  requiring  lateral  stiffening.  These  points  will  be 
treated  later. 


SECTION. 

I      . 

« 

Bectangle,  width  =  »,  depth  =  h  (vertical) 

'A.6A' 

Mh 

BoUow  Beotangle,  eymmet.  about  neutral  axis.     See  1 
Fig.  S38  (a)                                                                        f 

Vi>[6.A,'-6,A",] 

a  hi 

Triangle, width  =&, height  =  A,  neutral  axis  parallel! 
to  base  (horisontal).                                                          1 

Vi.  bh* 

%h 

Circle  of  radtus  r 

Virr* 

r 

Ring  of  oonoentrio  circles.    Fig.  838  (b) 

K.r(rS-r*,) 

n 

Bhombue;  Fig.  238  {d  A  =  diagonal  whioli  Is  vertical. 

V4.iA» 

MA 

Square  with  side  b  vertical. 

Vn  b* 

K» 

"      '•     ftat45°withhoriz. 

■/..»' 

HftVi 

248v   Uoment  of  Inertia  of  I-beams,   Box-girders,    Etc. — In 

common    with    other    large  companies,    the  Cambria    Steel 

♦This  function,  I-^e,  of  the  plane  figure  formed  by  the  cross-section 
of  a  beam  is  evidently  of  three  dimensions  of  length  (cubic  inches,  for 
example),  and  is  tabulated  in  the  handbooks  of  the  steel 'companies  for 
different  shapes  of  section;  it  is  called  the  "section-modulus."  See 
next  page. 
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Co.  of  Jolmstown,  Pa. ,  manufactures  prismatic  rolled  beams 
and  other  "shapes,"  of  structural  steel,  which  are  variously 
called  I-beams,  deck-beams  (or  "bulb-beams"),  rails,  angles, 
T-bars,  channels,  Z-bars,  etc.,  according  to  the  form  of  their 
sections.    See  Fig.  239  for  some  of  these  forms.    The  company , 


Kl 


CHANNEL.     DECK-BEAM. 

ria.  239. 


ILt 


publishes  a  pocket-book  giving  tables  of  quantities  rela- 
ting to  the  strength  and  stiffness  of  beams,  such  as  the 
safe  loads  for  various  spans,  moments  of  inertia  of  their 
sections  in  various  positions,  etc.,  etc.  The  moments  of 
inertia  of  /-beams  and  deck-beams  are  computed  accord- 
ing to  §§  92  and  93,  with  the  inch  as  linear  unit.  The 
/-beams  range  from  4  in.  to  24  inches  deep,  the  deck- 
beams  being  about  7  and  8  in.  deep.  (See  foot-note,  p.  274.) 
For  beams  of  still  greater  stiffness  and  strength  com- 
binations of  plates,  channels,  angles,  etc.,  are  riveted  to- 
gether, forming  "  built-beams,"  or  "  plate  girders."  The 
proper  design  for  the  riveting  of  such  beams  will  be  ex- 
amined later.  For  the  present  the  parts  are  assumed  to 
act  together  as  a  continuous  mass.  For  example.  Fig.  240 
shows  a  "  box -girder,"  formed  of  two  "  channels  "  and 
two  plates  riveted  together.     If  the  axis  of  symmetry,  .A^, 

-6 i    is  to  be  horizontal  it  becomes  the  neu- 

-3^"' tral  axis.  Let  G=  the  moment  of  iner- 
tia of  one  channel  (as  given  in  the 
pocket-book  mentioned)  about  the  axis 
^perpendicular  to  the  web  of  the  chan- 


m 


m 


^_p    nel.     Then  the  total  moment  (f  inertia  of 


Fio.  840.  the  combination  is  (nearly) 

I^=2G+2bt(P—4d't'{dr—}4ty        .        .        (1) 
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In  (1),  b,  t,  and  d  are  the  distances  given  in  Pig.  240  {d  ex- 
tends to  the  middle  of  plate)  while  d'  and  t'  are  the  length 
and  width  of  a  rivet,  the  former  from  head  to  head 
(i.e.,  d'  and  t'  are  the  dimensions  of  a  rivet-hole). 

For  example,  a  box-girder  of  structural  steel  is  formed  of 
two  15 -in.  channels  (35  lbs.   per  foot)  and  two  plates  10  in. 


wide  and 


the  rivet-holes  f  i«»|" 


That  is,  &  =  10 


tons/in. 2)  be  taken  as  the  value  of  R'  (greatest  safe  normal 
stress  in  the  extreme  fibre  of  any  section)  as  used  by  the 
Cambria  Steel  Co.  for  box-girders  in  buildings,  we  have 

E'l    15000X1625     „  „„„  ^„„  .     ^  ^, 

= ^ =  2,867,500  inch-lbs. 

e  8.5  '       ' 

That  is,  the  max.  safe  "moment  of  resistance"  of  the  box- 
girder  is  M„  =  2,867,000  inch-lbs.  =  1433-.7  inch-tons;  this 
quantity  having  to  do  with  normal  stresses  in  the  section.  The 
greatest  "  bending-moment "  due  to  the  amount,  and  mode,  of 
loading  on  the  beam,  must  not  exceed  this.  Proper  provision 
for  the  shearing  stresses  in  the, section,  and  in  the  rivets,  will 
be  considered  later.) 

249.  Strength  of  Cantilevers. — In  Fig.  241  with  a  aingle 
TJ^  I     pi     H     ^'*^  concentrated  load  P  at  the 

~|=:4p  VH  H  I  I  I  ji     projecting    extremity,   we 

-I      I 4     In  ni      TO  easily  find  the  moment  at 

n  to  be  ilf  =Px,  and  the 
,'  max.  moment  to   occur  at 
the  section  next  the  wall, 
ja  its  value  being  M^=Pl. 

The  shear,  J,  is  constant, 
rm,243.  and  =  P  at  all  sections 

The  moment  and  shear  diagrams  are  drawn  in  accordance 
with  these  results. 


Fia,  241. 
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If  the  load  TF=  wlis  uniformly  distributed  on  the  can- 
tilever, as  in  fig.  242,  by  making  nO  free  we  have,  putting 
.^(mom.  about  n)  =  0, 


m. 


Hence  the  moment  curve  is  a  parabola,  whose  vertex  is  at 
0'  and  axis  vertical,  ^^tting  2*  (vert,  compons.)  ==  0  we 
obtain  J  =  wx.  Hen<^Bie  ^ear  .diagram  is  a  triangle, 
and  the  max.  J=  wl  ^^W.     ^      i  '4V^ 

"^  ^     iJi   4   1..     " 

250,  Besume  of  the  Four  Simple  Cases. — The  following  table 
shows  the  values  of  the  deflections  under  an  arbitrary 
load  P,  or  W,  (within  elastic  limit),  and  of  the  safe  load ; 


Cantilevers. 

Beams  with  two  end  supports. 

With  one  end 
loadP 
Fig.  241 

With  unif .  load 
W=wl 
Kg.  242 

Load  Pin 
middle 
Pig.  834 

Unif.  load 
Fig.  235 

Beflection 

HI 

1    P!« 
48*^/ 

884' BI 

(Safe  load  (from  ?I^ 
(  =  J/in) 

B'l 

S'l 

^ 

«^ 

Relative  strength 

1 

a 

4 

8 

( Relative  stiffness 
( under  same  load 

1 

8 
3 

M 

138 
5 

Relative  stiffness 
under  safe  load 

1 

4 
3 

4 

16 
5 

( Max.  shear  =  Jin,(and 
1  location, 

P,  (at  wall) 

W,  (at  wall) 

}iP,(at8upp). 

H  WAatmpm 

also  the  relative  strength,  the  relative  stiffness  (under  the 
same  load),  and  the  relative  stiffness  under  the  safe  load, 
for  the  same  beam. 

The  max.  shear  will  be  used  to  determine  the  proper 
web-thickness  for  /-beams  and  "  built-girders."  The  stu- 
dent should  carefully  study  the  foregoing  table,  noting 
especially  the  relative  strength,  stiffness,  and  stiffnesa 
under  safe  load,  of  the  same  beam. 

Thus,  a  beam  with  two  end  supports  will  bear  a  double 


278  MECHANICS  OF  ENGINBKRING. 

load,  if  uniformly  distributed  instead  of  concentrated  in 
the  middle,  but  will  deflect  ^^  more ;  whereas  with  a  given 
load  uniformly  distributed  the  deflection  would  be  only 
^  of  that  caused  by  the  same  load  in  the  middle,  proyided 
the  elastic  limit  is  not  surpassed  in  either  case. 
i 

251.  E',  etc.  For  Various  Materials.— The  formula^  =  M^, 

from  which  in  any  given  case  of  ^Rure  we  can  compute 
the  value  ^/g>m>  ^^^  gveatlK  nonKil  stress  in  any  outer 
element,  provided  all^he  bthe]^^^ntities  ar^  known, 
holds   good  theoretically  withi:^Tne  elastic  limit   only. 


Still,  some  experimenters  have  used  this  formula  for  the 
rupture  of  beams  by  flexure,  calling  the  value  of  p^  thus 
obtained  the  Modulus  of  Bupture,  R.  R  may  be  found  to 
differ  considerably  from  both  the  T  or  G  oi  §  203  with 
some  materials  and  forms,  being  frequently  much  larger. 
This  might  be  expected,  since  even  supposing  the  relative 
extension  or  compression  (i.e.,  strain)  of  the  fibres  to  be 
proportional  to  their  distances  from  the  neutral  axis  as 
the  load  increases  toward  rupture,  the  corresponding 
stresses,  not  being  proportional  to  these  strains  beyond  the 
elastic  limit,  no  longer  vary  directly  as  the  distances  from  the 
neutral  axis ;  and  tLe  neutral  axis  does  not  pass  through  the 
centre  of  gravity  of  the  section,  necessarily. 

The  following  table  gives  average  values  for  R,  R',  R", 
and  E  for  the  ordinary  materials  of  construction.*  U,  the 
modulus  of  elasticity  for  use  in  the  formulae  for  deflection, 
is  given  as  computed  from  experiments  in  flexure,  and  is 
nearly  the  name  as  E^,  and  E^. 

In  any  example  involving  R',  e  is  usually  written  equal 
to  the  distance  of  the  outer  fibre  from  the  neutral  axis, 
whether  that  fibre  is  to  be  in  tension  or  compression ; 
since  in  most  materials  not  only  is  the  tensile  equal  to  the 
compressive  stress  for  a  given  strain  (relative  extension 
or  contraction)  but  the  elastic  limit  is  reached  at  about 
ibe  same  atram  both  in  tension  and  compression. 

♦  Wet,  or  unseasoned,  timber  is  very  considerably  wealcer  than  that  (such  as 
ordinary  "  dry  "  timber)  containing  only  12  per  cent,  ot  moisture.  Large  pieces 
of  timber  talce  a  much  longer  time  to  season  than  small  ones.    (Johnson.) 


FLBXUKB.       aXFE   LOADS. 


279 


Table  fob  Use  in  Examples  in  Flesube. 


Timber. 

Cast  Iron. 

Wro't  Iron. 

Structural 
Steel. 

Max.  safe  stress  in  outer  fi- ) 
bre  —  JZ'dbs.  per  sq.  inch). ) 

600 

t.o 

1,200 

6,000  in  tens. 
12,000  in  comp. 

12,000 

15,000 

Stress  In  outer  Bbre  at  Has. ) 
limit  -iZ"(lbs.  per  sq.  in.)  | 

17,000* 

to 
35,000 

30,000 
and  upward. 

"  Modul.  of  Rupture  "          1 
— iJ~lbs.  per  sq.  inch.        ) 

4,000 

to 

10,000 

40,000 

50,000 

60,000 

E—Moi.  of  Elasticity,           j 
—lbs.  per  sq.  inch.             ) 

1,000,000 

to 
2,000,000 

• 

17,000,000 

25,000,000 

29,000,000 

In  tlie  case  of  cast  iron,  however,  (see  §  203)  the  elastic 
limit  is  reached  in  tension  with  a  stress  =9,000  lbs.  per 
sq.  inch  and  a  relative  extension  of  -^  of  one  per  cent., 
while  in  compression  the  stress  must  be  about  double  to 
reach  the  elastic  limit,  the  relative  change  of  form  (strain) 
being  also  double.  Hence  with  cast  iron  beams,  once 
extensively  used  but  now  largely  replaced  by  rolled  beams 
of  structural  steel,  an  economy  of  material  was  effected 
by  making  the  outer  fibre  on  the  compressed  side  twice 
as  far  from  the  neutral  axis  as  that  on  the  stretched  side. 
Thus,  Fig.  243,  cross-sections  with  unequal  flanges  were 
used,  so  proportioned  that  the  centre  of 
gravity  was  twice  as  near  to  the  outer 
fibre  in  tension  as  to  that  in  compression, 
i.e.,  e2=2ei ;  in  other  words  more  material 
is  placed  in  tension  than  in  compression. 
The  fibre  A  being  in  tension  (within  elas- 
tic limit),  that  at  B,  since  it  is  twice  as  far  from  the  neu- 
tral axis  and  on  the  other  side,  is  contracted  twice  as  much 
as  A  is  extended ;  i.e.,  is  r.nder  a  compressive  strain 
double  the  tensile  strain  at  A,  but  in  accordance  with  the 
above  figures  its  state  of  stress  is  proportionally  as  much 
within  the  elastic  limit  as  that  of  A. 

*  In  the  tests  by  U.  S.  Gov.  in  1879  with  I-beams,  H"  ranged  from  35,000 
to  38,000,  and  the  elastic  limit  was  reached  with  less  stress  in  the  large 
than  in  the  smaller  beams.  Also,  for  the  same  beam,  W  decrea.sed  with 
larger  spans. 


iL 


Fio.  243. 
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The  great  range  of  values  of  B  for  timber  is  due  noi 
only  to  the  fact  that  the  various  kinds  of  wood  differ 
widely  in  strength,  while  the  behavior  of  specimens  of 
any  ona  kind  depends  somewhat  on  age,  seasoning,  etc.. 
but  also  to  the  circumstance  that  the  size  of  the  beam  un- 
der experiment  Las  much  to  do  with  the  result.  The  ex- 
periments of  Prof.  Lanza  at  the  Mass.  Institute  of  Tech- 
nology in  1881  were  made  on  full  size  lumber  (spruce),  of 
dimensions  such  as  are  usually  taken  for  floor  beams  in 
buildings,  and  gave  much  Waller  values  of  B  (from  3,200 
to  8,700  lbs.  per  sq.  inch)  than  had  previously  been  ob- 
tained. The  loading  employed  was  in  most  cases  a  con- 
centrated load  midway  between  the  two  supports. 

These  low  values  are  probably  due  to  the  fact  that  in 
large  specimens  of  ordinary  lumber  the  continuity  of  its 
substance  is  more  or  less  broken  by  cracks,  knots,  etc., 
the  higher  values  of  most  other  experimenters  having 
been  obtained  with  small,  straight-grained,  selected  pieces, 
from  one  foot  to  six  feet  in  length.     See  footnote  p.  278b 

Valuable  information  and  tables  relating  to  timber  beams 
may  be  found  in  the  hand-book  of  the  Cambria  Steel  Co. 

The  value  i2'  =  16,000  lbs.  per  sq.  inch  is  employed  by  the 
Cambria  Steel  Co.  in  computing  the  safe  loads  for  their 
rolled  I-beams  of  structural  steel;  but  with  the  stipulation 
that  the  beams  (which  are  high  and  of  narrow  width)  must 
be  secure  against  yielding  sideways.  If  such  is  not  the 
case  the  ratio  of  the  actual  safe  load  to  that  computed  with 
B'  =  16,000  is  taken  less  and  less  as  the  span  increases. 
The  lateral  security  referred  to  may  be  furnished  by  the 
brick  arch-filling  of  a  fire-proof  floor,  or  by  light  lateral 
bracing  with  the  other  beams. 

252.  Numerical  Examples. — Example  1. — A  square  bar  of 
wrought  iron,  Ij^  in.  in  thickness  is  bent  into  a  circular :|: 
arc  whose  radius  is  200  ft.,  the  plane  of  bending  being  par- 
allel to  the  side  of  the  square.  Required  the  greatest  nor- 
mal stress  pm  in  any  outer  fibre. 

Solution.     From  §§  230  and  231  we  may  write 

—  =-£—  .•.  p=elj-T-p,  I.e.,  is  constant. 
o         e  ' 
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For  the  units  inch  and  pound  (viz.  those  of  the  table  in  § 
251)  we  have  e=^  in.,  p -2,400  in.,  and  ^=25,000,000  lbs. 
per  sq.  inch,  and  .■. 

p=p^=^x25,000,000-i-2,400 =7,812  lbs.  per  sq.  in., 

which  is  quite  safe.  At  a  distance  of  J^  inch  from  tne 
neutral  axis,  the  normal  stress  is  —l)4-^}i]Pn,  —  fiPm  — 
5,208  lbs.  per  sq.  in.  (If  the  force-plane  (i.e.,  plane  of 
bending)  were  parallel  to  the,  diagonal  of  the  square,  e 
would  =}4x  1.5v'2  inches,  giving  ^^=[7,812xy'2  ]  lbs. 
per  sq.  in.)  §  238  shows  an  instance  where  a  portion,  OG, 
Fig.  231,  is  bent  in  a  circular  arc. 

Example  2. — A  hollow  cylindrical  cast-iron  pipe  of  radii 
3  "/j  and  4  inches  *  is  supported  at  its  ends  and  loaded  in 
middle  (see  Fig.  234).  Eequired  the  safe  load,  neglecting 
the  weight  of  the  pipe.  From  the  table  in  §  250  we  have 
for  safety 

P=4^ 

le 

Prom  §  251  we  put  ^'=6,000  lbs.  per  sq.  in.;  and  from  § 
247  I=^{ri* — r^*);  and  with  these  values,  rj  being  =-I,  ri  = 
4,  e=ri=4,  t=^  and  1=144:  inches  (the  inch  must  be  the 
unit  of  length  since  jB'= 6,000  lbs.  per  sq.  inch)  we  have 

P=4 X 6,000 X  14:  •  ^(256-150)-=-[144></j  .-.  P=3,470  lbs. 

The  weight  of  the  beam  itself  is  G^=  V]r,  (§  7),  Le., 

0=::{r,^-ri)lr=  f  (16-12i4:)144Xj^=443  Iba 

(Notice  that  y,  here,  must  be  lbs.,  per  cubic  inch).  This 
weight  being  a  uniformly  distributed  load  is  equivalent  to 
half  as  much,  221  lbs.,  applied  in  the  middle,  as  far  as  the 
strength  of  the  beam  is  concerned  (see  §  250),  .•.  P  must  be 
taken  =3,249  lbs.  when  the  weight  of  the  beam  is  coneid- 
ered. 

*  And  length  of  12  feet,  should  be  added. 
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Example  3.— A  Cambria  I-beam,  of  structural  st«el,  is  to 

be  placed  horizontally  on  two  supports  at  its  extremities  and 

is  to  be  loaded  uniformly  (Fig.  235),  the  span  being  1=20  ft. 

Its  cross-section.  Fig.  244,  has  a  depth 

rs.5^  parallel  to  the  web,  of  15  in.    In  the 

■'■"'^  yi     handbook  of  the  Cambria  Steel  Co.  it 

=rjN"  is  designated  as  B  53,  15  in.  in  depth, 

and  weighing  42  lbs.  per  foot  of  length; 

its  section  having  a  moment  of  inertia 


Fia  244. 

/i=442  in.*  about  a  gravity  axis  per- 
pendicular to  the  web  (for  use  when  the  web  is  vertical;   the 
strongest  position)    and   /2  =  14.6   in.*   about   a   gravity   axis 
parallel  to  the  web  (i.e.,  when  the  web  is  placed  horizontally). 
First,  placing  the  web  vertically,  we  have  from  §  250, 

Wi = safe  load,  distributed,  =  8^-    With  R'  =  16,000, 

7i  =  442,  l=2i0  inches,  and  ei  =  7i  inches,  this  gives* 
Fi  =  (8 X  16,000  X  442)  h-  (240  X  7.5)  =  31,430  lbs. 

But  this  includes  the  weight  of  the  beam,  =20X42=840 
lbs.;  hence  a  distributed  load  of  30,600  lbs.,  or  15.3  tons, 
may  be  placed  on  the  beam  (secured  against  lateral  yielding). 
The  handbook  of  the  Cambria  Steel  Co.  referred  to  gives  15.7 
tons  as  the  safe  load.) 

With  the  web  placed  horizontally,  we  find  as  safe  load 

^2= 8^^'=  (8X16,000X14.6)  ^  (240X^)  =2830  lbs.; 

or  less  than  1/10  of  Wi.    Hence  in  this  position  the  beam 
could  carry  safely  only  1990  lbs.  above  its  own  weight. 

Example  4. — Required  the  deflection  at  the  middle  in  the 
first  case  of  Ex.  3.     From  §  250  this  deflection  is 

5^     WjP 5_    SR'h    _P__5_    R^    P 

"^  ~384  ■  Eh  ~384  "    lei    '  Eh~i8'  E  '  e{ 

*  The  handbook  of  the  Cambria  Steel  Co.  also  gives  in  a  separate 
column  the  quantity  l^^e^,  called  the  " section-modvlus,"  S,  (cub.  in. 
or  in.');  so  that  the  formida  for  the  safe  load  would  be  Wi  =  8R'S-t-1, 
S  having  the  value  58.9  in.'  in  the  present  instance. 
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.        ,      5  16,000         (240)2     ,■     ^       A  ^^ 

^•"•'  '^^=48  •  29.000.000  "  V     ^  ^^^^  ^ 

.-.  (^1=0.4:4:1  in. 
Example  5. — A  rectangular  beam  of  yellow  pine,  of  width 
6=4  inches,  is  20  ft.  long,  rests  on  two  end  supports,  and  is 
to  carry  a  load  of  1,200  lbs.  at  the  middle ;  required  the 
proper  depth  h.     From  §  250 

U         1   12  •  iA 

,•.  h'=QPl-^4Jt'b.  For  variety,  use  the  inch  and  ton.  For 
this  system  of  units  P=0.60  tons,  ^'=0.50  tons  per  sq.  in., 
Z=240  inches  and  b—  4  inches. 

.-.  A2=(6x0.6x240)-v-(4x0.5x4)=108  sq.  in. .-.  A=10.4in. 

Example  6. — Suppose  the  depth  in  Ex.  5  to  be  deter- 
mined by  the  condition  that  the  deflection  shall  be  =  Ysm 
tf  the  span  or  length.     We  should  then  hare  from  §  250 

d=  1    1=1   ?E 
500        48  EI 

Using  the  inch  and  ton,  with  ^=1,200,000  lbs.  per  sq.  in., 
which  =  600  tons  per  sq.  inch,  and  I=^l^h^,  we  have 

^3^500x0.60x240x240x12  ^^  .^  ^^^3  ^  ^ 

48x600x4 

As  this  is  >  10.4  the  load  would  be  safe,  as  well. 

Example  7. — Required  the  length  of  a  wro't  iron  pipe 
supported  at  its  extremities,  its  internal  radius  being  2y^ 
in.,  the  external  2.50  in.,  that  the  deflection  under  its  own 
weight  may  equal  '/loo  of  the  length.  579.6  in.  Ans. 

Example  8. — Fig.  245.     The  wall  is  6  feet  high  and  one 
foot  thick,  of  common  brick  work 
T  I    '  '   I  '  I  '  I  I  I  !  I  '  I    (see  §  7)  and  is  to  be  borne  by  an 

/-beam  in  whose  outer  fibres  no 


n 


greater  normal   stress  than  8,000 

"5  lbs.  per  sq.  inch  is  allowable.     If 
Fig.  345.  a  mimber  of  I-beams  is  available, 
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ranging  in  height  from  6  in.  to  15  in.  (by  whole  inches), 
which  one  shall  be  chosen  in  the  present  instance,  if  their 
cross-sections  are  Similar  Figures,  the  moment  of  inertia  of 
the  15-inch  beam  being  800  biquad.  inches  ? 

The  12-inch  beam.  AnSi 
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253.  Shearing  Stresses  in  Surfaces  Parallel  to  the  Neutral 
Surface. — If  a  pile  of  boards  (see  Fig.  246)  is  used  to  sup- 
port a  load,  the  boards  being  free  to  slip  on  each  other,  it 
is  noticeable  that  the  ends  overlap,  although  the  boards 


Pig.  246.  Fig.  847. 


are  of  equal  length  (now  see  Fig.  247) ;  i.e.,  slipping  has 
occurred  along  the  surfaces  of  contact,  the  combina- 
;ion  being  no  stronger  than  the  same  boards  side  by 
jide.  If,  however,  they  are  glued  together,  piled  as  in  the 
former  figure,  the  slipping  is  prevented  and  the  deflection 
is  much  less  under  the  same  load  P.  That  is,  the  com- 
pound beam  is  both  stronger  and  stiffer  than  the  pile  of 
loose  boards,  but  the  tendency  to  slip  still  exists  and  is 
known  as  the  "  shearing  stress  in  surfaces  parallel  to  the 
neutral  surface."  Its  intensity  per  unit  of  area  will  now 
be  determined  by  the  usual  "  free-body  "  method.  In  Fig. 
248  let  AN'  be  a  portion,  considered  free,  on  the  left  of  any 


Fio.  »18. 
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section  iV",  of  a  prismatic  beam  slightly  bent  under  forces 
in  one  plane  en^i  perpendicular  to  the  beam.  The  moment 
equation,  about  xte  ueutral  axis  at  N',  gives 


e 


M  '  •  vrhence  jp'=  - 


M'e 
I 


(1) 


Similarly,  -vrith  AN  as  a  free  ^ody,  Nlf  being  =dx, 
e  / 


(2) 


p  and  p'  are  the  respective  normt*,!  stresses  in  the  outer 
fibre  in  the  transverse  sections  N  ari  N'  respectively. 

Now  separate  the  block  NN',  Ijin^  between  these  two 
consecutive  sections,  as  a  free  body  (in  Fig.  249).     And 


PART  OF  J 


furthermore  remove  a  portion  of  the  top  of  the  latter  block, 
the  portion  lying  above  a  plane  passed  parallel  to  the  neu- 
tral surface  and  at  any  distance  z"  from  that  surface.  This 
latter  free  body  is  shown  in  Fig.  250,  with  the  system  of 
forces  representing  the  actions  upon  it  of  the  portions  taken 
away.  The  under  surface,  just  laid  bare,  is  a  portion  of  a  sur- 
face (parallel  to  the  neutral  surface)  in  which  the  above  men- 
tioned slipping,  or  shearing,  tendency  exists.  The  lower  por- 
tion (of  the  block  NN')  which  is  now  removed  exerted  this 
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rubbing,  or  sliding,  force  on  the  remainder  along  the  under 
surface  of  the  latter.  Let  the  unknown  intensity  of  this 
shearing  force  be  X(per  unit  of  area) ;  then  the  shearing 
force  on  this  under  surface  is  =Xy"dx,  {y",=  oa  in  figure, 
being  the  horizontal  width  of  the  beam  at  this  distance  z" 
from  the  neutral  axis  of  N')  and  takes  its  place  with  the 
other  forces  of  the  system,  which  are  the  normal  stresses 

between  ,    and  portions  of  J  and  J',  the  respective 

total  vertical  shears.  (The  manner  of  distribution  of  J 
over  the  vertical  section  is  as  yet  unknown ;  see  next  arti- 
cle.) 

Putting  2"  (horiz.  compons.)  =  0  in  Fig.  250,  we  have 

P  -p'dF—  r  -pdF—Xy"dx^Q 

.:Xy"dx=Pj=P      fldF 
e  ^, 

But  from  eqs.  (1)  and  (2),  p'— JJ  =  (M'—MyL=J^  dM, 
while  from  §  240  dM  =  Jdx ; 

.■.Xy^JJ^f'^F.:X^^j\^F (8) 

as  the  required  intensity  -per  unit  of  area  of  the  shearing 
force  in  a  surface  parallel  to  the  neutral  surface  and  at  a 
distance  2"  from  it.  It  is  seen  to  depend  on  the  "  shear  "  J 
and  the  moment  of  inertia  I  of  the  wliole  vertical  section; 
upon  the  horizontal  thickness*  y"  of  the  beam  at  the  sur- 
face   in    question ;    and    upon     the     integral      C^   zdF, 

which  (from  §  23)  is  the  product  of  the  area  of  that  part  of 
the  vertical  section  extending  from  the  surface  in  question  to 
the  outer  fibre,  by  the  distance  of  the  centre  of  gravity  of  that 
part  from  the  neutral  surface. 

*  Thickness  of  actual  substance. 
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It  now  follows,  from  §  209,  that  the  intensity  (per  unit 
area)  of  the  shear  on  an  elementary  area  of  the  vertical 
cross  section  of  a  bent  beam,  and  this  intensity  we  may  call 
Z,  is  equal  to  that  X,  just  found,  in  the  horizontal  section 
which  is  at  the  same  distance  (z")  from  the  neutral  axis. 

254.  Mode  of  Distribution  of  J,  the  Total  Shear,  over  the  Verti- 
cal Cross  Section. — The  intensity  of  this  shear,  Z  (lbs.  per 
sq.  inch,  for  instance)  has  just  been  proyed  to  be 


Z- 


^=W'  fj'^ 


(4) 


To  illustrate  this,  required  the 
value  of  Z  two  inches  above  the  neu- 
tral axis,  in  a  cross  section  close  to 
the  abutment,  in  Ex.  5,  §  252.  Fig. 
251  shows  this  section.  From  it  we 
have  for  the  shaded  portion,  lying 
above  the  locality  in  question,  y"  = 

4  inches,  and    /^~  •    zdF  —  (area 

•^  z"=  2 
of   shaded    portion)  X  (distance    of 
its  centre  of  gravity  from   NA)  = 
(12.8  sq.  in.)  x  (3.6  in.)  =  46.08  cubic  inches. 

The  total  shear  J  =  the  abutment  reaction  =  600  lbs., 
while  1=  }-bh'  =  ^x  ix  (10.4)'  =  375  biquad.  inches. 
Both  J  and  /refer  to  the  whole  section. 


Pis. 251. 


.:Z= 


600x46.08 


=18.42  lbs.  per  sq.  in., 


375x4 

qui+e  insignificant.     In  the  neighborhood  of  the  neutral 
axis,  where  z"  =  0,  we  have  y"  =  4  and 


r^,,       zdF=  r^zdF= 20.8  X  2.6=^  54:.8, 
J  «"=0  J  0 

wh— e  J  and  I  of  course  are  the  same  as  before, 

for  &•'  =0 


Hence 
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Z=Zff^21.62  lbs.  per  sq.  in. 
At  the  outer  fibre  siiio&J^  zdF~=0,  z"  being  =  e,  -^  is  =  0 

for  a  beam  of  any  shape. 

For  a  solid  rectangular  section  like  the 
above,  Z  and  «"  bear  the  same  relation  to 
•each  other  as  the  co-ordinates  of  the  para- 
bola in  Fig.  252  (axis  horizontal). 

Since  ia  equation  (4)  the  horizontal 
thickness,  y",  from  side  to  side  ef  the  sec- 
tion of  the   locality   where   Z  is   desired, 

occurs  in  the  denominator,  and  since  /    zdF 

increases  as  z''  grows  numerically  smaller,  the  following 
may  be  stated,  as  to  the  distribution  of  J,  the  shear,  in 
any  vertical  section,  viz.: 

The  intensity  (lbs.  per  sq.  in.)  of  the  shear  is  zero  at 
ihe  outer  elements  of  the  section,  and  for  beams  of  ordi- 
jvary  shapes  is  greatest  where  the  section  crosses  the  neu- 
tral surface.  For  forms  of  cross  section  having  .thin  webs 
its  value  may  be  so  great  as  to  require  special  investiga- 
iion  for  safe  design. 

Denoting  by  Zq  the  value  of  ^at  the  neutral  axis,  (which 
=Xo  in  the  neutral  surface  where  it  crosses  the  vertica 
section  in  question)  and  putting  the  thickness  of  the  sub- 
stance of  the  beam  =  bo  at  the  neutral  axis,  we  have, 


Zg — Xo  — 


J-  (  area  above 
-—  X  •<  neutral  axis 
^"0      [  (or  below) 


the  dist.  of  its  cent, 
grav.from  that  axis 


.(5) 


255.  Values  of  Zo  for  Special  Forms  of  Cross  Section. — From 
the  last  equation  it  is  plain  that  for  a  prismatic  beam  the 
value  of  Za  is  proportional  to  J,  the  total  shear,  and  hence 
to  the  ordinate  of  the  shear  diagram  for  any  particular 
case  of  loading.     The  utility  of  such  a  diagram,  as  obtain- 
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ed  in  Figs.  234-237  inclusive,  is  therefore  evident,  for  by 
locating  the  greatest  shearing  stress  in  the  beam  it 
enables  us  to  provide  proper  relations  between  the  load- 
ing and  the  form  and  material  of  the  beam  to  secure  safety 
against  rupture  by  shearing. 

The   table  in  §  210  gives  safe  values  which  the  i^^ 
maximum  Z^  in  any  case  should  not  exceed.     It  is 
only  in  the  case  of  beams  with  thin  webs  (see  Figs. 
238  and  240)  however,  that  Z^,  is  likely  to  need  at- 
tention. 

For  a  Rectangle  we  have,  Fig.  253,  (see  eq.  5,  § 


Fig.  263. 


254)  6o=6,  I=yi^h¥,  and  fzdF=}4bh  .  %h=yih¥ 


,'.Zo=Xq=-~-  i  i.e.,  =-|-  (total  shear)-T-(whole  area) 

Hence  the  greatest  intensity  of  shear  in  the  cross-section, 
is  |-  as  great  per  unit  of  area  as  if  the  total  shear  were 
uniformly  distributed  over  the  section. 


Fia.  254.  Fm.  855.  Pig.  256. 

For  a  Solid  Circular  section  Fig.  254 


Fig.  257. 


^■'-nl"^ 


nr'     4r     4:     J 


%nr^.2r      2      3;r     3     ffr" 


[See  §  26  Prob.  3]. 

For  a  Hollow  Circular  section  (concentric    circles)    Fig, 
255,  we  have  similarly, 


)  1 


;m 


Zo= 
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4ri     nr^      'tfj'! 


3  ■  7r(n*-r/)(ri-/-2) 

Applying  this  formula  to  Example  2  §  252,  we  first  have 
as  the  max.  shear  J„^  =yiP  =1,735  lbs.,  this  being  the  abut- 
ment reaction,  and  hence  (putting  n  =  (22  -4-  7)) 

Z„  max.  =    4x7xl735[64-42.8]_^^3^  ^^^  i^ 

"  3x22[256-150](4-3.5)  ^       ^ 

which  cast  iron  is  abundantly  able  to  withstand  in  shear- 
ing. 

For  a  Hollow  Rectangular  Beam,  symmetrical   about    its 
neutral  surface,  Fig.  256  (box  girder) 

"    'UbA'-bA'Xb,-h)    2- [bA'-iA'Kh-h} 

The  same  equation  holds  good  for  Fig.  257  (I-beam  with 
square  corners)  but  then  62  denotes  the  sum  of  the  widths 
of  the  hollow  spaces. 


256.  Shearing  Stress  in  the  Web  of  an  I-Beam. — It  is  usual  to 
consider  that,  with  I-beams  (and  box- 
beams)  with  the  web  vertical  the  shear  J, 
in  any  vertical  section,  is  borne  exclusively 
by  the  web  and  is  uniformly  distributed 
over  its  section.  That  this  is  nearly  true 
may  be  proved  as  follows,  the  flange  area 
being  comparatively  large.  Fig.  258.  Let 
Fi  be  the  area  of  one  flange,  and  F^  that  of 
the  half  web.     Then  since 


bf^' 


Fis.  268. 


4w+2i^.  (I); 
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(the  last  term  approximate,  ^  Jiq  being  taken  for  tlie  radi- 
us of  gyration  of  Fi,)  while 

r  zdF=F-i!~-{-F^^,   (the  first  term  approx.)  we  have 

J  C'zdF 
Z-Jl _jW>(M2±^    which-  -^, 

if  we  write  (2i^,+i^o)  -^  {QF,+2Fa)=}i  .  But  boJ^  is  the 
area  of  the  whole  web,  .".  the  shear  per  unit  area  at  the 
neutral  axis  is  nearly  the  same  as  if  J  were  uniformly  dis- 
tributed over  the  web.  E.  g.,  with  Fi=  2  sq.  in.,  and  Fg 
=  1  sq.  in.  we  obtain  Zo  =  1.07  (J-hbohg). 

Similarly,  the  shearing  stress  per  unit  area  at  n,  the 
upper  edge  of  the  web,  is  also  nearly  equal  to  J^-^  b^  (see 

eq.,  4(§254)  for  then   [  T   {  ^dF)  1  =      Fy.}4h       nearly, 

while  /remains  as  before. 

The  shear  per  unit  area,  then,  in  an  ordinary  I-beam  ia 
obtained  by  dividing  the  total  shear  Jhy  the  area  of  the 
web  section.* 

Example. — It  is  required  to  determine  the  proper  thick- 
ness to  be  given  to  the  web  of  the  15-inch  structural  steel 
rolled  I-beam  of  Example  3  of  p.  282,  the  height  of  web 
being  13  in.,  and  the  maximum  safe  shearing  stress  being 
taken  as  8750  Ibs./in.^  (as  prescribed  by  the  riiUadelphia 
building  laws  for  mild  steel).     The  web  is  vertical. 

The  greatest  total  shear,  J^,  which  occurs  at  either  support, 
is  equal  to  half  the  load,  i.e.,  to  15,715  lbs.;  and  hence, 
with  6o  denoting  the  thickness  of  web,  we  have 

J  15  715 

Zomax.=r-^;  i.e.,  8750=,    '   ^,;  .-.  6o  =  0.138  in. 

*  That  is,  for  the  vertical,  or  horizontal,  section  of  web.  The  shear 
on  bome  oblique  plane  may  be  somewhat  larger  than  this.  See  §§  270o 
and  314. 
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(Units,  inch  and  pound).  The  15-inch  I-beam  in  question  of 
the  Cambria  Steel  Co.),  weighing  42  lbs.  to  the  linear  foot, 
has  a  web  0.41  in.  thick,  which  provides  a  very  ample  resist- 
ance to  shearing  stress. 

In  the  middle  of  the  span,  Zo  =  0,  since  J  =  0. 

257.  Designing  of  Riveting  for  Built  Beams. — The  latter  are 
generally  of  the  I-beam  and  box  forms,  made  by  riveting 
together  a  number  of  continuous  shapes,  most  of  the  ma- 
terial being  thrown  into  the  flange  members.  E.  g.,  in  fig. 
259,  an  I-beam*  is  formed  by  riveting  together,  in  the 
manner  shown  in  the  figure,  a  "vertical  stem  plate  "  or 
web,  four  "angle-bars,"  and  two  " flange-plates,"  each  of 


Fio.  259. 


these  seven  pieces  being  continuous  through  the  whole 
length  of  the  beam.  Fig  260  shows  a  box-girder.  If  the 
riveting  is  well  done,  the  combination  forms  a  single  rigid 
beam  whose  safe  load  for  a  given  span  may  be  found  by 
foregoing  rules  ;  in  computing  the  moment  of  inertia,  how- 
ever, the  portion  of  cross  section  cut  out  by  the  rivet 
holes  must  not  be  included.  (This  will  be  illustrated  in 
a  subsequent  paragraph.)  The  safe  load  having  been  com- 
puted from  a  consideration  of  normal  stresses  only,  and 
the  web  being  made  thick  enough  to  take  up  the  max. 
total  shear,  J,^,  with  safety,  it  still  remains  to  design  the 
riveting,  through  whose  agency  the  web  and  flanges  are 
caused  to  act  together  as  a  single  continuous  rigid  mass. 
It  will  be  on  the  side  of  safety  to  consider  that  at  a  given 

*  Such  a  built   I-beam  is  usually  designated   a   "plate-girder."    See 
handbook  of  the  Cambria  Steel  Co. 
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locality  in  the  beam  the  shear  carried  by  the  rivets  con- 
necting the  angles  and  flanges,  per  unit  of  length  of  beam, 
is  the  same  as  that  carried  by  those  connecting  the  angles 
and  the  web  ("  vertical  stem -plate  ").  The  amount  of  this 
shear  may  be  computed  from  the  fact  that  it  is  equal  to 
that  occurring  in  the  surface  (parallel  to  the  neutral  sur- 
face) in  which  the  web  joins  the  flange,  in  case  the  web 
and  flange  were  of  continuous  substance,  as  in  a  solid  I- 
beam.  But  this  shear  must  be  of  the  same  amount  per 
horizontal  unit  of  length  as  it  is  per  vertical  linear  unit  in 
the  web  itself,  where  it  joins  the  flange  ;  (for  from  §  254  Z 
=X.)  But  the  shear  in  the  vertical  section  of  the  web, 
being  uniformly  distributed,  is  the  same  per  vertical  linear 
unit  at  the  junction  with  the  flange  as  at  any  other  part 
of  the  web  section  (§  256,)  and  the  whole  shear  on  the  ver- 
tical section  of  web  =  J,  the  "  total  shear  "  of  that  section 
of  the  beam. 

Hence  we  may  state  the  following : 

The  riveting  connecting  the  angles  with  the  flanges,  (or 
the  web  with  the  angles)  in  any  locality  of  a  built  beam, 
must  safely  sustain  a  shear  equal  to  Jon  a  horizontal  length 
equal  to  the  height  of  web. 

The  strength  of  the  riveting  may  be  limited  by  the  re- 
sistance of  the  rivet  to  being  sheared  (and  this  brings 
into  account  its  cross  section)  or  upon  the  crushing  resist- 
ance of  the  side  of  the  rivet  hole  in  the  plate  (and  this  in- 
volves both  the  diameter  of  the  rivet  and  the  thickness  of 
the  metal  in  the  web,  flange,  or  angle.  In  its  hand-book,  the 
Cambria  Steel  Co.  gives  tables  for  the  safe  strength  of  rivets, 
and  compressive  resistance  of  plates ;  based  on  unit  shearing 
stresses  from  6,000  to  10,000  Ibs./sq.  in.  for  shearing  stress  in 
the  rivets,  and  12,000  to  20,000  Ibs./sq.  in.  compressive  re- 
sistance in  tlie  side  of  the  rivet  hole,  the  axial  plane  section  of 
the  hole  being  the  area  of  reference. 

In  fig.  259  the  rivets  connecting  the  web  with  the  angles 
are  in  double  shear,  which  should  be  taken  into  account  in 
considering  their  shearing  strength,  which  is  then  double  ; 
those  connecting  the  angles  and  the  flange  plates  are  in 
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single  shear.  In  fig.  260  (box-beam)  where  the  beam  is 
built  of  two  webs,  four  angles,  and  two  flange  plates,  all 
the  rivets  are  in  single  shear.  If  the  web  plate  is  very  high 
compared  with  its  thickness,  vertical  stiffeners  in  the  form 
of  "angles"  may  need  to  be  riveted  upon  them  laterally 
[see  §  314]. 

Example. — ^A  built  I-beam  of  structural  steel  (fig.  259) 
is  to  support  a  uniformly  distributed  load  of  40  tons,  its  ex- 
tremities resting  on  supports  20  feet  apart,  and  the  height 
and  thickness  of  web  being  20  ins.  and  i  in.  respectively. 
How  shall  the  rivets,  which  are  |  in.  in  diameter,  be  spaced 
between  the  web  and  the  angles  which  are  also  J  in.  in  thick- 
ness? Let  the  unit  stresses  taken  be  7500  for  shearing,  and 
12,500  for  side  compression  (Ibs./in.^).  Referring  to  fig.  235 
we  find  that  J  =^W=20  tons  at  each  support  and  diminishes 
regularly  to  zero  at  the  middle,  where  no  riveting  will  there- 
fore be  required.  Each  rivet,  having  a  sectional  area  of  ln{l)^ 
=0.60  sq.  inches,  can  bear  a  safe  shear  of  0.60x7500  =  4500  lbs. 
in  single  shear,  and  hence  of  9000  lbs.  in  double  shear,  which  is 
the  present  case.  But  the  safe  compressive  resistance  of  the 
side  of  the  rivet  hole  in  either  the  web  or  the  angle  is  only 
I  in.  Xi  in.  X 12500  =  5470  lbs.,  and  thus  determines  the  spacing 
of  the  rivets  as  follows : 

Near  a  support  the  riveting  must  sustain  a  shear  equal 
to  40,000  lbs.  on  a^  hgijzoQtal  Imgth  equal  to  the  height  ^f 
^sreb,  i.e.,  to  20  ins.,  and  the  safe  compression  for  each  rivet 
is  5470  lbs.  Hence  40,000 -^  5470,  or  7.2,  rivets  will  be  needed 
for  the  20-inch  length.  In  other  words,  they  must  be  spaced 
20-^7.2  =  2.7  in.  apart,  center  to  center,  near  the  supports; 
5.4  in.  apart  at  I  the  span  from  a  support;  none  at  aU  in  the 
middle.  By  the  Cambria  handbook,  this  distance  apart 
should  never  be  less  than  3  diameters  of  the  rivet;  and,  in 
connecting  plates  in  compression,  should  not  exceed  16  times 
the  thickness  of  the  plate. 

As  for  the  rivets  connecting  the  angles  and  flange  plates, 
being  in  two  rows  and  opposite   (in  pairs)  the  safe  shear- 
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ing  resistance  of  a  pair  (eacli  in  single  shear)  is  9,000  lbs., 
wliile  the  safe  compressive  resistance  of  the  sides  of  the 
two  rivet  holes  in  the  angle  bars  (the  flange  plate  being 
much  thicker)  is  =10,940  lbs.  Hence  the  former  figure 
(9,000)  divided  into  40,000,  gives  4.44  as  the  number  of 
pairs  of  rivets  for  20  in.  of  length  of  the  beam;  i.e.,  the 
rivets  in  one  row  should  be  20^4.44  =  4.5  in.  apart,  centre 
to  centre,  near  a  support ;  the  interval  to  be  increased  in 
inverse  ratio  to  the  distance  from  the  middle  of  span, 
^bearing  in  mind  the  practical  limitation  just  given). 

If  the  load  is  concentrated  in  the  middle  of  the  span, 
instead  of  uniformly  distributed,  J"  is  constant  along  each 
half-span,  (see  fig.  234)  and  the  rivet  spacing  must  accord- 
ingly be  made  the  same  at  all  localities  of  the  beam. 


SPECIAL  PROBLEMS  IN  FLEXURE. 

258.  Designing  Cross  Sections  of  Built  Beams. — The  last  par- 
agraph dealt  with  the  riveting  of  the  various  plates ;  we 
now  consider  the  design  of  the  plates  themselves.  Take 
for    instance    a    plate-girder,   fig.  261 ;  one  vertical  stem- 


Fig.  261. 
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plate,  four  angle  bars,  (each  of  sectional  area  =  A,  re- 
maining after  the  holes  are  punched,  with  a  gravity  axis 
parallel  to,  and  at  a  distance  =  a  from  its  base),  and  two 
flange  plates  of  width  =  b,  and  thickness  =  t.  Let  the 
whole  depth  of  girder  =  h,  and  the  diameter  of  a  rivet 
hole  =tf.  To  safely  resist  the  tensile  and  compressive 
forces  induced  in  this  section  by  M,^  inch-lbs.  {M^  being 
the  greatest  moment  in  the  beam  which  is  prismatic)  we 
have  from  §  239, 

il4  =  —  (1) 

e 

R'  for  mild  steel  =  15,000  lbs.   per  sq.  inch,  e  is  —  }4  f> 

while  1,  the  moment  of  inertia  of  the  compound  section, 

is  obtained  as  follows,   taking  into  account  the  fact  that 

the  rivet  holes  cut  out  part  of  the  material.     In  dealing 

with  the  sections  of  the  angles  and  flanges,  we  consider 

them  concentrated  at  their  centres  of  gravity  (an  approx^ 

imation,  of  course,)  and  treat  their  moments   of  inertia 

about  N  as  single  terms  in  the  series    PdF  ^ 

(see  §  85).  The  subtractive  moments  of  inertia  for  tho 
riyet  holes  in  the  web  are  similarly  expressed  ;  let  bo  =■■ 
thickness  of  web. 

f  Ij,  for  web  =   -^bo  ih^2tf—2bot'  [^—t—a'Y 
}  I^  for  four  angles  =  4:A  ['^ — t — ay 
{ I^  for  two  flanges  =  2(6—2!!')  t  ('2±f 

the  sum  of  which  makes  the  Jj,  of  the  girder.  Eq.  (1)  may 
now  be  written 

^'"''  =  I«  (2) 


2^' 


which  is  available  for  computing  any  one  unknown  quan- 
tity. The  quantities  concerned  in  7^  are  so  numerous  and 
they  are  combined  in  so  complex  a  manner  that  in  any 
numerical  example  ic  is  best  to  adjust  the  dimensions  of 
the  section  to  each  other  by  successive  assumptions  and 
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trials,  (The  hand-book  of  the  Cambria  Steel  Co.  gives  tables 
of  safe  loads  of  beam  box-girders  and  plate-girders  for  a  large 
variety  of  sizes  and  distances  between  supports ;  but  attention 
is  called  to  the  fact  that  the  loads  given  in  the  tables  are  based 
on  the  assumption  that  the  girder  is  supported  laterally,  and 
that  otherwise  a  proper  reduction  in  the  allowable  safe  load 
must  be  made,  as  explained  elsewhere  in  the  hand-book.  The 
value  of  15,000  Ibs./sq.  in.  for  R'  has  been  used  in  computing 
these  tables.) 

Example. — (Units,  inch  and  pound).  A  plate-girder  with 
end  supports,  of  span  =  20  ft.  =  240  inches,  is  to  support 
a  uniformly  distributed  load  of  45  tons  =  90,000  lbs.  If  f 
inch  rivets  are  used,  angle  bars  3"  X  3"  X  i",  vertical 
web  y  in  thickness,  and  plates  1  inch  thick  for  flanges,  how 
wide  (6  =  ?)  must  these  flange-plates  be  ?  taking  h  =  22 
inches  =  total  height  of  girder. 

Solution. — From  the  table  in  §  250  we  find  that  the  max, 
M  for  this  case  is  ^  Wl,  where  W  =  the  total  distributed 
load  (including  the  weight  of  the  girder)  and  I  —  span. 
Hence  the  left  hand  member  of  eq.  (2)  reduces  to 

Wl     h 90000X240X22 

16'B''~        16X15000       -1980- 

That  is,  the  total  moment  of  inertia  of  the  section  must 
be  =  1,980  biquad.  inches,  of  which  the  web  and  angles 
supply  a  known  amount,  since  b^  =  %",  t  =  1",  tf=  j{", 
a'  =  1^",  A=  2.0  sq.  in.,  a  =  0.9'',  and  h  =  22",  are 
known,  while  the  remainder  must  be  furnished  by  the 
flanges,  thus  determining  their  width  b,  the  unknown 
quantity. 

The  effective  area.  A,  of  an  angle  bar  is  found  thus : 
The  full  sectional  area  for  the  size  given,  =  3  X  J^  + 
2>^  X  yi  =2.75  sq.  inches,  from  which  deducting  for  two 
rivet  holes  we  have 

A=  2.75—2  X  %^  X  >^_  2.0  sq,  in. 

The  value  a  =  0.90"  is  found  by  cutting  out  the  shape 
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of    two    angles    from    sheet    iron,    tlius  :  C3I 
and  balancing   it   on  a  knife  edge*     (The 
gaps  left  by  the  rivet  hol?s  may  be  ignored, 
without  great  error,  in  finding  a).     Hence,       j 
substituting  we  have 

I^  for  web  =i. .  >^x2(?— 2x>^  .  ^  [8^]^=282.3 
In  for  four  angles  =4x2x[9.10]2=662.5 
In  for  two  flanges=2(6— T)xlx(10i4)2=220.4(fr— 1.5) 
.-.  1980=  282.3+662.5+(&— 1.5)220.4 
whence  b  =  46  +  1.5  =  6.1  inches 

the  required  total  width  of  each  of  the  1  in.  flange  plates. 
This  might  be  increased  to  6.5  in.  so  as  to  equal  the 
ttnited  width  of  the  two  angles  and  web. 

The  rivet  spacing  can  now  be  designed  by  §  257,  and 
the  assumed  thickness  of  web,  j4  in.,  tested  for  the  max. 
total  shear  by  §  256.  The  latter  test  results  as  follows  ; 
The  max.  shear  J,„  occurs  near  either  support  and  = 
i^  IF=45,0001bs. .".,  calling  6'o  the  least  allowable  thickness 
of  web  in  order  to  keep  the  shearing  stress  as  low  as  8, 000 
lbs.  per  sq.  inch, 

6'o  X  20"  X  8000  =  45000  .-.  6'o  =  0.28  in. 

showing  that  the  assumed  width  of  ^  in.  is  safe. 

This  girder  will  need  vertical  stiffeners  near  the  ends, 
as  explained  subsequently,  and  is  understood  to  be  sup- 
ported laterally,  f  Built  beams  of  double  web,  or  box- 
form,  (see  Fig.  260)  do  not  need  this  lateral  support. 

259.  Set  of  Moving  Loads. — "When  a  locomotive  passes  over 
a  number  of  parallel  prismatic  girders,  each  one  of  which 
experiences  certain  detached  pressures  corresponding  to 
the  different  wheels,  by  selecting  any  definite  position  of 
the  wheels  on  the  span,  we  may  easily  compute  the  reac- 
tions of  the  supports,  then  form  the  shear  diagram,  and 
finally  as  in  §  243  obtain  the  max.  moment,  Jlf„,  and  the 

*  The  Cambria  hand-book  gives  values  of  /  and  a  for  sections  of  angle- 
bars. 

t  See  §  314. 


FLEXUKE.      MOVING   LOADS. 


299 


max.  shear  J^,  for  this  particular  position  of  tlie  wheels. 
But  the  values  of  M^  and  J^  for  some  other  position  may 
be  greater  than  those  just  found.  We  therefore  inquire 
which  will  be  the  greatest  moment  among  the  infinite 
number  of  (-3fm)'s  (one  for  each  possible  position  of  the 
wheels  on  the  span).  It  is  evident  from  Fig.  236  from  the 
nature  of  the  moment  diagram,  that  when  the  pressures  or 
loads  are  detached,  the  M^  for  any  position  of  the  loads, 
which  of  course  are  in  this  case  at  fixed  distances  apart, 
must  occur  under  one  of  the  loads  (i.e.  under  a  wheel). 
"We  begin  .•.  by  asking :  What  is  the  position  of  the  set  of 
moving  loads  when  the  moment  under  a  given  wheel  is 
greater  than  will  occur  under  that  wheel  in  any  other  po- 
aitioQ  ?     For  example,  in  Fig.  262,  in  what  position  of  the 


"£ 


a^ 


Cf^*' 


-l-&-aj- 


1 


lJ j 


Fia  862. 

loads  Pi,  F2,  etc.  on  the  span  will  the  moment  M^,  i.e., 
ander  F-,,  be  a  maximum  as  compared  with  its  value  under 
P2  in  any  other  position  on  the  span.  Let  B  be  the  resultant 
of  the  loads  which  are  now  on  the  span,  its  variable  distance 
from  0  be  =  X,  and  its  Jixed  distance  from  P2  =  <^')  while 
a,  b,  c,  etc.,  are  the  fixed  distances  between  the  loads 
(wheels).  For  any  values  of  a; ,  as  the  loading  moves 
through  the  range  of  motion  within  which  no  wheel  of  the 
set  under   consideration  goes   off  the  span,   and   no   new 

wheel  comes  on  it,  we  have  Bi^-y-  R,    and    the    moment 

under  Pj 

M.,=j{l^^'^+a'x)—Pib—P,(b+c) (1) 


i.e. 
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In  (1)  we  have  M2  as  a  function  of  x,  all  the  otlier  quan- 
tities in  the  right  hand  member  remaining  constant  as  the 
loading  moves  ;  x  may  vary  from  x=a-\-a'  to 
x—l—{c-{-b—a').     For  a  max.  M2, 'WQ  put  dMi-y-dx—O,  i.  e. 

^{l-2x+a')=0  .-.  X  (for  Max  i!f2)  =  >^Z+>^«' 

b 

(For  this,  or  any  other  value  of  x,  d^M^-h-dx'  is  negative, 
hence  a  maximum  is  indicated).  For  a  max.  M2,  then.  It 
must  be  as  as  far  {}4a')  on  one  side  of  the  middle  of  the 
span  as  P^  is  on  the  other  ;  i.e.,  as  the  loading  moves,  the 
moment  under  a  given  wheel  becomes  a  max.  when  that 
wheel  and  the  centre  of  gravity  of  all  the  loads  {then  on 
the  span)  are  equi-distant  from  the  middle  of  the  span. 

In  this  way  in  any  particular  case  we  may  find  the 
respective  max.  moments  occurring  under  each  of  the 
wheels  during  the  passage,  and  the  greatest  of  these  is  the 
M^  to  be  used  in  the  equation  M^  —  H'l-T-e  for  safe  loading.* 

As  to  the  shear  J,  for  a  given  position  of  the  wheels  this 
will  be  the  greatest  at  one  or  the  other  support,  and 
equals  the  reaction  at  that  support.  When  the  load  moves 
toward  either  support  the  shear  at  that  end  of  the  beam 
evidently  increases  so  long  as  no  wheel  rolls  completely 
over  and  beyond  it.  To  find  J"  max.,  then,  dealing  with 
each  support  in  turn,  we  compute  the  successive  reactions 
at  the  support  when  the  loading  is  successively  so  placed 
that  consecutive  wheels,  in  turn,  are  on  the  point  of  roll- 
ing ofi^  the  girder  at  that  end  ;  the  greatest  of  these  is  the 
max.  shear,  J^.  As  the  max.  moment  is  apt  to  come  under 
the  heaviest  load  it  may  not  be  necessary  to  deal  with 
more  than  one  or  two  wheels  in  finding  M,„. 

Example. — Given  the  following  wheel  pressures, 

A<  .  .  8'  .  .  >B<  .  .  5'  .  .  >C<  .  .  4  .  .   <D 
4  tons.  6  tons.  6  tons.  5  tons, 

on  one  rail  which  is  continuous  over  a  girder  of  20  ft.  span, 
under  a  locomotive. 

*  Since  this  may  be  regarded  as  a  case  of  "  sudden  application'*  of  a  load,  it  is 
customary  to  make  R'  much  smaller  than  for  a  dead  load;  from  one-third  to  one-half 

mituller, 
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L  Bequired  the  position  of  the  resultant  of  A,  B,  and  C  "> 

2.  "  "  "  "        A,  B,  C,  and  D ; 

3.  "  "  "  "  B,  C,  and  D. 
4  In  what  position  of  the  wheels  on  the  span  will  the 

moment  under  5  be  a  max.  ?    Ditto  for  wheel  Ci    Required 
the  value  of  these  moments  and  which  is  Jlf^  ? 

5.  Required  the  value  of  J^,  (max.  shear),  its  location  and 
the  position  of  loads. 

Eesults.— (1.)  7.8'  to  right  of  A.  (2.)  KT  to  right  of  A. 
(3.)  4.4'  to  right  of  B.  (4.)  Max.  M^  =  1,273,000  inch  lbs. 
with  all  the  wheels  on  ;  Max.  Mo  =  1,440,000  inch-lbs.  with 
wheels  B,  G,  and  D  on.  (5.)  J^  =  13.6  tons  at  right  sup- 
port with  wheel  D  close  to  this  support. 

260.  Single  Eccentric  Load. — In  the  following  special  cases 
of  prismatic  beams,  peculiar  in  the   distribution   of  the 
loads,  or  mode  of  support,  or  both, 
the   main   objects   sought    are    the 
T  values  of  the  max.  moment  M^,  for 
use  in  the  equation 

-34=— (see  §239); 
e 

and  of    the   max.   shear  J^,   from 

which  to  design  the  web  riveting 

in  the  case  of  an  I  or  box-girder. 

The  modes  of  support  will  be  such 

that  the  reactions  are  independent 

of  the   form    and  material   of  the 

Fis.  263.  beam    (the  weight  of  beam  being 

neglected).     As  before,  the  flexure  is  to  be  slight,  and  the 

forces  are  all  perpendicular  to  the  beam. 

The  present  problem  is  that  in  fig.  263,  the  beam  being 

prismatic,  supported  at  the  ends,  with  a  single  eccentric 

load,  P-     We  shall  first  disregard  the  weight  of  the  beam 

itself.     Let  the  span  =  Zi-f?2.     First  considering  the  whole 

beam  free  we  have  the  reactions  ^i  =  P\  ^  I  and  R^  = 

Ply    -^   I. 

Making  a  section  at  m  and  having  Om  free,  x  being  <  li, 
S  (vert,  com  pons.)  =  0  gives 
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B^ — J=0,  i.e.,  J=R2 ; 
while  from  2  (moin.)m=0  we  have 

Sl-R^x=  0  .•.M=  E,x^?hx 
e  I 

These  values  of  J  and  M  hold  good  between  0  and  0,  J 
being  constant,  while  M  is  proportional  to  x.  Hence  for 
00  the  shear  diagram  is  a  rectangle  and  the  moment  diac 
gram  a  triangle.  By  inspection  the  greatest  M  for  00  is 
for  X  =  I2,  and  —  Pl^2  -^  ^-  This  is  the  max.  M  for  the 
beam,  since  between  0  and  B,  M  is  proportional  to  the  dis- 
tance of  the  section  from  B. 

.■.M^=i^e,ndL?^=^^'    ...  (1) 

is  the  equation  for  safe  loading. 

e/  =  ^,  in  any  section  along  OS,  and  is  opposite  in  sign 
to  what  it  is  on  00;  i.e.,  practically,  if  a  dove-tail  joint 
existed  anywhere  on  0(7  the  portion  of  the  beam  on  the 
right  of  such  section  would  slide  downward  relatively  to 
tho  left  hand  portion  ;  but  vice  versa  on  OB. 

Evidently  the  max.  shear  J^,  =  i?i  or  B,,  as  I2  or  Zj  is  the 
greater  segment. 

It  is  also  evident  that  for  a  given  span  and  given  beam 
the  safe  load  P,  as  computed  from  eq.  (1)  above,  becomes 
very  large  as  its  point  of  application  approaches  a  sup- 
port ;  this  would  naturally  be  expected  but  not  without 
limit,  as  the  shear  for  sections  between  the  load  and  the 
support  is  equal  to  the  reaction  at  the  near  support  and 
may  thus  soon  reach  a  limiting  value,  when  the  safety  of 
the  web  or  the  spacing  of  the  rivets,  if  any,  is  considered. 

Secondly,  considering  the  weight  of  the  heam,  or  any 
uniformly  distributed  loading,  weighing  w  lbs.  per  unit  of 
length  of  beam,  in  addition  to  P,  Fig.  264,  we  have  the 
reactions " 

..,=^+f ;  ana  .,4^+^ 

Let  ?2  be  >li',   then  for  a  portion  Om  of  length  x<l^ 

moments  about  m  give 
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^  —  R^x  +  wx.-  =0 
e  2 


Le.,  on  00,  M^B^x  —  y<^  wa? 


(2) 


Evidently  for  a;  =  0  (i.e.  ai  0)  M  =  0,  while  for  a?  =  4  (i-e. 
at  (7)  we  have,  putting  w  =  W  -i-  I 


Mc='R,lr 


\wl 


_PU: 


-+E!^-u 


wii 


(3) 


I  '2  ^^  ? 
It  remains  to  be  seen  whether  a  value  of  M  may  not  exist 
in  some  section  between  0  and  G,  (i.e.,  for  a  value  of  x 
<?2  in  eq.  (2)),  still  greater  than  Mq.  Since  (2)  gives  jTIf  as 
a  continuous  function  of  x  between  0  and  C,  we  put 
dM-T-  dx  —  0,  and  obtain,  substituting  the  value  of  the  con- 
stants Bi  and  w, 

imax.  ' 
for  M  or 
min. 

This  must  be  for   M  max.,   since  d'M  -f-  da?  is  negative 


Ply 


(4) 


11     \    1     I    i     t     i     I     ill 


Fic. 


when  this  value  of  x  is  sub- 
stituted. If  the  particular 
value  of  x  given  by  (4)  is 
<?2,  the  corresponding  value 
of  M  (call  it  M^)  from  eq. 
(2)  will  occur  on  OC  and  will 
be  greater  than  Mq  (Dia- 
grams II.  in  fig.  264  show 
this  case) ;  but  if  a;„  is>  l,, 
we  are  not  concerned  with 
R_  the  corresponding  value  of 
M,  and  the  greatest  M on  OC 
would  be  Jfc. 

For  the  short  portion  BC, 
which  has  moment  and  shear 
diagrams  of  its  own  not  con- 
tinuous with  those  for  0  C,  it 
may  easily  be  shown  that 
Mc  is  the  greatest  moment  of 
any  section.      Hence  the  M 
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max.,  or  M^,  of  the  whole  beam  is  either  M^  or  M^, 
according  as  x^  is  >  or  <  ij.  This  latter  criteiion  may  be 
expressed  thus,  [with  l.^ —  yi  I  denoted  by  l^,  the  distance 
of  P  from  the  middle  of  the  span]  : 

and  since  from  (4)  and  (2) 

*=[?+>^^][§+«']->^^[^.+  4    (^ 

The  equation  for  safe  loading  is 

^^=ilfe.when^^is>[.     . 
and  >  •        •        •        •     (6) 

— =J!f„whenZis  <  -»     )   ,  Seeeqs.(3)and(5) 
e  W  \     '  for  M^  and  M^ 

If  either  P,  TV,  I3,  or  l^  is  the  unknown  quantity  sought,  the 
criterion  of  (6)  cannot  be  applied,  and  we  .-.  use  both  equa- 
tions in  (6)  and  then  discriminate  between  the  two  results. 
The  greatest  shear  is  Jm°=-Bi,  in  Fig.  264,  where  Zj  ia 
>  li- 

261.  Two  Equal  Terminal  Loads,  Two  Symmetrical  Supports 
Fig.  265.  [Same  case  as  in  Fig.  231,  §  238].  Neglect 
weight  of  beam.  The  reaction  at  each  support  being  =P, 
(from  symmetry),  we  have  for  a  free  body  Om  with  a;  <  Z, 

Px—PJ^O  .-.  M=Px      .        .        .    (1; 

while  where  x>  l^  and  <  I1+I2 

Px-P  (oo-l,)—  Pl^  0.:M==Pli        .         (2) 

That  is,  see  (1),  ilf  varies  directly  with  x  between  0  and  C 
while  between  C  and  I)  it  is  constant.  Hence  for  safe 
loading 

—^M^    i.e.,--,P\  .       .       (3) 
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--I-.T 


The   construction    of    the 


Ac 


-A" 

— ~~ja    moment   diagram   is  evident 


^' 


p    from  equations  (1)  and  (2). 
As   for  J,  the   shear,   the 
same  free  bodies  give,  from 
2  (vert.  force8)=0. 

On  OC    .  J=P    ...    (4) 
On  CD    .  J=P—P=zero{5) 


Fis.  265 


(4)  and  (5)  might  also  be  ob- 
tained from  (1)  and  (2)  by 
writing  J=d  M-^dx,  but  the 
former  method  is  to  be  preferred  in  most  cases,  since  the 
latter  requires  M  to  be  expressed  as  a  function  of  x  while 
the  former  is  applicable  for  examining  separate  sections 
without  making  use  of  a  variable. 

If  the  beam  is  an  I-beam,  the  fact  that  J"  is  zero  any- 
where on  C  D  would  indicate  that  we  may  dispense  with 
a  web  along  0  D  to  unite  the  two  flanges ;  but  the  lower 
flange  being  in  compression  and  forming  a  "  long  column  " 
would  tend  to  buckle  out  of  a  straight  line  if  not  stayed  by 
a  web  connection  with  the  other,  or  some  equivalent  brac- 
ing. 

262.  TlniformLoadover  Part  of  the  Span.  Two  End  Supports. 
Fig.  266.  Let  the  load=  W,  extending  from  one  support 
over  a  portion  =c,  of  the  span,  (on  the  left,  say,)  so  that 
W=  wc,  w  being  the  load  per  unit  of  length.  Neglect 
weight  of  beam.  For  a  free  body  Om  of  any  length 
X  <,  0  B  (i.e.  <  c),  I  moms^=0  gives 


P^, 


wx' 


-Bix=0 


(1) 


which  holds  good  for  any  section  on  0  B.  As  for  sections 
on  ^  (7  it  is  more  simple  to  deal  with  the  free  body  m'C, 
of  length 


x'  <_  C  B  from  which  we  have  M^B^  x' 


(2) 
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which  shows  the  moment 
curve  for  ^  <7  to  be  a  straight 
line  DC,  tangent  at  D  to  the 
parabola  (7  D  representing 
eq.  (1.)  (If  there  were  a  con- 
centrated load  at  B,  CD 
would  meet  the  tangent  at 
D  at  an  angle  instead  of  co- 
inciding with  it ;  let  the  stu- 
dent show  why,  from  the 
shear  diagram). 

The  shear  for  any  value  of 
a;  on  0  .5  is : 


On  0  5 
while  on  £  C 


J=  i?,=  constant 


(3) 
(4) 


The  shear  diagram  is  constructed  accordingly. 


To  find  the  position  of  the  max.  ordinate  of  the  para- 
bola, (and  this  from  previous  statements  concerning  the 
tangent  at  the  point  D  must  occur  on  0  B,  as  will  be  seen 
and  will  .•.  be  the  M^.  for  the  whole  beam)  we  put  1^=0  in 
eq  (3)  whence 


X  (for  M^y^  _?L=-fi^Uc-^ 


w 


w 


(5) 


and  is  less  than  c,  as  expected.  [The  value  of  i2,^^(i-_«). 


=-(wc  T-?)  (? — I),  (the  whole  beam  free)  has  been  substi- 
tuted].    This  value  of  x  substituted  in  eq.  (1)  gives 

„=(i->^ ^y. % .  wc .-.  ^=y,\\-y,  •  S.YWC . . . .  {&) 

is.  the  equation  for  safe  loading. 

The  max.  shear  3^  is  found  at  0  and  is  =  B^  which  i» 
evidently  >Bi,  at  C. 
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263.  XTniform  Load  Over  Whole  Length  "With  Two  Symmetries 
Supports.  Fig.  267. — AVith  the  notation  expressed  in  the  fig- 
ure, the  following  results  may  be  obtained,  after  having 
divided  the  length  of  the  beam  into  three  parts  for  sepa- 
rate treatment  as  necessitated  by  the  external  forces,  which 
are  the  distributed  load  W,  and 
and  the  two  reactions,  each  — 
1/2,  W.  The  moment  curve  is 
made  up  of  parts  of  three  dis- 
tinct parabolas,  each  with  its 
axis  vertical.  The  central  par- 
abola may  sink  below  the  hori- 
zontal axis  of  reference  if  the 
supports  are  far  enough  apart, 
in  which  ease  (see  Fig.)  the  elas- 
tic curve  of  the  beam  itself  becomes  concave  upward  be- 
tween the  points  E  and  F  of  "  contrary  flexure."  At  each 
of  these  points  the  moment  must  be  zero,  since  the  radius 
of  curvature  is  oo  and  M  =  EI  -h  p  (see  §  231)  at  any  sec- 
tion ;  that  is,  at  these  points  the  moment  curve  crosses  its 
horizontal  axis. 

As  to  the  location  and  amount  of  the  max.  moment  M^, 
inspecting  the  diagram  we  see  that  it  will  be  either  at  H, 
the  middle,  or  at  both  of  the  supports  B  and  G  (which  from 
symmetry  have  equal  moments),  i.e.,  (with  I  =  total  length,) 


Fig.  267. 


M, 


.[and...^^]=| 


W 
either-^li^y-Zi^] at  fi" 

or     EU at  5  and  C 

21 


according  to  which  is  the  greater  in  any  given  case ;  i.e. 
according  as  l^  is  >  or  <  ?,  ^q^ 

The  shear  close  on  the  left  oi  B  =  wli,  while  close  to  th«, 
right  oiBit—}4  W  —  wi^.  (It  will  be  noticed  that  in  this 
case  since  the  beam  ■  overhangs,  beyond  the  support,  the 
shear  near  the  support  is  not  equal  to  the  reaction  there, 
as  it  was  in  some  preceding  cases.) 
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Hence  J^=^  |  ^  j^_Lu,i^  \  according  as  Zj  ^j^l 

264,    Hydrostatic  Pressure  Against  a  Vertical  Plank. —  From 

elementary  hydrostatics  we  know  that  the  pressure,  per 
unit  area,  of  quiescent  water  against  the  vertical  side  of  a 
tank,  varies  directly  with  the  depth,  x,  below  the  surface, 
and  equals  the  weight  of  a  prism  of  water  whose  altitude 
=  X,  and  whose  sectional  area  is  unity.      See  Fig.  268. 


FiQ.  268. 

TTie  p]ank  is  of  rectangular  cross  section,  its  constant 
breadth,  —  b,  being  r~  to  the  paper,  and  receives  no  sup- 
port except  at  its  two  extremities,  0  and  B,  0  being  level 
with  the  water  surface.  The  loading,  or  pressure,  per  unit 
of  length  of  the  beam,  is  here  variable  and,  by  above  defini- 
nition,  is  =  i/^=  yxb,  where  y  —  weight  of  a  cubic  unit 
(i.e.  the  heaviness,  see  §  7)  of  water,  and  x  =  Om  =  depth 
of  any  section  m  below  the  surface.  The  hydrostatic  pres- 
sure on  dx  =  ivdx.  These  pressures  for  equal  dx's,  vary 
as  the  ordinates  of  a  triangle  ORiB. 

Consider  Om  free.  Besides  the  elastic  forces  of  the  ex- 
posed section  m,  the  forces  acting  are  the  reaction  ^o.  and 
the  triangle  of  pressure  OEm.     The  total  of  the  latter  is 


01? 


W^  =  f  wdx  =ifb  I  xdx  =  yb-n- 


(1) 


and  the  sum  of  the  moments  of  these  pressures  about  m  is 
equal  to  that  of  their  resultant  ( =  their  sum,  since  they 

are  parallel)  about  m,  and  .•.  =  T^  -jj- .  ^. 

2  '  3' 
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[From  (1)  when  x=l,-w&  have  for  the  total  water  pres- 

sure  on  the  beam  JF;  =  j-J  —  and  since  one-third  of  this 

will  be  borne  at  0  we  have  ^o  =^/4  yiP-l 

Now  putting  2'(  moms,  about  the  neutral  axis  of  m)=0, 
for  Om  free,  we  have 


iZ„x—  W^  .  ~—^=0  .:  M=  Yerb  {l?x—3?) 


(2) 


(which  holds  good  from  x  =  Qio  x  =  1).  From  S  (horiz. 
forces)  =  0  we  have  also  the  shear 

J=R,—  W^=}4  yh  (P— 3a;')  ....  (3) 

as  might  also  have  been  obtained  by  differentiating  (2), 
since  J  =  dM  -r-  dx.  By  putting  <7  =  0  (§  240,  corollary )i 
we  have  for  a  max.  M,  x  —  I  -¥■  \/3,  which  is  less  than  I 
and  hence  is  applicable  to  the  problem.  Substitute  this^ 
in  eq.  2,  and  reduce,  and  we  have 

Sfl    ,^     .       R'l    1      \         ,^  ... 

— =Jf„,  i.e.  — =g  •  ^  •  7-6P    .  .  .  .  (4) 

as  the  equation  for  safe  loading. 

265.  Example. — If  the  thickness  of  the  plank  is  Ti,  re- 
quired A  =  ?,  if  ^''is  taken  =  1,000  lbs.  per  sq.  in.  for 
timber  (§  ,251),  and  I  =  6  feet.  For  the  inch-pound-second 
system  of  units,  we  must  substitute  B'  =  1,000 ;  Z  =  72 
inches  ;  y  =  0.036  lbs.  per  cubic  inch  (heaviness  of  water 
in  this  system  of  units);  while  I  =bh^  -J-  12,  (§  247),  and  e 
=  %  h.  ■  Hence' from  (4)  we  have 

1000  6A*    0.036&x72^      „    kia.  1-997  4., 

It  will  be  noticed  that  since  x  for  M^  =  1  -r-  V3,  and  not 
f^  I,  M^  does  not  occur  in  the  section  opposite  the  resul- 
tant of  the  water  pressure ;  see  Fig.  268.  The  shear  cnrv* 
is  a  parabola  here ;  eq.  (3). 
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266.  Flat  Circular  Plate,  Homogeneous  and  of  TJniform  Thick- 
ness, Supported  all  Round  its  Edge  and  Subjected  to  Uniform  Fluid 
Pressure  of  w  lbs.  per  sq.  in.  A  strict  treatment  of  this  case 
being  very  complicated,  an  approximate  method,  due  to  Prof. 
C.  Bach,  will  be  presented.*  Fig.  269  shows  a  top  view  of  the 
circular  plate,  in  a  horizontal  position  and  covering  a  circular 

.  I  opening,  its  edge 

i*'"5S""*j  iivTCr'  being     supported 

1(b)    continuously     on 
III         the    edge    of    the 

z:ee 


(aj 


ttnyiin" 


■  7C  ' 


I 
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Fig.  269o. 


opening  (but  not 
clamped  to  it). 
Let  the  radius  of 
the  plate  be  r  and 
its  thickness  }u 
Under  the  plate 
is  the  atmosphere, 
while  on  its  upper  surface,  acting  uniformly  over  the  whole  of 
that  surface,  is  a  fluid  pressure  whose  excess  over  that  of  the  at- 
mosphere is  w  Ibs./sq.  in.  The  particles  near  the  upper  surface 
are  under  compressive  stress,  which  is  obviously  greater  near  the 
center  of  the  circle  ;  those  near  the  lower  surface  are  in  tension. 
Let  now  the  half-plate,  CODB,  (cutting  along  the  diameter 
CD)  be  considered  as  a  "free  body"  in  Fig.  269a;  the  tensile 
and  compressive  stresses  in  the  section  COD  being  assumed  to 
form  a  stress-couple,  as  in  previous  case  of  flexure,  the  unit- 
stress  varying  as  the  distance  from  the  middle  of  the  thick- 
ness, with  the  stress  in  the  outermost  fiber  denoted  by  p. 
Then  the  moment  of  this  couple  will  be  written  pi  -r-  e,  as 
before,  where  e  =  ^  A  and  /  =  2  r/i'  -r-  12.  On  the  upper  surface 
of  the  free  body  we  find  a  total  pressure  of  ^  wnr^  lbs.,  covering 
a  semicircular  surface ;  so  that  (p.  22)  the  distance  of  the  re- 
sultant from  0  is  4  r  -h  Stt.  The  upward  reaction  from  the 
supporting  edge  is  also  |  wnrr^  lbs.,  but  its  resultant  acts  2r/'7r 
in.  from  0  (center  of  gravity  of  a  semicircular  "  wire,"  p.  20). 
Taking  moments,  then,  about  0  we  have 


2    [tt      SttJ"     3 


J  or,  w 


(0) 


•  Elasticitaet  vmd  Festigkeit,  by  C.  Bach ;  Berlin,  1898L 
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Notwithstanding  the  imperfections  ^  of  this  analysis,  the 
experimental  work  of  Prof.  Bach  shows  that  a  modification  of 
eq.  (0),  viz. :  — 

^=B'"^' ^^^ 

may  be  used  with  safety  for  the  design  of  a  plate  under  these 
circumstances ;  R',  a  safe  unit  working  stress  for  the  material, 
having  been  substituted  for  p. 

For  example,  let  the  plate  (e.g.,  cylinder-head  of  a  loco- 
motive) be  of  mild  steel  with  A  =  1  in.  and  r  =  8  in.  Putting 
W  —  16,000  lbs. /sq.  in.,  we  have  from  eq.  (1)  a  safe  w 
=  1  (16000)  X  (1  -^  8)'  =  208  lbs.  per  sq.  in.  ^ 

[N.B.  If  the  plate  is  clamped  all  round  the  edge,  we  may 
write  ^  instead  of  the  |.  (Bach.)  J 

266a.  Homogeneous  Circular  Plate  of  Uniform  Thickness,  h, 
Supported  all  Round  the  Edge,  with  Concentrated  Load  (P  lbs.)  in 
Center.  By  the  same  method  as  before  we  may  here  derive 
P  =  ^  "Trh'p ;  but  from  his  experiments  in  this  case  Prof.  Bach 
concludes  that  the  formula  for  safe  design  should  be  written 

P-'l'^h'R' (2) 

It  is  seen  from  eq.  (2)  that  the  value  of  P  is  independent  of 
the  radius  of  the  plate;  depending  only  on  the  material  and 
the  thickness,  h. 

266b.  Homogeneous  Elliptical  and  Eectaugular  Plates  of  Con- 
stant Thickness,  h ,  Supported  aU  Round  the  Periphery.  According 
to  Prof.  Bach's  approximate  analysis,  as  supplemented  by  his 
experimental  researches,  we  may  use  the  following  formulae  for 


1 

1 

4 

1 
6 

1 

1 

1 

— > 

Fia.  2696. 

sale  design  of  elliptical  and  rectangular  plates,  supported  (not 
clamped)  around  the  whole  periphery.  See  Fig.  2696  for 
notation  of  dimensions ;  h  being  the  uniform  thickness  in  each 
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case,   and  a  being   >  6.    R'  =  ma.x.  safe    unit   stress  for   the 
material. 

For  the  elliptical  plate  under  uniformly  distributed  pressure 
{over  whole  area)  of  w  lbs.  /  sq.  in.,  denoting  the  ratio  6  -r-  a  by 
m,  we  have 

w  =  |  (1  +171'). ^,.R';       ....    (3) 


and  under  a  central  concentrated  load  of  P  lbs., 

Sx  3  +  2m'  +  Srri 
8m"8  +4m'  +  3m' 


p=E-:'::z\v:.-h'R' w 


(N.B.    If  the  edge  is  clamped  down  all  round   we  may  use 
values  of  w  and  P  about  50  per  cent,  greater  than  the  above.) 
With  rectangular  plates  under  a  uniformly  distributed  pressure, 
denoting  the  ratio  6  -*-  a  by  m,  we  have 

w  =  ^(l+m')y,.R' (5) 

and  for  a  concentrated  central  load  P,  with  n  denoting  the  ratio 

P  =  :^  (1  +  n')  .  h'R' (6) 

In  the  particular  case  of  the  square  plate,  the  side  of  the 
square  being  a,  eqs.  (5)  and  (6)  reduce  to 

(uniform  pressure)  w  =  3.6  -^ .  /J' ; (7) 

2 
(central  load)  ^  =  s  ^'^' (^) 

266c.  HomogeneoiiB  Flat  Circnlar  Plate,  of  Vniform  Thickness,  used  as  Piston 
of  an  Engine.  In  such  a  case  we  have  fluid  pressures  on  both  sides  of  the  plate 
or  disc,  neither  of  which  is  necessarily  one  atmosphere ;  while  at  the  center 
we  have  acting  the  concentrated  pull  or  thrust,  P  lbs.,  of  the  piston  rod.  (Frio- 
tional  forces  around  the  edge  may  be  disregarded.)  If  w  denote  the  greatest 
difference  between  the  (uniform)  fluid  pressures  (per  sq.  in.)  on  the  two  sides, 
■we  may  write  (according  to  Grashof's  analysis,  as  quoted  by  Unwin),  for  safe 
design  in  this  case  :  — 

'"=5>»-^ W 

(B',  h,  and  r,  have  the  same  meaning  as  before.) 
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867.    Eesilience  of  Beam  With  £nd  Supports. — Fig.  270.     If  a 

mass  whose  weight  is  G  {G  large  com- 

.     pared  with  that  of  beam)  be  allowed  to 

=3—  fall  freely  through  a  height  =  h  upon 

the  centre  of  a  beam  supported  at  its 

^_y     ^P™  extremities,  the  pressure  P  felt  by  the 

Fis.  870.  beam   increases  from   zero   at  the   first 

instant  of  contact  up  to  a  maximum  P„,  as  already  stated 

in  §233a,  in  which  the  equation  was  derived,  cZ„  being 

small  compared  with  h, 

Gh=±.±^        .         .         .         (o) 

The  elastic  limit  is  supposed  not  passed.  In  order  that 
the  maximum  normal  stress  in  any  outer  fibre  shall  at  most 
be=-ff',  a    safe    value,    (see    table    §251)    we    must    put 

=1±.^^^   [according  to  eq.  (2)  §241,]  i.e.  in  equation  (o) 
e  4 

above,  substitute  P„=  [4  B'l]  -i-le,  which  gives 

having  put  I=FW'  {Tc  being  the  radius  of  gyration  §85) 
and  Fl=  V  the  volume  of  the  (prismatic)  beam.  From 
equation  (6)  we  have  the  energy,  Gh,  (in  ft. -lbs.,  or  inch- 
lbs.)  of  the  vertical  blow  at  the  middle  which  the  beam  of 
Fig.  270  will  safely  bear,  and  any  one  unknown  quantity 
can  be  computed  from  it,  (but  the  mass  of  G  should  not 
be  small  compared  with  that  of  the  beam.) 

The  energy  of  this  safe  impact,  for  two  beams  of  the 
same  material  and  similar  cross-sections  (similarly  placed), 
is  seen  to  be  proportional  to  their  volumes;  while  if  further- 
more their  cross-sections  are  the  same  and  similarly 
placed,  the  safe  Gh  is  proportional  to  their  lengths.  (These 
same  relations  hold  good,  approximately,  beyond  the  elas' 
tic  limit.)  * 

It  will  be  noticed  that  the  last  statement  is  just  the  re<j 
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verse  of  what  was  found  in  §245  for  static  loads,  (the 
pressure  at  the  centre  of  the  beam  being  then  equal  to 
the  weight  of  the  safe  load) ;  for  there  the  longer  the  beam 
(and  .•.  the  span)  the  less  the  safe  load,  in  inverse  ratio. 
As  appropriate  in  this  connection,  a  quotation  will  be 
given  from  p.  186  of  "  The  Strength  of  Materials  and 
Structures,"  by  Sir  John  Anderson,  London,  1884,  viz.: 

"  It  appears  from  the  published  experiments  and  state- 
ments of  the  Railway  Commissioners,  that  a  beam  12  feet 
long  will  only  support  ^  of  the  load  that  a  beam  6  feet 
long  of  the  same  breadth  and  depth  will  support,  but  that 
it  will  bear  double  the  weight  suddenly  applied,  as  in  the 
case  of  a  weight  falling  upon  it,"  (from  the  same  height, 
should  be  added) ;  "  or  if  the  same  weights  are  used,  the 
longer  beam  will  not  break  by  the  weight  falling  upon  it 
unless  it  falls  through  twice  the  distance  required  to  frac- 
ture the  shorter  beam." 

268.  Combined  Flexure  and  Torsion.  Crank  Shafts.  Fig.  271. 
Let    Oi£  be  the  crank,  and  JVO,   the  portion  projecting 

beyond  the  nearest  bearing 
N.  P  is  the  pressure  of  the 
connecting-rod  against  the 
crank-pin  at  a  definite  in- 
stant, the  rotary  motion  be- 
ing uniform.  Let  a=  the 
perpendicular  dropped  from 
the  axis  OOi  of  the  shaft 
upon  P,  and  1=  the  distance 
of  P,  along  the  axis  OOi  from 
the  cross-section  iV^TwiV'  of  tlie 
Let  NN'  be  a  diameter  of  this 
In  considering  the  portion 
NOiB  free,  and  thus  exposing  the  circular  section  iV^miV^, 
we  may  assume  that  the  stresses  to  be  put  in  on  the  ele- 
ments of  this  surface  are  the  tensions  (above  NN')  and 
the  compressions  (below  iViV')  and  shears  "|  to  NN',  due 
to  the  bending  action  of  P ;  and  the  shearing  stress  tan. 


Tio 


shaft,  close  to  the  bearing, 
section,  and  parallel  to  a. 
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gent  to  the  circles  which  have  0  as  a  common  centre,  and 
pass  through  the  respective  dF's  or  elementary  areas, 
these  latter  stresses  being  due  to  the  twisting  action  of  P. 
In  the  former  set  of  elastic  forces  let  p  =  the  tensile 
stress  per  unit  of  area  in  the  small  parallelopipedical  ele- 
ment TO  of  the  helix  which  is  furthest  from  NN'  (the  neu- 
tral axis)  and  /=  the  moment  of  inertia  of  the  circle  about 
NN';  then  taking  moments  about  NN'  for  the  free  body, 
(disregarding  the  motion)  we  have  as  in  cases  of  flexure 
(see  §239) 

"     pi      7.7.  .-.     „     Plr 
r 


PI ;  i.e.,  p= 


(a) 


[None  of  the  shears  has  a  moment  about  NN'.]  Next 
taking  moments  about  OOi,  (the  flexure  elastic  forces,  both 
normal  and  shearing,  having  no  moments  about  OOi)  we 
have  as  in  torsion  (§216) 


r  L 


(P) 


in  which  p^  is  the  shearing  stress  per  unit  of  area,  in  the 
torsional  elastic  forces,  on  any  outermost  dF,  as  at  m ; 
and  Jp  the  polar  moment  of  inertia  of  the  circle  about  its 
centre  0. 

Next  consider  free,  in  Fig.  272,  a  small  parallelopiped 
taken  from  the  helix  at  m  (of  Fig.  271.)  The  stresses  [see 
§209]  acting  on  the  four  faces  f~  to  the  paper  in  Fig.  272 
are  there  represented,  the  dimensions  (infinitesimal)  being 
n  II  to  NN',  b  II  to   OOi,  and  cZ  1  to  the  paper  in  Fig.  272. 
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Fig.  273. 
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By  altering  the  ratio  of  b  io  n  we  may  make  the  angle  8 
what  we  please.  It  is  now  proposed  to  consider  free  the 
triangular  prism,  GUT,  to  find  the  intensity  of  normal 
stress  q,  per  unit  of  area,  on  the  diagonal  plane  GH,  (o: 
length  =  c,)  which  is  a  bounding  face  of  that  triangular 
prism.  See  Fig,  273.  By  writing  1'  (compons.  in  direc- 
tion of  normal  to  GH)—Q,  we  shall  have,  transposing, 

qcd=pnd  sin  d+pjxi  sin  d+pjid  cos  d ;    and  solving  for  q 

q=p~   sin  e+p^    -  sin  /?+- .  -cos  ^  J  ;       .     (Ij 

but  n  :  c—  sin  d  and  b  :  c=  cos  d    .'. 

q=p  sin^^+p,2  sin  d  cos  ^        .         .         (2) 

This  may  be  written  (see  eqs.  63  and  60,  O.  "W.  J.  Trigo- 
nometry) 

q=}4p{l-oo82e)+p,smie        .        .        (3) 

As  the  diagonal  plane  GH  is  taken  in  different  positions 
(i.e.,  as  d  varies),  this  tensile  stress  q  (lbs.  per  sq.  in.  for 
instance)  also  varies,  being  a  function  of  d,  and  its  max. 
value  may  be  >p.     To  find  d  for  q  max.  we  put 

^ ,  =p  sin  2^+2ps  cos  2d,  .        .       (4) 

2m. 
=  0,  and  obtain:     tan[2(^  for  g- max)]^ — *-  .     .         .     (5) 

Call  this  value  of  6,  d'.  Since  tan  2^'  is  negative,  2(?'  lies 
either  in  the  second  or  fourth  quadrant,  and  hence 

sin  28'=  ±     .-J*'     ^    and  cos  2^'-=qi-— =J (6) 

[See  equations  28  and  29  Trigonometry,  O.  "W.  J.]     The 


PLBXUKB.      CRANK  SHAFT.  317 

apper  signs  refer  to  the  second  quadrant,  the  lower  to  the 
fourth.     If  we  now  differentiate  (4),  obtaining 

^— 2j3cos2^-%sin2^    ...     (7) 

we  jaote  that  if  the  sine  and  cosine  of  the  [26']  of  the  2nd 
quadrant  [upper  signs  in  (6)]  are  substituted  in  (7)  the  re- 
sult is  negative,  indicating  a  maximum  ;  that  is,  y  is  a  max- 
imum for  d=  the  d'  of  eq.  (6)  when  the  upper  signs  are  taken 
(2nd  quadrant).  To  find  q  max.,  then,  put  0'  for  d  in  (3) 
substituting  froi^  (6)  (upper  signs).     We  thus  find  * 

g  max  =}iip+Vf+4:p,\-]         .         .        (8) 

A  similar  process,  taking  components  parallel  to  GS, 
Fig.  273,  will  yield  q„  max.,  i.e.,  the  max.  shear  per  unit  of 
area,  which  for  a  given  p  and  p,  exists  on  the  diagonal 
plane  GH  in  any  of  its  possible  positions,  as  d  varies. 
This  max.  shearing  stress  is 

y,  max  =KVi''+4p/        .         .  (9) 

In  the  element  diametrically  opposite  to  m  in  Fig.  271,  p 
is  compression  instead  of  tension ;  q  maximum  will  also 
be  compression  but  is  numerically  the  same  as  the  q  max. 
of  eq.  8. 

269.  Example.— In  Fig.  271  suppose  P=2  tons  =  4,000 
lbs.,  a=6  in.,  1—5  in.,  and  that  the  shaft  is  of  wrought 
iron.  Eequired  its  radius  that  the  max.  tension  or  com- 
pression may  not  exceed  i?'=12,000  lbs.  per  sq.  in.;  nor  the 
max.  shear  exceed  ,S"=7,000  lbs.  per  sq.  in.  That  is,  we 
put  ^=12,000  in  eq.  (8)  and  solve  for  r :  also  ^,=7,000  in 
(9)  and  solve  for  r.  The  greater  value  of  r  should  be 
taken.  From  equations  (a)  and  (b)  we  have  (see  §§  219  and 
247  for  /p  and  J) 

*  According  to  the  conceptions  of  §  405b,  safe  design  would  require 
that  we  put  the  max.  "strain"  in  this  case  equal  to  a  safe  value,  as 
determined  by  simple  tensile  or  compressive  tests.  Here  the  max. 
strain  (tensile)  is  £  =  [fp  +  f-v/p'  +  4ps']H-£.     (Grashof's  method.) 
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4J'l       .         2Pa 


nr" 


OT^ 


■which  in  (8)  and  (9)  give 

max.  q=yi~  [4?+4/(40'+4(2a)']      . 
and* 


max. 


ys=>^^vW+4(2^)^ 


{8a) 

.  (9a) 


With  max.  §■=12,000,  and  the  values  of  F,  a,  and  I,  already 
given,  (units,  inch  and  pound)  we  have  from  (8a),  7^=2.72 
cubic  inches  .*.  r=1.39  inches. 

Next,  with  max.  §3=7,000;  F,  a,  and  I  as  before;  from 
(9a),  »^=2.84  cubic  inches  .•.  r=1.41  inches. 

The  latter  value  of  r,  1.41  inches,  should  be  adopted.  It 
is  here  supposed  that  the  crank -pin  is  in  such  a  position 
(when  P=  4,000  lbs.,  and  a=6  in.)  that  q  max.  (and  q, 
max.)  are  greater  than  for  any  other  position  ;  a  number 
of  trials  may  be  necessary  to  decide  this,  since  F  and  a  are 
different  with  each  new  position  of  the  connecting  rod.  If 
the  shaft  and  its  connections  are  exposed  to  shocks,  F^  and 
8'  should  be  taken  much  smaller. 

270.  Another  Example  of  combined  torsion  and  flexure  is 

shown  in  Fig.    274.      The 

p„    work  of  the  working  force 

^[(vertical  cog-pressure)  is 

B  expended  in  overcoming  the 

resistance  (another  vertical 

I     cog-pressure)  ^i. 

That  is,  the  rigid  body 
consisting  of  the  two  wheels  and  shaft  is  employed  to 
transmit  power,  at  a  uniform  angular  velocity,  and  since 
it  is  symmetrical  about  its  axis  of  rotation  the  forces  act- 
ing on  it,  considered  free,  form  a  balanced  system.  (See 
§  114).     Hence  given  P,  and  the  various  geometrical  quan- 

*See  Engineering  Record  oi  Oct.  1909,  p.  399,  where  Prof. Hancock  states 
that  experiments  indicate  that  the  use  of  eqa.  (.9)  and  (9o),  involving  the 
maximum  shear,  is  to  be  preferred  to  that  of  (8)  and  {Ha). 


Fio.  374. 
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titles  tti,  bi,  etc.,  we  may  obtain  Q^,  and  the  reactions  Pq  and 
Pp,  in  terms  of  Pj.  The  greatest  moment  of  flexure  in  the 
shaft  will  be  either  Poll,  at  (7 ;  or  P^l^,  at  B.  The  portion 
GD  is  under  torsion,  of  a  moment  of  torsion  =Piay=  Q^b^. 
Hence  we  proceed  as  in  the  example  of  §  269,  simply  put- 
ting Po?i  (or  Pb?3,  whichever  is  the  greater)  in  place  of  PI, 
and  Pi^i  in  place  of  Pa.  "We  have  here  neglected  the 
weight  of  the  shaft  and  wheels.  If  Qi  were  an  upward  ver- 
tical force  and  hence  on  the  same  side  of  the  shidi  as  Pi, 
the  reactions  Pq  and  Pg  would  be  less  than  before,  and  one 
or  both  of  them  might  be  reversed  in  direction. 

270a.  Web  of  I-Beam.  BTaximum  Stresses  on  an  Oblic[ue 
Plane. — The  analysis  of  pp.  315,  316,  etc.,  also  covers  the 
case  of  an  element  of  the  web  of  a  horizontal  I-beam  under 
stress,  when  this  element  is  taken  near  the  point  of  junction 
with  the  flange.  Supposing  that  the  thickness  of  web  has 
already  been  designed  such  that  the  shearing  stress  on  the 
vertical  (and  therefore  also  on  the  horizontal)  edges  of  such 
an  element  is  at  rate  of  8000  lbs.  per  sq.  inch  ;  and  that  the 
horizontal  tension  at  each  end  of  this  element  (since  it  is 
not  far  from  the  outer  fibre  of  the  whole  section)  is  at  rate 
of  14,000  lbs.  per  sq.  in.;  we  note  that  Fig.  272  gives  us  a 
side  view  of  this  element,  with  p,  =  8000,  and  p  =  14,000, 
lbs.  per  sq.  inch.  GTis  the  lower  edge  of  the  upper  flange, 
corresponding  (in  an  end  view)  to  the  point  n  in  Fig.  258  on 
p.  290.  (We  here  suppose  the  upper  flange  to  be  in  tension  ; 
of  course,  an  illustration  taken  from  the  compression  side 
would  do  as  well.) 

Substitution  in  equations  (8)  and  (9)  of  p.  317  results  in 
giving  as  maximum  stresses  on  internal  oblique  planes : 

q  max.  =17,630  lbs.  per  sq.  in.  tension; 
and  g,  max.  =10,630    "      "    "     "   shearing. 

These  two  values  are  seen  to  be  considerably  in  excess  of 
the  respective  safe  values  for  shearing  and  tensile  stresses  in 
the  case  of  structural  steel,  and  the  necessity  is  therefore  em- 
phasized of  adopting  values  for  shearing  stress  in  webs  some- 
what lower  than  the  8000  Ibs./in.^  used  above ;  to  avoid  the 
occuiTence  of  excessive  stress  on  internal  oblique  planes.  Se^ 
p.  291. 
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CHAPTEB    IV. 


PLEXTJBE,    CONTINUED. 


CONTINUOUS  GIRDERS. 


271.  Definition. — A  contimious  girder,  for  present  pur= 
poses,  may  be  defined  to  be  a  loaded  straight  beam  sup- 
ported in  more  than  two  points,  in  whicli  case  we  can  no 
longer,  as  heretofore,  determine  the  reactions  at  the  sup- 
ports from  simple  Statics  alone,  but  must  have  recourse 
to  the  equations  of  the  several  elastic  curves  formed  by  its 
neutral  line,  which  equations  involve  directly  or  indirect- 
ly the  reactions  sought ;  the  latter  may  then  be  found  as 
if  they  were  constants  of  integration.  Practically  this 
amounts  to  saying  that  the  reactions  depend  on  the  man- 
ner in  which  the  beam  bends  ;  whereas  in  previous  cases, 
with  only  two  supports,  the  reactions  were  independent  of 
the  forms  of  the  elastic  curves  (the  flexure  being  slight, 
however). 

As  an  Illnstratiou,  if  the  straight  beam  of  Fig.  275  is  placed 
on  three  supports  O,  B,  and  C,  at  the  same  level,  the 
reactions  of  these  supports  seem  at  first  sight  indeterm- 
inate ;  for  on  considering   the  yt 4 ^ 

whole  beam  free,  we  have  three    pHI^^^^^IIIII^i °__^ 

unknown  quantities  and  only  g^J— — j— "J^     -4 — --2a 

two   equations,  viz :    S    (vert.  f,q.  375 

compons.)  =  0  and  2"  (moms,  about  some  point)  =  0.     If 
now  0  be  gradually  lowered,  it  receives  less  and  less  preB- 
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dure,  until  it  finally  reaches  a  position  Where  the  beam 
barely  touches  it ;  and  then  O's  reaction  is  zero,  and  B  and 
G  support  the  beam  as  if  0  were  not  there.  As  to  how 
low  0  must  sink  to  obtain  this  position,  depends  on  the 
stiffness  and  load  of  the  beam.  Again,  if  0  be  raised 
above  the  level  of  B  and  G  it  receives  greater  and  greater 
pressurt.  until  the  beam  fails  to  touch  one  of  the  other 
supports.  Still  another  consideration  is  that  if  the  beam 
were  tapering  in  form,  being  stiffest  at  0,  and  pointed  at 
B  and  G,  the  three  reactions  would  be  different  from  their 
values  for  a  prismatic  beam.  It  is  therefore  evident  that 
for  more  than  two  supports  the  values  of  the  reactions  de- 
pend on  the  relative  heights  of  the  supports  and  upon  the 
form  and  elasticity  of  the  beam,  as  well  as  upon  the  load. 
The  circumstance  that  the  beam  is  made  continuous  over 
the  support  0,  instead  of  being  cut  apart  at  0  into  two 
independent  beams,  each  covering  its  own  span  and  hav- 
ing its  own  two  supports,  shows  the  significance  of  the 
term  "  continuous  girder." 

All  the  cases  here  considered  will  be  comparatively 
simple,  from  the  symmetry  of  their  conditions.  The 
beams  will  all  be  prismatic,  and  all  external  forces  (i.e. 
loads  and  reactions)  perpendicular  to  the  beam  and  in  the 
same  plane.    All  supports  at  the  same  level, 

272.  Two  Equal  Spans;  Two  Concentrated  Loads,  One  in  the  Uid- 
liUe  of  Each  Span.  Prismatic  Beam. — Fig.  275.  Let  each  half- 
tipan  =  }4  i-  Neglect  the  weight  of  the  beam.  Required 
the  reactions  of  the  three  supports.  Call  them  F^,  Pg  and 
Pg.  From  symmetry  P^  —  Pc,  and  the  tangent  to  the 
elastic  curve  at  0  is  horizontal ;  and  since  the  supports 
are  on  a  levd  the  defiection  of  C  (and  B)  below  O's  tangent 
V  zero.  The  separate  elastic  curves  01)  and  DC  have  a 
eommon  slope  and  a  common  ordinate  at  I). 

For  the  equation  of  OD,  make  a  section  n  anywhere  be- 
^een  0  and  D,  considering   nG  a.  free  body.     Fig.  276  (a) 
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Y 

^^^ 

-^1^ 

(6) 


Fig.  276. 


with  origin  and  axes  as  there  indicated.*      From  2"  (moms 
about  neutral  axis  of  w)  =  0  we  have  (see  §  281) 


M^=F{y2/—x)—P^l—x) 


da? 


(1 


(2) 


(3) 


The  constant  =  0,  for  at  0  both  x,  and  dy  -i-  dx,  =  0. 
Taking  the  x-anti-derivative  of  (2)  we  have 

Here  again  the  constant  is  zero  since  at  0,x  and  y  both  =0. 
(3)  is  the  equation  of  OD,  and  allows  no  value  of  x  <0 
or>.A.     It  contains  the  unknown  force  P^. 

For  the  equation  of  DC,  let  the  variable  section  n  be  made 
anywhere  between  D  and  G,  and  we  have  (Fig.  276  {h\ ;  x 
may  now  range  between  }4i  and  I) 


dx 
dx 


-Pll-x)    . 
P{l^^^-C' 


(4) 

(5)' 


To  determine  C",  put  x  =  )4l  both  in  (5)'  and  (2),  and 
equate  the  results  (for  the  two  curves  have  a  con>mon 
tangent  line  at  D)  whence  C  =  }i  PP 


^i|=^P,_P„(^_f) 


(5) 


*  These  are  such  that  XOY  is  our  "first  quadrant";  in  which,  for  points 
in  a  part  of  a  curve  convex  toward  the  axis  of  X,  d^y/dx'  is  essentially 
positive;  and  vice  versa.  It  will  be  seen  that  both  eqs.  (1)  and  (4)  are 
on  this  basis.  They  must  be  on  the  same  basis;  otherwise,  later  com- 
parisons of  equations  would  result  in  error. 
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Hence    Ely    =  %  PPx-P^V'^'tU-G"        .        .      (6)' 

At  D  the  curves  have  the  same  y,  hence  put  a;  =  i  in  the 
right  hand  member  both  of  (3)  and  (6)',  equating  results. 


and  we  derive  C"= — i  P^ 

EIy=%PVa>-Pj^^_'ty.^Pl?        .        .        (6) 

which  is  the  equation  of  DC,  but  contains  the  unknown 
reaction  P^.  To  determine  P^  we  employ  the  fact  that  O's 
tangent  passes  through  C,  (supports  on  same  level)  and 
hence  when  a;  =  Z  in  (6),  y  is  known  to  be  zero.  Making 
these  substitutions  in  (6)  we  have 

From  symmetry  P^  also  =  ~P,  while  Pg  must  =  f^P, 
since  Ps  +  Pg  +  Pc  =  ^  P  (whole  beam  free).  [Note. — 
If  the  supports  were  not  on  a  level,  but  if,  (for  instance) 
the  middle  support  0  were  a  small  distance  =  hg  below 
the  level  line  joining  the  others,  we  should  put  x  =  I  and 
y  =  — ho  in  eq.  (6),  and  thus  obtain  Pji  —  Pc=  —^    P  + 

ZEI^,  which  depends  on  the  material   and  form   of  the 

prismatic  beam  and  upon  the  length  of  one  span,  (whereas 
with  supports  aU  on  a  levd,  Pg  =  P^  =  ^  P  is  independent 
of  the  material  and  form  of  the  beam  so  long  as  it  is  ho- 
mogeneous and  prismatic.)  If  Pq,  which  would  then  = 
^  P  —  6  EI  {hg-i-lF),  is  found  to  be  negative,  it  shows  that 
0  requires  a  support  from  above,  instead  of  below,  to 
cause  it  to  occupy  a  position  Iiq  below  the  other  supports, 
i.e.  the  beam  must  be  "  latched  down  "  at  0.] 

The  moment  diagram  of  this  case  can  now  be  easily  con- 
structed ;  Fig.  277.  For  any  free  body  nC,n  lying  in  DC, 
we  have 
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i.e.,  varies  directly  as  x,  un- 
c  til  X  passes  D  when,  for  any 
point  on  DO, 

M='U^x-Pix-'^) 

•which  is  =0,  (point  of  in- 
flection   of    elastic    curve) 
for  x=^/u  I  (note  that  x  is 
Fia.  arr.  measured  from    C  in  this 

figure)  and  at  0,  where  x=  I,  becomes  — ^Pl 

.:  M^^—IPI;  i!fo=0;  M^=^Pl;  andi{f„=0 

Hence,  since  J!f  max.  =^P^,  the  equation  for  safe  loading 

^=i"    ■    ■    ■    ■<'" 

The  shear  at  Cand  anywhere  on  CIh=^P,  while  on  DO 
it  -=^^P  in  the  opposite  direction 

(8.) 

The  moment  and  shear  diagrams  are  easily  constructed, 
as  shown  in  Fig.  277,  the  former  being  svmmetrical  about 
a  vertical  line  through  0,  the  latter  about  the  point  0" 
Both  are  bounded  by  right  lines. 

273.    Two  Equal   Spans.    Uniformly   Distributed   Load   Over 

Whole  Length.  Prismatic  Beam. 
^  c   —Fig.  278.    Supports  B,  0, 


J.=liP 


W-«tZ 


W-JOl 


^^ix^jJJ-^-f-iijjnX ^'  *'"' " ^'"^-  ^°*^^ ^°^^ 

-y~^ .^^  =  2  W=  2m7?  and  may  include 

iPo  I  ,Jlifc!LL_  I  t^*t  of  ^^  beam  ;  w  is  con- 
I  I  li  I  MJ  stant.  As  before,  from  sym- 
metry Pb=  P„  the  unknown 


Vm.  ma 


Po|  reactions   at    the  extremi- 
ties. 
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Let  Ow—  X ;  then  with  n  O  free,  2  moms,  about  n=  0  gives 
EI^  =  H^X^)-PJil-^)-  ^il'-2lx+a^]-P^il<o)  (1) 

.:EI^=^  [Px-hfi+^-i-P^lb!-  J]+[ConBt=0]  (2) 

[Const. =0  for  at  0  both  dy-i-dx  the  slope,  and  x,  are  =0] 

•••  Ery=  ~iy2Vx^-yih?+^/nO^-]-P,i%W-j4,7?-]+{Q=<i)  (3) 

[Const.  =0  for  at  0  both  x  and  y  are  =0].  Equations  (1), 
(2),  and  (8)  admit  of  any  value  of  x  from  0  to  I,  i.e.,  hold 
good  for  any  point  of  the  elastic  curve  OG,  the  loading  on 
which  follows  a  continuous  law  (viz. :  w—  constant).  But 
when  x=l,  i.e.,  at  C,  y  is  known  to  be  equal  to  zero,  since 
0,  B  and  G  are  on  the  axis  of  X,  (tangent  at  0).  With 
these  values  of  x  and  y  in  eq.  (3)  we  have 

0=  ^  .  |-->iPcP  .'.  P,=}iwl=}iW 

.'.  P^=}i  W  and  P„=2  ^— 2Pe=>|  W 


The  Moment  and  Shear  Diagrams  can  now  be  formed  since 

all  the  external  forces  are 
iw  known.  In  Fig.  279  meas- 
ure x  from  G.  Then  in  any 
section  n  the  moment  of  the 
"  stress -couple  "  is 

woi? 


M=}iWx- 


(1) 


which    holds   good  for   any 
value  of  x  on   CO,  i.e.,  from 
x—O  up  to  x=l.     By  inspec- 
Fie.  279.  tion  it  is  seen  that  for  a;=0, 

Jf=0  ;  and  also  for  x='^l,  M^O,  at  the  inflection  point  O, 
beyond  which,  toward  0,  the  upper  fibres  are  in  tension 
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the  lower  in  compression,  whereas  between  0  and  G  they 
are  vice  versa.  As  to  the  greatest  moment  to  be  found  on 
CG,  put  dM-^dx=Q  and  solve  for  x.     This  gives 

^  W-^wx=Q  .:  {x  for  Mmas..'\—^l        .       <'2) 

which  in  eq.  (1)  gives 

J!fN(atiV.  seefigure)=+^JlP7        .        .      (2) 

But  this  is  numerically  less  than  ifo(= — >^  ^^  hence  the 
stress  in  the  outer  fibre  at  0  being 


p^=%llf,      ...        (3) 


the  equation  for  safe  loading  is 


M=iyim    .     .     .     .  (4) 


the  same  as  if  the  beam  were  cut  through  at  0,  each  half, 
of  length  I,  retaining  the  same  load  as  before  [see  §  242  eq. 
(2)].  Hence  making  the  girder  continuous  over  the  mid- 
dle support  does  not  make  it  any  stronger  under  a  uni- 
formly distributed  load ;  but  it  does  make  it  considerably 
stiffer. 

As  for  the  shear,  J,  we  obtain  it  for  any  section  by  tak- 
ing the  aj-derivative  of  M  in  eq.  (1),  or  by  putting  2(ver- 
tical  forces)  =0  for  the  frfee  body  nG,  and  thus  have  for 
any  section  on  CO 

J=}iW—tvx        ...  (5) 

i7is  zero  for  x  =  )^l  (where  M  reaches  its  calculus  maxi- 
mum Mj, ;  see  above)  and  for  x=l  it  = — ^  JF  which  is  nu 
mericaily  greater  than  )4  W,  its  value  at  C     Hence 


J^=^W       .        .        .        .     (6) 
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The  moment  curve  is  a  parabola  (a  separate  one  for  each 
epan),  the  shear  curve  a  straight  line,  inclined  to  the  hor- 
izontal, for  each  span. 

Problem. — How  would  the  reactions  in  Fig.  278  be 
changed  if  the  support  0  were  lowered  a  (small)  distance 
Ao  below  the  level  of  the  other  two  ? 

274.  Prismatic  Beam  Fixed  Horizontally  at  Both  Ends  (at 
Same  Level).    Single  Load  at  Middle. — Fig.   280.     [As  usual 

I j  /'"N  r—.  the  beam  is  understood  to 

^     \p  ) ■ —     "i  be  homogeneous  so  that  B 

"^I  -    I '""         ^  is  the  same  at  all  sections]. 

I  *  r"  The  building  in,  or  fixing, 

\ti  j^i      of  the  two  ends  is  supposed 

f-jL^-- — ; — — -~a» — [c    to  be  of  such  a  nature  as  to 

'  """"  er* — —-- — a-^- — m      cause    no     horizontal     con- 

Fio.  280.  straint ;  i.e.,  the  beam  does 

not  act  as  a  cord  or  chain,  in  any  manner,  and  hence  the 
sum  of  the  horizontal  components  of  the  stresses  in  any 
section  is  zero,  as  in  all  preceding  cases  of  flexure.  In 
other  words  the  neutral  axis  still  contains  the  centre  of 
gravity  of  the  section  and  the  tensions  and  compressions 
are  equivalent  to  a  couple  (the  stress-couple)  whose  mo- 
ment is  the  "  moment  of  flexure." 

If  the  beam  is  conceived  cut  through  close  to  both  wall 
faces,  and  this  portion  of  length=Z,  considered  free,  the 
forces  holding  it  in  equilibrium  consist  of  the  downward 
force  P  (the  load) ;  two  upward  shears  J^  and  J^  (one  at 
each  section) ;  and  two  "  stress-couples  "  one  in  each  sec- 
tion, whose  moments  are  M„  andTlfj.  From  symmetry  we 
know  that  J^=J„  and  that  M„=M^.  From  2'  r=0  for  the 
free  body  just  mentioned,  (but  not  shown  in  the  figure), 
and  from  symmetry,  we  have  J„=  %  P  and  J^=  Y^  P  ;  but 
to  determine  M„  and  M„  the  form  of  the  elastic  curves 
0  B  and  B  C  must  be  taken  into  account  as  follows  : 
Equation  of  OB,  Fig.  280.  I  [mom.  about  neutral  axis 
of  any  section  m  on  0  B'\  =  0  (for  the  free  body  nC  which 
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has  a  section  exposed  at  each  end,  n  being  the  variable 
section)  will  give 

Ei^^p{y,i-x)  +  M^-y,p(y-x)  .  .(1) 

[Note.  In  forming  this  moment  equation,  notice  that 
M^  is  the  sum  of  the  moments  of  the  tensions  and  com- 
pressions at  G  about  the  neutral  axis  at  n,  just  as  much  as 
about  the  neutral  axis  of  0;  for  those  tensions  and  com- 
pressions are  equivalent  to  a  couple,  and  hence  the  sum  of 
their  moments  is  the  same  taken  about  any  axis  whatever 
"1  to  the  plane  of  the  couple  (§32).] 

Taking  the  x-anti-derivative  of  each  member  of  (1), 

Eip=P{y,ia^y2  0i^)+M,x—y2P{ix—y,x')  .  (2) 

(The  constant  is  not  expressed,  as  it  is  zero).  Now  from 
symmetry  we  know  that  the  ta,ngent-line  to  the  curve  0  B 
&i  B  is  horizontal,  i.e.,  for  x^=yi,  dy-T-dx=^Q,  and  these 
values  in  eq.  (2)  give  us 

0=  i^  PV+  yzMJr—^-PP;  whence  M,=M,=}i  PI     .     (3) ' 

Safe  Loading.  Fig.  281.  Having  now  all  the  forces  which 
act  as  external  forces  in  straining  the  beam  00,  we  are 
ready  to  draw  the  moment  diagram  and  find  M^.  For  con- 
venience measure  x  from  G.  For  the  free  body  nG,  we 
have  [see  eq.  (3)] 

M=}iPl-yPx    ...    (4) 

Eq.  (4)  holds  good  for  any 
section  on  GB.  By  put- 
ting x=0  we  have  M=M^=: 
yi  PI;  \&joSEG'=M^  to 
scale  (so  many  inch-pounds 
moment  to  the  inch  of  pa- 
per). At  B,  for  x=}4  I, 
-3/b= — ^  PI ;  hence  lay 
oSB'D=}i  PI  on  the  op- 
posite side  of  the  axis  O'C 
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from  HC,  and  join  DH.  DK,  symmetrical  with  2)Zf  about 
B'D,  completes  the  moment  curves,  viz.:  two  right  lines. 
The  max.  iSf  is  evidently  =}i  PI  and  the  equation  of  safe 
loading 


R'l 


^}iPl 


(5) 


Hence  the  beam  is  twice  as  strong  as  if  simply  supported 
at  the  ends,  under  this  load  ;  it  may  also  be  proved  to  be 
four  times  as  stiff. 

The  points  of  inflection  of  the  elastic  curve  are  in  the 
middles  of  the  half-spans,  while  the  max.  shear  is 


j^=y2P 


(6) 


275.  Frismatic  Beam  Fixed  Horizontally  at  Both  Ends  [at  Same 
Level].  IJniformly  Distributed  Load  Over  the  Whole  Length. 
Fig.  282.  As  in  the  preceding  problem,  we  know  from 
symmetry  that  Jo=Ja=yiW=y2  wl,  and  that  M(,=  Ma  and 
determine  the  latter  quantities  by  the  equation  of  the 
curve  0(7,  there  being  but  one  curve  in  the  present  in- 
stance, instead  of  two,  as  there  is  no  change  in  the  law  of 
loading  between  0  and  C.  With  wO  free,  I  (momn)=0 
gives 


d7? 


%  Wx  +  Mo+ 


VXI? 


and.', 


ax  2  o 


•        o        (1) 


(2) 


a 


W-wi 


w~l 


1      _ 


% 


-op: 
lilLLLLLUL 


Fig.  282. 
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The  tangent  line  at  0  being  horizontal  we  have  for  x=0,-~  = 

0,  .•.  (7=0.     But  since  the  tangent  line  at  C  is  also  hori- 
zontal, we  may  for  x=l  put  dy -^dx=^0,  and  obtain 


0=— i^^JFP+iUfoZ+^^wP;  whence  Mo=^Wl 


(3) 


as  the  moment  of  the  stress-couple  close  to  the  wall  at  0 
and  at  0. 

Hence,  Fig.  283,  the  equation  of  the  moment  curve  (a 
single  continuous  curve  in  this  case)  is  found  by  putting 
I  (mom„)=0  for  the  free  body  nO,  of  length  x,  thus 
obtaining 


FlQ.  288. 


pl 


+  j4TFx-Mo 


WT? 


1.0., 


M-- 


Wl  + 


W7? 
1~ 


■YiWx 


.    .     .(4) 


an  equation  of  the  second  degree,  indicating  a  conic.  At  0, 
M=Mo  of  course,=  l.  Wl;  at  5  by  putting  x=i^i  in  (4),  we 
have  Mb= — A  Wl,  which  is  less  than  Mq,  although  M^  is  the 
calculus  max.  (negative)  for  M,  as  may  be  shown  by  writ- 
ing the  expression  for  the  shear  (J=j4  W — wx)  equal  to 
zero,  etc. 
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Hence  M^=^Wl,  and  the  equation  lor  safe  loading  is 

-^Wi (5) 


B'I_i 


Since  (with  this  form  of  loading)  if  the  beam  were  not 
built  in  but  simply  rested  on  two  end  supports,  the  equa- 
tion for  safe  loading  would  be  lJR'I-i-e]  =  }4  Wl,  (see  §242), 
it  is  evident  that  with  the  present  mode  of  support  it  is  50 
per  cent,  stronger  as  compared  with  the  other  ;  i.e.,  as  re- 
gards normal  stresses  in  the  outer  elements.  As  regards 
shearing  stresses  in  the  web  if  it  has  one,  it  is  no  stronger* 
since  Jra  =  yi  Win  both  cases. 

As  to  stiffness  under  the  uniform  load,  the  max.  deflec- 
tion in  the  present  case  may  be  shown  to  be  only  -i-  of  that 
in  the  case  of  the  simple  end  supports.  KUit 

It  is  noteworthy  that  the  shear  diagram  in  Fig.  283  is 
identical  with  that  for  simple  end  supports  §242,  under 
uniform  load  ;  while  the  moment  diagrams  differ  as  fol- 
lows :  The  parabola  KB' A,  Fig.  283,  is  identical  with  tha^ 
in  Fig.  235,  but  the  horizontal  axis  from  which  the  ordi- 
nates  of  the  former  are  measured,  instead  of  joining  the 
extremities  of  the  curve,  cuts  it  in  such  a  way  as  to  have 
equal  areas  between  it  and  the  curve,  on  opposite  sides 

i.e.,  areas  [^C'iT'+^G'O'l^area  H'G'B' 

In  other  words,  the  effect  of  fixing  the  ends  horizontally 
is  to  shift  the  moment  parabola  upward  a  distance  —  M^ 
(to  scale),  =  -  Wl,  with  regard  to  the  axis  of  reference, 
0'^',  in  Fig.  235. 

276.  Remarks. — The  foregoing  very  simple  cases  of  con- 
tinuous girders  illustrate  the  means  employed  for  deter- 
mining the  reactions  of  supports  and  eventually  the  max. 
moment  and  the  equations  for  safe  loading  and  for  deflec- 
tions When  there  are  more  than  three  supports,  with 
spans  of  unequal  length,  and  loading  of  any  description, 
the  analysis  leading  to  the  above  results  is  much  more 
complicated  and  tedious,  but  is  considerably   simplified 
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and  systematized  by  the  use  of  the  remarkable  theorem  of 
three  moments,  the  discovery  of  Clapeyron,  in  1857.  By 
this  theorem,  given  the  spans,  the  loading,  and  the  vertical 
heights  of  the  supports,  we  are  enabled  to  write  out  a  rela- 
tion between  the  moments  of  each  three  consecutive  sup- 
ports, and  thus  obtain  a  sufficient  number  of  equations  to 
determine  the  moments  at  all  the  supports  [p.  641  Rankine's 
Applied  Mechanics.]  From  these  moments  the  shears 
close  to  each  side  of  each  support  are  found,  then  the 
reactions,  and  from  these  and  the  given  loads  the  moment 
at  any  section  can  be  determined ;  and  hence  finally  the 
max.  moment  M,„,  and  the  max.  shear  J^. 

The  treatment  of  the  general  case  of  continuous  girders 
by  algebraic  methods  founded  on  the  properties  of  familiar  geo- 
metrical figures,  however,  is  comparatively  simple ;  and  will 
be  developed  and  applied  in  another  part  of  this  book.  (See 
Chap.  XII,  pp.  485,  etc.) 


THE    DANGEROUS    SECTION    OF   NON-PRIS- 
MATIC   BEAMS. 

277.  Eemarka.  By  "  dangerous  section  "  is  meant  that  sec- 
tion (in  a  given  beam  under  given  loading  with  given  mode 
of  support)  where  p,  the  normal  stress  in  the  outer  fibre, 
at  distance  e  from  its  neutral  axis,  is  greater  than  in  the 
outer  fibre  of  any  other  section.  Hence  the  elasticity  of 
the  material  will  be  first  impaired  in  the  outer  fibre  of 
this  section,  if  the  load  is  gradually  increased  in  amount 
(but  not  altered  in  distribution). 

In  all  preceding  problems,  the  beam  being  prismatic,  /, 
the  moment  of  inertia,  and  e  were  the  same  in  all  sections, 

hence  when  the  equation    £-=M   [§239]  was  solved  for  p, 

•  •  Me  ,<% 

gi^"»g  P=^        .        .        .        .       (1) 

we  found  that|>  was  a  max.,  =  jo„,  for  that  section  whose 
M  was  a  maximum,  since  p  varied  as  M,  or   the  moment 
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of  the  stress-coriple,  as  successive  sections  along  the  beam 
were  examined. 

But  for  a  non-prismatic  beam  /and  e  change,  from  sec- 
tion to  section,  as  well  as  M,  and  the  ordinate  of  the 
moment  diagram  no  longer  shows  the  variation  of  p,  nor 
is  ^  a  max.  where  iHf  is  a  max.  To  find  the  dangerous 
section,  then,  for  a  n  on-prismatic  beam,  we  express  the  M, 
the  I,  and  the  e  of  any  section  in  terms  of  x,  thus  obtain- 
ing 29=func.  (x),  then  writing  dp-^-dx^O,  and  solving  for  x, 

278.  Dangerous  Section  in  a  Double  Truncated  Wedge.  Two 
End  Supports  Single  Load  in  Middle. — The  form  is  shown  in 
Fig.  284  Neglect  weight  of  beam ;  measure  x  from  one  sup- 

|4p  'Slj:'-— -— -_tV'~'^'^'  '   1  J"  6  action     at 

\y^^^lZ^^^-^^^~~~Jc!^^  "^iRZ^^I   6^ch     support 

rV-^!~    \ — L^-^'^^iT'^fciC  width   of    the 

FH..284.  '^^^^   =    6    at 

all  sections,  while  its  height,  v,  varies,  being  =  A  at  0. 
To  express  the  e  =  y^  v,  and  the  7=16^  (§247)  of  any 
section  on  0(7,  in  terms  of  x,  conceive  the  sloping  faces 
of  the  truncated  wedge  to  be  prolonged  to  their  intersec- 
tion A,  at  a  known  distance  =  c  from  the  face  at  0.  We 
then  have  from  similar  triangles 

V  :  X  ■\-  c  :  :  li  :  c,  .w  =  -  (x  ■\-  c)      .     .     (1) 

c 

and  .:e  =  }4-  (x+c)  and  I=h^  -1^+of     •     (2) 

For  the  free  body  nO,  S  (moms.„)  =  0  gives 


Px-ll=0,.p^^       ...    (3) 

6  Zl 


[That  is,  ihe  M  =  j4  Px.]     But  from  (2),  (3)  becomes 
„_QP  c*         X  A^P      oT>   <^     (x+cy—2x{x+c) 

By  putting  dp  -i-  dx  =  0    we  find  x  =  +  c;    showing  a 
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maximum  for  p  (since  it  will  be  found  to  give  a  negative 
result  on  substitution  in  <Pp  -f-  dx'). 

Hence  the  dangerous  section  is  as  far  from  the  support 
0,  as  the  imaginary  edge,  A,  of  the  completed  wedge,  but 
of  course  on  the  opposite  side.  This  supposes  that  the 
half -span,  )4l,  is  >  e;  if  not,  the  dangerous  section  will 
be  at  the  middle  of  the  beam,  as  if  the  beam  were 
prismatic. 

j  at  middle)  (       *" 


<  c 


while  with  I  the  equation  for  safe  j  ^,j  ^j^y 

1/1  ^  r     Moadmg  IS :  (put  x=c  ^ ^—^=  %  -Pc 

jand^=i?'in[3])  (         6 


721  >  c 
(see  §239. 


(5) 
(6) 


279.    Double  Truncated  Pyramid  and  Cone.     Fig.  285.     For 


Fig.  885. 


the  truncated  pyramid  both  width  =  u,  and  height  =  v, 
are  variable,  and  if  h  and  h  are  the  dimensions  at  0,  and 
c  =  'OA  =  distance  from  0  to  the  imaginary  vertex  A,  we 

h  7i 

shall  have  from  similar  triangles  u=~  (a;+c)and  v=~(x+c). 

c  c 

Hence,  substituting  e=%v  and  J=i  utr^,  in  the  moment 
equation 


Pl^  ^=  0,  we  have  p=3P^^ .  -^, 

.•.^=3P_f!_    (x+c)'— 3a;  (x+cf 
"  dx  bff'  {x+cf 


(7) 
(8) 
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Putting  the  derivative  =0,  for  a  maximum  p,  we  have  x  = 
-{■  yi  c,  hence  the  dangerous  section  is  at  a  distance  a;  =  ^  c 
from  0,  and  the  equation  for  safe  loading  is 

either  ^^=%  PI .  .  .  Ai  yilis  <  yi  c  ....  (9) 
(in  which  h'  and  h'  are  the  dimensions  at  mid-span) 

or ^ (% ^) (%  ^"i"  ^y,Pcii%iis>y,c    .   .   .   (10) 

For  the  truncated  cone  (see  Pig.  285  also,  on  right)  where 
e  =  the   variable  radius   r,  and  I  =  i^  ;r  r*,  we  also  have 

p  =[Const.]    .  ^-^^3 (11) 

and  hence  2>  is  a  max.  for  oc  =  }4  c,  and  the  equation  for 
safe  loading 

either  5iilL  =  %  Pl,ior  j4l  <  }4  c (12) 

(where  r'  =  radius  of  mid-span  section) ; 

or  ^^'  (4^)'  =yPc,ioTr/,l>  y,c (13) 

4 
(where  Vq  =  radius  of  extremity.) 


NON-PRISMATIC    BEAMS    OF    "UNIFORM 
STRENGTH." 

280.  Remarkis.  A  beam  is  said  to  be  of "  uniform 
strength  "  when  its  form,  its  mode  of  support,  and  the  dis- 
tribution of  loading,  are  such  that  the  normal  stress  p  has 
the  same  value  in  all  the  outer  fibres,  and  thus  one  ele- 
ment of  economy  is  secured,  viz. :  that  all  the  outer  fibres 
may  be  made  to  do  full  duty,  since  under  the  safe  loading, 
p  will  be  =  to  B'  in  all  of  them.  [Of  course,  in  all  cases 
of  flexure,  the  elements  between  the  neutral  surface  and 
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fclie  outer  fibres  being  under  tensions  and  compressions 
less  than  B'  per  sq.  inch,  are  not  doing  full  duty,  as 
regards  economy  of  material,  unless  perhaps  with  respect 
to  shearing  stresses.]  In  Fig.  265,  §261,  we  have  already 
had  an  instance  of  a  body  of  uniform  strength  in  flexure, 
viz. :  the  middle  segment,  CD,  of  that  figure ;  for  the 
moment  is  the  same  for  all  sections  of  CD  [eq.  (2)  of  that 
§],  and  hence  the  normal  stress  p  in  the  outer  fibres  (the 
beam  being  prismatic  in  that  instance). 

In  the  following  problems  the  weight  of  the  beam  itself 
is  neglected.  The  general  method  pursued  will  be  to  find 
an  expression  for  the  outer -fibre-stress  p,  at  a  definite  sec- 
tion of  the  beam,  where  the  dimensions  of  the  section  are 
known  or  assumed,  then  an  expression  for  p  in  the  varia- 
ble section,  and  equate  the  two.  For  clearness  the  figures 
are  exaggerated,  vertically. 

281.    Parabolic  Working  Beam.    TJnsymmetricaL      Fig.   286 


Fio.  286. 


OBO  is  a  working  beam  or  lever,  B  being  the  fixed  fulcrum 
or  bearing.  The  force  P„  being  given  we  may  compute  P^ 
from  the  mom.  equation  P^  =  PJi,^,  while  the  fulcrum 
reaction  is  PB=-f*o+-Pc.  All  the  forces  are  ~|  to  the  beam. 
The  beam  is  to  have  the  same  width  h  at  all  points,  and  is 
to  be  rectangtdar  in  section. 

Required  first,  the  proper  height  h^,  at  B,  for  safety. 
From  the  free  body  BO,  of  length  =  l„,  we  have  I  (momss) 
=  0;  ie.. 


Pel- 
e 


PA 


orjpa 


6PX 


Ml" 


(1) 


FLKXTJEB.      NON-PRISMATIO  BEAMS.  337 

Hence,  putting  jOb  =  -S',  hi  becomes  known  from  (1). 

Required,  lecondly,  the  relation  between  the  variable 
height  V  (at  any  section  n)  and  the  distance  x  of  m  from  0. 
For  the  free  body  nO,  we  have  (2"  moms^  =  0) 

PJ_=P^x ;  or  P^  ^  ^^'  =P,x  and  .-.  p,  =^        (2) 

But  for  "  uniform  strength "  p^  must  =  p^ ;  hence 
equate  their  values  from  (1)  and  (2)  and  we  have 

^  =  ^^,  which  may  be  written  (>^  v)^  =  QiflL  x    (8) 

so  as  to  make  the  relation  between  the  abscissa  x  and  the 
ordinate  ^  v  more  marked;  it  is  the  equation  of  a  para- 
bola, whose  vertex  is  at  0. 

The  parabolic  outline  for  the  portion  ^C  is  found  simi- 
larly. The  local  stresses  at  C,  B,  and  0  must  be  proper- 
ly provided  for  by  evident  means.  The  shear  J  =  Pq,  at 
0,  also  requires  special  attention. 

This  shape  of  beam  is  often  adopted  in  practice  for  the 
working  beams  of  engines,  etc. 

The  parabolic  outlines  just  found  may  be  replaced  by 
trapezoidal  forms,  Fig.  287,  without  using  much  more  ma- 
terial, and  by  making  the  slop- 
ing plane  faces  tangent  to  the  f^ 
parabolic  outline  at  points  To 
and  Ti,  half-way  between  0  and  ^ 

B,  and  G  and  B,  respectively.  It  fig.  287. 

can  be  proved  that  they  contain  minimiim  volumes,  among 
all  trapezoidal  forms  capable  of  circumscribing  the  given 
parabolic  bodies.  The  dangerous  sections  of  these  trape- 
zoidal bodies  are  at  the  tangent  points  T^  and  T^.  This  is 
as  it  should  be,  (see  §  278),  remembering  that  the  subtan- 
gent  of  a  parabola  is  bisected  by  the  vertex. 
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283.  Eectang.  Section.    Height  Constant.    Two  Supports  (at  Ex- 
tremities). Single  Eccentric  Load. 

Pig.   289.    b  and  h  are  the 

dimensions  of  the  section  at 
B.     With  50  free  we  have 

P^-P,k=0.:p,=^-^    (1) 

Fig.  289. 

At  any  other  section  on  BO,  as  n,  where  the  width  is  u, 
the  variable  whose  relation  to  x  is  required,  we  hava  for 
nO  free 


Equating  jJb  and  j>„  we  have  u  ib  i-.x  :Iq         . 
That  is,  BO  must  be  wedge-shaped ;  edge  at  0,  vertical. 


(2) 
(3) 


mTTT^ 


Pio.  889  a. 


FiQ.  289  ». 


Sections  Rectangular  and  Similar.  Otherwise  as  Before. — Fig.  289a. 
The  dimensions  at  B  are  6  and  h;  at  any  other  section  n,  on  BO,  the 
height  V,  and  width  u,  are  the  variables  whose  relation  to  x  is  desired, 
and  by  hypothesis  are  connected  by  the  relation  u:v::b:h  (since  the 
section  at  n  is  a  rectangle  similar  to  that  at  B).  By  the  same  method 
as  before,  putting  pg  =  pn,  we  obtain  lij-i-hh''  =  x-i-uv^;  in  which  placing 
u  —  hv-i-h,  we  have  finally 

«'=(/i'-4-Ji,)i;    and  similarly,     u'=Q)^-i-l^x;     .     .     .     (4)  i 

i.e.,  the  width  u,  and  height  v,  of  the  different  sections  are  each  pro- 
portional to  the  cube  root  of  the  distance  x  from  the  support.  (The 
same  relation  would  hold  for  the  radii,  in  case  all  sections  were  circular.) 
2S3b.  Beam  of  Uniform  Strength'under  Uniform  Load.  Two  End  Supports. 
Sections  Rectangular  with  Constant  Width. — Fig.  2896.  Weight  of  beam 
neglected.  How  should  the  height  v  vary,  (the  height  and  width 
at  middle  being  h  and  6)  ?  As  before,  we  equate  pB  and  pn ;  whence 
finally 

(\vy^[K'-¥V](lx-x') (5) 

This  relation  between  the  half-height  Ju  (as  ordinate)  and  the  abscisss. 
X  is  seen  to  be  the  equation  to  an  ellipse  with  origin  at  vertex. 
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CHAPTER    V. 
Flbxxtee   of   Reinforced    Concrete   Beams. 

284.  Concrete  and  "Concrete-Steel"  Beams.  Concrete  is  an 
artificial  stone  composed  of  broken  stone  or  gravel  (sometimes 
cinders),  cement  and  sand,  properly  mixed  and  wet  beforehand 
and  then  rammed  into  moulds  or  "  forms  "  and  left  to  harden  or 
"  set."  This  material,  after  thorough  hardening  or  "  setting," 
though  fairly  strong  in  resisting  compressive  stress  is  compara- 
tively weak  in  tension.  When  it  is  used  in  the  form  of  beams 
to  bear  transverse  loads  (i.  e.,  under  "transverse  stress")  the 
side  of  the  beam  subjected  to  tensile  stress  is  frequently  "  re- 
inforced "  by  the  imbedding  of  steel  rods  on  that  side.  In  this 
way  a  composite  beam  may  be  formed  which  is  cheaper  than  a 
beam  of  equal  strength  composed  entirely  of  concrete  or  one 
composed  entirely  of  steel. 

Of  course  the  steel  rods  are  placed  in  the  mixture  when  wet, 
and  previous  to  the  ramming  and  compacting,  and  their  aggre- 
gate sectional  area  may  not  need  to  be  more  than  about  one  per 
cent,  of  that  of  the  concrete. 

No  reliance  being  placed  on  the  tensile  resistance  of  the 
concrete  (on  the  tension  side  of  the  beam)  it  is  extremely 
important  that  there  should  be  a  good  adhesion,  and  consequent 
resistance  to  shearing,  between  the  sides  of  the  steel  rods  and 
the  adjacent  concrete,  for  without  this  adhesion  the  rods  and 
the  concrete  would  not  act  together  as  a  beam  of  continuous 
substance.* 

In  some  specifications,  for  instance,  it  is  required  that  the 
shearing  stress,  or  tendency  to  slide,  between  the  steel  rods  and 
the  concrete  shall  not  exceed  64  lbs.  per  sq.  in.  Sometimes 
the  steel  rods  are  provided  with  projecting  shoulders,  or  ridges, 
or  corrugations,  along  their  sides,  to  secure  greater  resistance  to 
sliding. 

*  For  an  account  of  tests  of  this  adhesion  see  Engineering  News,  Aug.  15, 
1907,  p.  169,  and  also  p.  120  of  the  Engineering  Record  for  Aug.  3,  1907. 
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Fig.  290  gives  a  perspective  view  of  a  concrete-steel  beam 
of  rectangular  section,  placed  in  a  horizontal  position  on  two 


supports  at  its  extremities,  and  thus  fitted  to  sustain  vertical 
loads  or  weights ;  whUe  Fig.  291  shows  a  concretensteel  beam 


]Ua\Qt 


veb.orsfem- — •- 


of  T-section,  in  which  the  flange  is  intended  to  resist  compres- 
sion,  while  the  steel  rods  in  the  lower  part  of  the  "  stem  "  are 
to  take  care  of  the  tension.  These  two  shapes  of  beam  will  be 
the  only  ones  to  be  considered  here,  in  a  theoretical  treatment. 

The  ratio  of  the  Modulus  of  Elasticity  of  steel  (viz.  — about 
80,000,000  lbs.  per  sq.  in.)  to  that  of  concrete  (say,  from 
1,000,000  to  4,000,000  lbs.  per  sq.  in.,  according  to  the  propor- 
tions of  ingredients  used)  is  of  great  importance  in  the  theory, 
since  in  general  the  stresses  induced  in  two  materials  for  a  given 
percentage  change  of  length  are  directly  proportional  to  the 
modulus  of  elasticity  (for  same  sectional  area). 

Generally  the  diameter  of  a  steel  rod  is  so  small  compared 
with  the  full  height  of  the  beam  that  the  stress  in  the  rod  is 
taken  as  uniform  over  the  whole  of  its  section. 

285.  Concrete-Steel  Beam  of  Rectangular  Section.  Flexure 
Stresses.  —  As  in  the  common  theory  of  flexure  of  homogeneous 
beams,  it  will  be  assumed  that  cross-sections  plane  before 
flexure  are  still  plane  when  the  beam  is  slightly  bent,  so  that 
changes  of  length  occurring  in  the  various  fibers  are  proper- 
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tional  to  the  distances  of  those  fibers  from  a  certain  neutral  axis 
of  the  cross-section,  and  upon  the  amount  of  any  such  change 
of  length  (relative  elongation)  can  be  based  an  expression  for 
the  accompanying  stress.  Now  in  the  case  of  concrete  it  is  not 
strictly  true  that  stresses  are  proportional  to  changes  of  length 
("  strains "  or  deformations) ;  in  other  words  its  modulus  of 
elasticity,  H,  is  not  constant  for  different  degrees  of  shortening 
under  compressive  stress.  Nevertheless,  since  this  modulus 
does  not  vary  much,  within  the  limits  of  stress  to  which  the 
concrete  is  subjected  in  safe  design,  it  will  be  considered  con- 
stant, the  resulting  equations  being  sufficiently  accurate  for 
practical  purposes. 

Let  us  now  take  as  a  "  free  body  "  any  portion,  ON,  of  the 
beam  in  Fig.  290,  extending  from  the  left-hand  support  to  any 
section,  at  any  distance  x  from  that  support.  In  the  plane 
section  terminating  this  body  on  the  right,  DNS  (see  now  Fig. 
292,  in  which  we  have  also,  at  the  right-hand,  an  end-view  of 


d' 


—  CO,— 


TTT 

"    !      i 


steel 


t 


■t= 


dx- 


FlG.  292. 

the  body),  we  note  that  the  fibers  of  concrete  from  I)  down  to  a 
neutral  axis  N  are  in  a  state  of  compression,  while  below  N  the 
steel  rod  alone  is  considered  as  under  stress,  viz.,  a  total  tensile 
stress  of  F'p',  where  F'  is  the  aggregate  sectional  area  of  all 
the  steel  rods,  these  rods  being  at  a  common  distance  a'  above 
the  lower  edge  of  the  section,  and  p'  is  the  unit  (tensile)  stress 
in  the  steel  rods. 

The  distance  DN,  or  "  «,"  of  the  neutral  axis  N  below  the 
"  outer  fiber  "  B,  is  to  be  determined.  Let  p  denote  the  unit 
compressive  stress  in  the  fiber  at  I>  (outer  fiber)  of  the  concrete  ; 
then  the  unit  stress  in  any  fiber  of  the  concrete  at  distapce  3 

from  N  will  be  —  p,  lbs.  per  sq.  in.,  and  the  total  stress  on  au^ 
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such  fiber  is  —  pdF,  lbs.  ( where  dF  is  the  sectional  area  of  the 
e 

fiber).     All  the  (horizontal)  fibers  between  the  two  consecutive 

cross  sections  DS  and  D'S'  were  originally  dx  inches  long,  but 

now  (during  stress),  we  find  that  the  fiber  at  J)  has  been  shortened 

an  amount  d\  and  the  steel  rod  "  fibers  "  elongated  an  amount 

dXf,  so  that  we  have  the  proportion  d\ :  d\'  ::e:a  —  e; 

dx           e  .f. 

or,  TT—  = (0) 

dV      a-  e  ^   ^ 

For  the  free  body  in  Fig.  292  we  have,  for  equilibrium,  the 
sum  of  horizontal  components  of  forces  =  0  (thft  shear  J"  has  no 
horizontal  component);  that  is,  remembering  that  below  i\/' no 
tensile  forces  are  considered  as  acting  on  the  concrete,  but 
simply  the  total  tensile  stress  F'p'  in  the  steel  rods. 


-  pdF  -  Fy  =  0. 
0  e 


But  here  —  is  a  constant ;  and  for  the  rectangular  cross-section, 
dF  =  b  .dz,  and 

But  from  the  definition  of  modulus  of  elasticity  (U  for  the 
concrete  and  E'  for  the  steel),  we  have  (§  191) 

E  =  p  -i-  (relat.  elongation),  or  F  =  p  -¥■  (dX/dx) ;  and 
similarly,  E'  —  p'  -i-  (dX'/dx)  ;  whence 

iL^p  E  (OS 

dX'       p''E        ^   ' 

But,  from  eq.  (1),  p  -i-  p'  =  2F'  -s-  he,  combining  which 
■with  eqs.  (0)  and  (2),  and  denoting  the  ratio  E'  -i-  Eloj  n, 

we  find  =  —5 — (S) 

a  —  e         be 

The  ratio  n  may  have  a  value  from  10  to  25  for  "rock- 
concrete,"  and  still  higher  for  "  cinder-concrete ; "  see  §  28-t. 
Now  solve  eq.  (3)  for  the  distance  e,  obtaining 

F'n/J'2ab        7      A 
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This  locates  the  neutral  axis,  X.     [See,  later,  eq.  (29),  § 
291.] 

Returning  to  the  free  body  07V  in  Fig.  292  above,  we  note 
that  the  resultant  compression  in  the  concrete  between  iV 
and  J),  viz.,  ^  p.he,  lbs.  [see  eq.  (1)],  is  equal  in  value  to 
the  total  tension  F'p',  lbs.,  in  the  steel  rods  at  (?',  and  that  they 
are  parallel.  Consequently  they  form  a  couple  (the  "  stress- 
couple  "  of  the  section)  whose  moment  is  equal  to  the  product 
of  one  of  these  forces,  say 
F'p',  by  the  perpendicular 
distance  =  a",  between  Gr' 
and  a  point  G  (see  now  Fig. 
293)  whose  distance  from  the 
"outer  fiber"  D  is  one-third 
of   e.     The    "arm"    of    this 


couple  is  a"  =  a  —   —  ' 
o 


For 


Fig.  293. 


equilibrium  of  the  free  body  OiV"  in  Fig.  292  the  shear  J  and 
the  two  forces  V  (reaction)  and  P^  (load)  must  be  equivalent 
to  a  couple  of  opposite  and  equal  moment  to  that  of  the  stress 
couple.  Call  this  moment  M  [in  this  case  it  has  a  value  of 
Yx  —  P^(x  —  aij)];  it  is  the  "  bending  moment "  of  the  section 
at  DS.     We  may  therefore  write  (see  Fig.  293)  : 


M  =  FY  [a  -  ^  e] ;  and  .-.  p' 


M 


F'ia-ie) 


(5) 


which  wiU  give  the  unit-stress  p',  induced  in  the  steel  rods  at 
section  DS.  It  is  seen  to  depend  on  the  position  of  the  neutral 
axis  N  (i.e.,  upon  e);  upon  the  bending  moment,  M,  at  that 
section;  upon  the  sectional  area  F'  of  the  steel  rods  (aggre- 
gate); and  on  the  distance,  a,  at  which  they  are  placed  from 
the  compression  edge,  J),  of  the  beam. 

But  since  the  resultant  compression,  I  p.  he,  is  equal  to  the 
resultant  tension,  F'p',  we  may  also  write 

jj=_^^.6,[a_j.]and...p=^^^^^-^;   .     (6) 

which  gives  the  unit-stress  (compression)  in  the  outer  "  fiber  " 
at  Z),  of  the  concrete,  for  this  section  J)S. 


fp' 
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286.   Horizontal  Shear  in  the  Foregoing  Case  (Rectangular  Sec- 
tion).    The  shear  per  sq.  in.  along  the  sides  of  the  steel  rods, 
A  I  and   also   along  the    horizontal 

I  V"  "Mutral   Surface,"   NN"    (see 

I  D  D"t.        P-^dp      j,.^^  294)^  may  be  obtained  as 

follows :  —  Let  dx  be  the  length 
of  a  small  portion  of  the  beam 
(of  Fig.  290)  situated  between 
two  vertical  sections  DS  and 
I)"S".  Fig.  294  shows  this 
^■°-  294.  portion  as  a  «  free  body."     The 

forces  acting  consist  of  the  tension  F'p'  on  the  left-hand  end  of 
the  steel;  the  tension  on  the  right-hand  end  of  these  rods 
[being  something  greater  (say)  and  expressed  by  F'  (p'  +  dp'') 
in  which  dp'  is  the  difference  between  the  unit-tensions  at  the 
two  ends  of  the  steel  "  re-inforcement "] ;  the  resultant  com- 
pression, ^  le.p,  in  the  concrete  on  the  left;  and  that, 
\be.(^p-\-  dp'),  on  the  right ;  and,  finally,  the  two  vertical  shears, 
•/and  J".  Here  p  is  the  unit  compressive  stress  (lbs.  per  sq.  in.) 
ill  outer  fiber  of  concrete  at  the  left-hand  extremity  of  the  same, 
while  p  +  dp  expresses  the  unit  compressive  stress  in  the  same 
outer  fiber  at  the  right-hand  extremity. 

Evidently  the  difference  between  the  total  tensile  stresses  at 
the  extremities  of  the  steel  rods  will  give  the  total  horizontal 
shearing  stress  on  the  sides  of  those  rods  and  this  may  be 
written  p/l„dx  (lbs.),  where  p/  =  unit  shearing  stress  between 
the  steel  and  concrete  and  l^  =  aggregate  perimeter  of  the  steel 
rods  (so  that  l^dx  =  total  area  of  the  outside  surface  of  rods  in 
Fig.  294); 

hence  p/l„dx  =  F' {p' +  df)  -  F'p'      .    .    .    .     (7) 

But  if,  for  the  free  body  of  Fig.  294,  we  put  S  moms.  =  0 
about  the  point  Gr  (a  distance  ^  e  from  upper  fiber) 


we 


find         Jdx  =  [F'  ip'  +  dp')  -  F'p';\{a  -^e);    .     .     (8) 


and  hence )          ,               J  ^ 

see  (7),      \      P'   =  hin-^e)       ^^^ 
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p  bdx 


Also,  if  we  let  }\  denote  the  unit  shearing  stress  (or  tendency 
to  slide)  along  the  horizontal  sur- 
face NN"   or  neutral  surface,   the 
total  amount  is  pfidx  (lbs.). 

In  Fig.  295,  which  shows  as  a 
free  body  the  portion  NN"S"S  of 
Fig.  294,  we  see  this  horizontal 
force  (of  concrete  on  concrete)  act- 
ing toward  the  left.  The  other  ^'°-  295. 
forces  acting  on  the  free  body  are  as  shown  in  Fig.  295  and,  by 
putting  %  horiz.  compons.  =  0, 


we  find 

and  finally, 
see  eq.  (8), 


F'  ip'  +  dp')  —  F'p'  =  pfidx'' 
J 


Ps 


J 


4«) 


(9a) 
(10) 


This  (unit)  shearing  stress  in  the  concrete  along  NN",  the 
"  neutral  surface,"  should  nowhere  exceed  a  certain  value  ^  e.g., 
64  lbs.  per  sq.  in.).  For  horizontal  planes  above  NN"  it  is 
smaller  than  along  NN".  Similarly,  the  unit  stress  jo/  should 
not  exceed  a  proper  limit. 

287.  Xumerical  Example  of  a  Concrete-Steel  Beam  of  Bectangnlar  Section, 
(See  foregoiug  equations.) 

Fig.  296  .shows  the  section  [8  by  11  inches]  of  the  beam.  Four  round  steel 
rods  are  imbedded  near  the  under  (tension)  side,  their  centers  being  10  in.  from 
-  —  6_Si!.. 

W=ffoo  lbs. 

UllUllilUlUUil 


d-o.is 


4'_. 


p~? 


Fig.  296. 

the  top  of  section  {a  =  10  in.).  This  beam  is  to  be  placed  on  two  supports  at 
the  same  level  and  8  feet  apart,  and  is  to  support  a  concentrated  load  P,  lbs., 
at  the  middle  of  the  span  as  well  as  its  own  weiglit,  which  is  W  =  600  lbs. 

P  is  to  be  determined  of  such  a  safe  value  that  the  greatest  stress  in  the 
steel  rods  shall  not  exceed  10,000  lbs.  per  sq.  in.  The  compressive  stress  in 
concrete  is  not  to  exceed  700  lbs.  per  sq.  in.,  nor  the  greatest  shear  either  in  the 
concrete  or  between  the  steel  and  the  concrete,  64  lbs.  per  sq.  in. 

Each  steel  rod  is  continuous  throughout  the  whole  span  and  has  a  diameter 
of  0.4.5  in.,  from  which  we  easily  compute  the  aggregate  perimeter  of  the  rods 
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to  be  5.65  inches  (=  l,),  and  the  aggregate  sectional  area  to  be  0.64  sq.  in 

(=  -P")- 

The  ratio  of  the  modulus  of  elasticity  for  steel  to  that  of  the  concrete  will 

be  taken  as  15  to  1 ;  i.e.,  n  =  15. 

The  first  step  is  to  locate  the  neutral  axis  by  finding  the  value  of  e  from 
eq.  (4),  thus:  — 

e  =  ^  .  1!  f . /I^I«5«T^  _  l)=  3.84  in. 
1(10     8  \y     .64  X  15  / 

Next,  if  for  p'  we  write  16,000  (using  inch  and  pound)  and  substitute  in 
eq.  (5),  solving  for  M,  we  obtain  the  gi-eatest  bending  moment  to  which  any 
section  of  the  beam  should  be  exposed,  so  far  as  the  steel  is  concerned,  viz:  — 

M^p'F'la-  I]  =  16,000  x  0.64  (10  -  1.28;  =  |   ^^'J^ 

I.e.,  max.  moment  is  to  be  89,.300  in.-lbs. 

For  the  mode  of  loading  of  the  present  beam  the  max.  moment  occurs  at 
the  section  at  tbe  middle  of  the  span  and  has  a  value  (with  I  denoting  the  span, 

or  96  in.)  of    —  +  — r-  •     We  therefore  write 

PX96  ^  6_M  ^  gg_3^^_    g^^^^  ^  ^  3_^2„  jj^_ 

To  find  the  accompanying  maximum  compressive  stress  in  the  concrete, 
eq.  (6)  gives  (for  outer  "fiber") 

2Jtf  2  X  89,300  ...  ,. 

P  =  %—, ; — -s  =  5 FTs:; 5-;^  =  666  lbs.  per  sq.  m., 

^      be{a  —  ^e)       8x3.84x8.72  '^      ^       ' 

which  is  within  the  limit  set  (700  lbs.  per  sq.  in.). 

As  for  the  max.  shearing  unit  stresses  ps'  and  ps,  they  are  greatest  where 
the  vertical  shear,  J,  is  a  max.,  which  is  close  to  one  of  the  supports.  Here  we 
note  that  J  is  equal  to  J  of  3,420  +  i  of  600  =  2,010  lbs.     Hence,  from  eq.  (9), 

,  _  2,010  2,010 

^'   ~  5.65  X  (10  -  1.28)  =  5.65  x  8.72  =°  ^^"^  ^^^-  P^'^  ^^-  '"*•' 
while     )  2,010 

from  (10)  P'  -  8x8.72  =  ^^"^  ^^^-  P'^""'^'!-  >"•• 

These  shearing  stresses  are  seen  to  be  well  within  the  limit  set,  of  64  lbs.  per 
sq.  in.  As  to  compressive  stress,  the  building  laws  of  most  cities  put  500  lbs. 
per  sq.  in.  as  max.  safe  limit  for  p,  the  compressive  stress  in  concrete. 

288.  Concrete-Steel  Beam  of  T-Fonn  Section.  See  Fig.  297. 
In  this  form  of  beam,  to  secure  simplicity  in  treatment,  it  will 
be  considered  that  the  flange  (TK)  alone  is  subjected  to  com- 
pressive stress  [although  strictly  a  small  portion  of  "stem" 
between  the  flange  and  the  neutral  axis  of  a  section  is  under 
that  kind  of  stress].  The  part  of  stem  helnw  the  neutral  axis 
(Its  before)  is  not  considered  to  offer  any  tensile  resistance,  all 
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tension  being  borne  by  the  steel  rods  or  "  re-inforcement."  Fig. 
297  shows  a  side  view  and  also  an  end-yiew  of  a  portion  of  the 
beam  in  Fig.  291  extending  from  the  left-hand  support  up  to 
any  section  DS  (or  up  to  TFin  Fig.  291).  As  before,  sections 
plane  before  flexure  are  considered  to  be  still  plane  during 
flexure,  so  that  the  elongations  or  shortenings  of  any  horizontal 
"fiber,"  whether  steel  or  concrete,  are  proportional  to  the  dis- 


A-dA 


Fig.  297. 

tances  from  a  neuti-al  axis  iV,  at  some  distance  e  from  the  top 
fiber  of  the  flange,  where  the  unit  compressive  stress  has  some 
value  p. 

Also,  since  the  U  for  concrete  in  compression  is  to  be  taken 
as  constant  the  stresses  in  the  concrete  will  also  be  proportional 
to  the  distances  of  the  "  fibers  "  from  W  the  neutral  axis.  Let 
p"  denote  the  unil^stress  in  the  concrete  at  II,  the  bottom  fiber 
of  the  flange ;  then,  by  proportion,  p:p"::e:e  —  d,  where  d  is 
the  thickness  of  the  flange.  Since  the  compressive  stresses  in 
the  concrete  between  H  and  I)  are  distributed  over  a  rectangle 
their  average  unit-stress  is  {p  +  p")/%  and  their  resultant, 
which  acts  horizontally  through  some  point  G-,  has  a  value  of 
bd.{p  -\-  p")/2;  or,  as  it  may  be  written  (see  above  for  y ), 
{p  {'I  e  -  d)  .M\  ^  (2e). 

The  total  tensile  stress  in  the  steel  rods  will  be  F'p',  as 
before,  where  F'  is  the  aggregate  sectional  area  of  the  rods  and 
p'  the  unit  stress  in  them  at  section  BS.  Besides  the  stresses 
just  mentioned  the  other  forces  acting  on  the  free  body  in  Fig. 
297  are  all  vertical ;  viz.,  the  shear  J"  and  the  pier  reaction  and 
certain  loads  between  0  and  i) ;  hence  by  summing  the  horizon- 
tal components  we  note  that  the  compressive  stress  in  the  con- 
crete is  equal  to  the  tensile  stress  F'p'  in  the  steel,  so  that  this 
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tensile  force  F'p'  and  the  resultant  compressive  stress  form  a 
couple  (^^^ stress-couple"  of  the  section;  with  an  arm  =  (rG", 
=  a"),  and  we  have 

pi2e-d)bd^^,^ ^^^^ 

Consequently  the  shear  and  the  other  vertical  forces  acting  on 
the  free  body  form  a  couple  also,  and  the  moment  of  this  couple 
(equal  to  that  of  the  "  stress-couple  ")  will  be  called  M.  In  the 
figure  these  vertical  forces  are  not  shown,  but  simply  an  equiva- 
lent couple  (on  the  left). 

If  at  this  part  of  the  beam  a  length  dx  of  the  steel  has 
stretched  an  amount  d\'  and  an  equal  length,  dx,  of  the  outer 
fiber  at  D  has  shortened  an  amount  dX,  we  have  from  eq.  (2) 
of  previous  work 

dx'-f  i: ^^^^ 

■where  W  and  ^  are  the  moduli  of  elasticity  of  the  steel  and 
concrete,  respectively.     But,  from  (11), 

£_ Ell ,13^ 

f-  (e-iid)bd ^     ' 

and  from  similar  triangles  d\:  dX'  ::e:(a  —  c)     .     .    .    .  (14) 
Eqs.  (33),  (14),  and  (12),  with  JE'  -i-  E  =  n,  give 

'=       bd  +  F'n (IS) 

and  thus  the  neutral  axis,  N,  is  located. 

It  will  now  be  necessary  to  locate  the  point  of  application, 
between  H  and  2),  of  the  resultant  compressive  stress  on  HD ; 
that  is,  the  point  Q  in  Fig.  298  which  gives  a  side  view  of 
these  stresses  alone,  forming,  as  they  do,  a  trapezoidal  figure 
whose  center  of  gravity,  U,  projected  horizontally  on  HI)  gives 
the  desired  point,  G:     The  lower  base  HO"  of  this  trapezoid 
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T"^"^^ — i 7 

I       ■^CJ" — t 7u"i  T 


represents  the  unit  stress^";  the  upper,  DC",  represents  the 

unit  stress  p.    The  distance,  call  it  c,  d       d"'  p         c'" 

of    Cr  from  iV,    is  to  be  determined. 

Let  the  trapezoid  be   divided  into  a 

rectangle    J)I)"'  C"  H  and   a  triangle 

jyiiQfftQu     The  center  of  gravity  of 

the  latter  is  at  a  vertical  distance  oi\d, 

from  a  line  WW'  drawn  horizontally 

at  distance  \  d  from  B .   W H'"  passes 

through  the  center  of  gravity  of  the 

rectangle.     Let  us  now  find  the  distance  GtS"  by  vmting  the 

moment  of  the  resultant  stress  about  point  W  equal  to  the 

Bum  of  those  of  its  two  parts,  or  components,  represented  by 

the  rectangle  and  the  triangle ,  whence  we  have 


A.. 


Fig.  298. 


le  —  d 


aWn  _n^iP-inMA 


0  + 


6 


(16) 


Noting  thaty  =  ( \p,  we  have,  solving, 

,  and  therefore,  measuring  from  Nt 


aw^\. 


d" 


6  2e-£?' 
NQ,  i.e.,*?, 


d      \ 


(17) 


Now  that  both  e  and  c  have  been  determined  in  any  given 
case  it  remains  to  find  expressions  for  the  unit  stresses  y  and  p 
(in  steel  and  fiber  J)  of  concrete). 

Since  Cr  is  the  point  of  application  of  the  resultant  compres- 
sion in  flange,  the  arm  of  the  stress-couple,  a"  (Fig.  297),  is 
the  distanqe  from  Cr  to  Q-'  (see  Fig.  297) ;  that  is, 

a"  =  e  -\-  {a—  e);  and  hence  we  may  vmte 

M 
F'p'{c  +  a-e)^M;.:f=^,^^^^_^^      .(18) 

Also,  by  eliminating  the  ratio  dX:d\'  from  eqs.  (12)  and 
(14)  we  have,  solving  for  p. 


'■) 


(19) 
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289.  Shearing  Stresses  in  T-Form  Concrete-Steel  Beams.  As 
regards  the  uiiit  shearing  stress,  p',  induced  on  the  sides  of  the 
steel  rods,  in  this  case  of  the  concrete  steel  beam  of  T-form 
section,  an  analysis  similar  to  the  corresponding  one  in  the  case 
of  the  beam  of  rectangular  section  leads  to  the  result 

, J         ( where  J  is  the  total  vertical  shear  at )   ,nn\ 

^0  ('-■  +  ^—  ^)  I  tlie  section  £S,  and  l„  the  aggregate  J 

perimeter  of  the  steel  rods. 

And,  similarly,  for  the  unit  shearing  stress  on  the  horizontal 
surface  separating  the  flange  from  the  "web"  or  "stem"  (see 
Fig.  297)  at  ff,  where  the  width  of  the  web  is  J",  we  find  for  this 
unit  horizontal  shear,  p^, 

P'=l"ic  +  a-e) (2^) 

290.  Deflections  of  Concrete-Steel  Beams.  The  deflection  of  a 
loaded  prismatic  concrete-steel  beam  resting  on  two  supports  at 
its  extremities,  may  be  obtained  for  the  cases  dealt  with  in 
§§  233-236  inclusive,  in  connection  with  homogeneous  beams  ; 
provided  the  product  ISI  occurring  in  the  expressions  for  these 

deflections  be  replaced  by  (a—  -^j,  for  concrete-steel  beams 

of  rectangular  section;  and  by  WF'  {a  —  e)  {g  +  a  —  e),   for 
those  of  T-form  section. 

291.  Practical  Formulae  and  Diagrams  for  use  with  Concrete-Steel  Beams 
of  Bectang:ular  Section.     The  equations  of  the  foregoing  theory  will  now  be  put 

into  convenient  form  for  practical  use  in  designing  these 
beams.  Let  us  denote  the  ratio  of  p'  (stress  in  steel  at 
section  of  max.  moment)  to  p  (stress  in  outer  fiber  of 
concrete)  by  r  ;  i.e.,  r  =  p'/p  ;  while  n  =  E'/E,  as  before. 
Also  let  m,  —  M  -^h,  denote  the  max.  bending  moment  per 
inch  of  width  (6)  of  beam  ;  and  let  F'  (area  of  steel)  -=-  6  be 
called/',  i.e.,  steel  areaper  incAo/joidt^  (6).  In  other  words, 
we  have  the  notation 

r='— ;  n=^;m  =-v-;  andr=-r-;    ....      (22) 
Fio.  299.  p  IL  b  0 

tf  we  now  substitute  e  =  2  r/',   from  eq.  (1),  in  eq.  (3), 

we  have  2  r/' (r-|-n)=an .     (23) 

Now  e  =  2r/,  which  from  (23)  =  an -;- (r  +  n)  ;  Hence  eq.  (5) 

will  give  3  jn(r  +  n)=csrP'(3»-  +  2  n) (24) 
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If  now  S  denote  the  quotient /' -r- a  (i.e.,  S  =  ai-ea  of  steel  section  ^jer  unit 
area  of  concrete  section  above  the  steel),  (23)  may  be  written  in  the  form 

S  =  n-i-[2r(r+n)] (26) 

Again,  let      g  be  denoted  by  Q (26) 

From  (24),  (25)  and  (26)  we  may  then  derive 

M=QSp'a?b     ....     (27);  and  m=QSp'a' (28; 

for  practical  use  in  design;  in  connection  with  Diagrams  I  and  II  (opp.  pp 
350  and  351)  from  which  we  may  obtain  values  of  Q  and  S,  respectively,  foi 
any  given  values  of  r  and  n. 

As  to  unit  shearing  stresses,  which  should  not  exceed  64  lbs.  per  sq.  in. 
(say),  use  is  made  of  eqs.  (9)  and  (10),  §  286,  in  which  the  maximiun  total  vertical 
shear  Jm  should  be  substituted.  In  computing  "  e  "  for  use  in  (9)  and  (10),  it  is 
simplest  to  employ  the  relation  [derived  from  eqs.  (1),  (23)  and  (25)] 

e  =  2  Sra (29) 

292.  Numerical  Examples.  Eectangfular  Section.  Letussuppose  thatin  the 
cross-section  of  maximum  moment  the  stresses  in  both  materials  are  to  attain 
their  greatest  safe  values;  viz.,  16,000  lbs.  per  sq.  in.  tension  for  the  steel,  and 
600  for  the  compressive  stress  in  outer  fiber  of  the  (rook)  concrete.  Also  suppose 
that  £'  =  30,000,000  and  .E  =  2,000,000  lbs.  per  sq.  in.  That  is,  we  have  n=15 
and  r  =  16,000  h-  500,  =  32  ;  and  from  Diagram  I  find  S  =  0.005.  In  other  words 
the  necessary  area  of  steel  section  is  J  of  one  per  cent,  of  the  area  of  the  concrete 
(above  steel  rods).     We  also  find,  from  Diagram  II,  that  Q  =  0.894. 

If  now  "  a  "  be  taken  as  10  in.,  eq.  (28)  gives  :  — 

TO  =  0.894  X  0.005  X  16,000  x  100,  =  7,152  inch-lbs.  bending  moment  that 
could  safely  be  withstood  by  each  inch  in  the  width  6;  so  that  if  "6  "were  8 
inches  we  should  have  M  =  rah  =  7,152  x  8  =  57,216  inch-lbs.,  safe  bending 
moment  for  the  section  of  the  beam. 

Again,  with  r  and  n  still  equal  to  32  and  15,  respectively,  and  hence  with 
Q  and  S  as  before,  viz.,  0.894  and  0.005,  if  6  is  assumed  as  10  in.,  and  the  max. 
bending  moment  to  be  sustained  is  Jf  =  80,000  inch-lbs.  (so  that  m  =  8,000), 
we  find  from  eq.  (28) 


«=  \/a 


8,000  ,„  -o  .    . 

894x0.005x16,000  °^°-^^'°'""'^' 


as  necessary  value  of  a ;  while  the  total  area  of  steel  section  needed  is 

J?',  =  g  .  a  6  =  0.005  X 10. 58  X 10  =  0. 5290  sq.  in. 

which  is  seen  to  be  one  half  of  one  per  cent,  of  the  area  [10x10.68]  of  th» 
concrete  above  steel  (i.e.,  S  =  0.005,  as  found  from  Diagram  I  originally). 

293.  Cost  of  Beams  of  Rectangular  Section.  AYhile  in  a  general  sense 
economy  in  cost  is  favored  by  having  the  width  "6"  of  the  rectangular  section 
small  compared  with  the  height  "  a,"  a  limit  to  narrowness  of  width  is  set  by 
the  unit  shearing  stress  in  the  neutral  surface  which  would  be  found  to  exceed 
a  safe  limit  if  the  beam  were  too  narrow.  The  thickness  "a"'  of  concrete 
below  the  steel  rods  (see  Fig.  292)  might  be  made  -f^  of  "  a." 
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CHAPTER   VI. 
Flexuke.     Columns  and  Hooks.     Oblique  Loads. 

294.  Oblique  Prismatic  Cantilever.  In  Fig.  301,  at  (a), 
(on  p.  364)  we  have  a  prismatic  beam  built  in  at  K,  projecting 
out  obliquely,  and  carrying  a  vertical  load  P  at  upper  end ;  the 
line  of  action  of  P  passing  through  the  center  of  gravity  of  the 
upper  base  of  the  prism.  In  such  a  case  the  fibers  of  the  beam 
where  they  cross  any  transverse  plane  mg  will  evidently  be 
subjected  to  compressive  stress  (called  a  '■^thrust")  due  to  the 
component  of  P  parallel  to  the  axis  OKoi  the  prism ;  to  a  shear 
J  due  to  the  component  of  P  at  right  angles  to  that  axis  ;  and 
also  to  additional  stresses,  both  tensile  and  compressive,  forming 
a  "  stress-couple"  due  to  the  moment  of  P  (i.e.,  Pu)  about  ^,  the 
center  of  gravity  of  the  cross-section  m'm.    (See  (6),  Fig.  301.) 

More  in  detail,  consider  in  Fig.  300  a  portion  AB  of  the 
prism,  being  the  part  lying  above  a  cross-section  mm'  near  the 

top,  so  that  the  portion  gO  oi 
axis  is  practically  perpen- 
dicular to  the  section  mm' 
which  is  a  plane  both  before 
and  after  flexure,  g  being 
the  center  of  gravity  of  the 
plane  figure  formed  by  the 
cross-section. 

Let  the  unit  stress  on  the 
end  of  the  extreme  fiber  at 
m  be  represented  by  the 
length  sm  and  that  [also  com- 
pression (say)]  on  the  other 
extreme  fiber,  at  m',  by  s'm' . 
Draw  the  straight  line  ss' ; 
then  by  the  common  theory  of  flexure  the  stress  on  any  inter- 
mediate fiber,  at  c,  would  be  the  intercept,  or  ordinate,  ac  to  this 
line.  Now  the  unit  stress  p^,  on  the  fiber  g  at  the  center  of 
gravity  of  cross-section,  being  gr,  draw  through  r  a  line  t'rt 
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parallel  to  m'm,  and  we_now  have  the  stress  on  any  fiber  as  c 
divided  into  two  parts  be,  or  p^,  the  same  for  all  the  fibers ;  and 
ab,  different  for  the    different   fibers    but  proportional  to  the 
distance  z  of  the  fiber  from  g.     Hence  we  have : 
the  unit  stress  on  any  fiber  a  is 

p  =  p^  -\ Pj    {lbs.  per  sq.  in.)       ....    (1) 

where  p^  is  st  and  e  the  distance  of  the  extreme  fiber  m  fi?om  g ; 

and  hence  the  total  stress  on  fiber  c  is  pdF  =p^dF  -\ —  Pi'^^t  lbs.  i 

where  dF  is  the  area  (sq.  in.)  of  section  of  fiber,  or  element  of 
area  of  the  cross-section,  F  being  the  total  area  of  the  cross- 
section,  mm'.  Geometrically,  we  note  that  while  the  system  of 
normal  stresses  on  all  the  fibers  forms  a  trapezoid,  m's'sm  in 
this  side-view,  and  that  they  are  all  compressive,  they  are 
equivalent  to  a  rectangle,  m't'tm,  of  stress  of  uniform  compressive 
unit-stress  p^ ;  and  two  triangles,  one,  rst,  of  compressive  stress, 
and  the  other,  rs't',  of  tensile  stress.*  It  will  now  be  shown  that 
the  sum  of  the  moments  of  the  stresses  of  the  rectangle  about 
center  g  is  zero,  and  that  the  two  triangles  of  stress  form  a  couple. 

2(moms.)  of  stresses  in  rectang.  =:  /  {p^dF)z  =  pi  dFz 

=p^Fz  =  zero;  since  J  =  zero,  the  a's  being  measured  from  the 
center  of  gravity,  g,  of  section  mm'  [§  23,  eq.  (4)]. 

Again,   if  we   sum   (algebraically)  the  stresses  of  the  two 
triangles, 

we  have  /  -  p,dF=  —  I  zdF  =  ^Fz,  =  zeTO 

Jz  =  -e'  e  e  J  e 

that  is,  the  resultant  of  the  compressive  stresses  in  rts  equals 

that  of  the  tensile  stresses  in  rs't' ;  hence  they  form  a  couple. 

If,  therefore,  we  have  occasion  to  sum  the  moments  about 

g,  of  all  the  stresses  acting  on  the  fibers  in  section  mm'  we  are 

to  note  that  this  moment>sum  involves  the  stresses  of  the  triangles 

alone  (that  is,  of  the  couple),  and  is 

r   (-P.<iF)z,=  P^JdFz^=P--^     .     •     .  (2) 

m.-lbs. ;  where  I^  is  the  "  moment  of  inertia  "  of  the  cross-section 
*  These  plane  figures  are  the  side  views  of  geometric  solids. 
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referred  to  an  axis  through^  (its  center  of  gravity)  and  perpen- 
dicular to  the  "force  plane"  (plane  of  paper  here). 

If,  again,  we  sum  the  components  of  all  the  stresses  (on  plane 
mm')  parallel  to  the  axis  gO  ^%  note  that  this  sum  is  zero  for 
the  couple  and  also  for  the  shear  J  and  hence  reduces  simply  to 

^ f^AF  =  f,  fdF=p,F,  lbs.  (the  Thrusf)    .     .  (3) 

(corresponding  to  the  rectangle,  i'm). 

The  sum  of  components  perpendicular  to  axis  ^  0  is  of  course 
simply  the  shear,  J,  lbs. 

Evidently  the  unit  stress  (normal)  In  fib»r  at  m  is  expressed 


as  p^=:  p^  +  Pz'  ^^^  t^^*  ^*  "*'  ^^  Pm 


-P--Pr 


If  in  any 


case  the  latter  is  negative  it  indicates  t/iat  tne  actual  stress  iu 

this  fiber  is  tension. 

295.  Oblique  Cantilever.  Fig.  301,  (a)  and  (J).  At  (5)  is  shown 

as  a  "free  body,"  a  portion  [of  the  cantilever  at  (a)]  of  any 

length  X  from  top.  The 
forces  acting  are  the  vertical 
load  P  at  0,  and  the  stresses 
on  the  ends  of  the  fibers  in 
the  section  m'm;  and  these 
stresses  are  now  indicated 
as  consisting  of  a  thrust,  T, 
of  uniform  intensity  jj^,  the 
total  thrust  being  JJ,F,  lbs., 
(where  F  is  the  total  area  of 
section)  ;    of  a  stress-couple, 

0,  whose  moment  is  -^  in.- 

FiG.  301.  e 

lbs.,  in  which  p^  =  p^  —  p^  and  I  is  the  "  moment  of  inertia  " 
of  the^  cross-section  (about  an  axis  through  its  center  of  gravity 
^  at  right  angles  to  the  plane  ("force  plane")  containing  Og 
and  force  P ;  the  same  I  that  has  been  used  in  previous  cases  of 
flexure) ;  and  the  total  shear,  J,  lbs.,  parallel  to  force  plane  and 
perpendicular  to  g  0.  The  lever  arm  of  P  about  g  is  u  which 
practically  =  :r  sin  a  (unless  the  beam  is  considerably  bent  ot 
is  nearly  vertical). 


(b) 
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For  this  free  body  (in  order  to  iind  p^,  p^  and  J ) 
VX=  Ogives:  P  cos  a—p^F  =  0;  .:    p^  = 


^(moms.)„  =  0 
and        XY=0 


Fu  =  Q: 


P2    = 


F 
Pue 


I 


P  sin  a  —  J  =  O;    .■.J=P  sin 


(4) 
(5) 

.  (6) 


As  X  varies,  from  0  to  ?,  we  note  that  p^  and  J  remain 
unchanged  but  that  p,  increases  with  u ;  so  that  the  maximum 
value  of  the  unit  stress  ^„,  which  =  p^  +  p^,  will  be  found  in 
the  section  at -ST,  where  x  =  I ;  and  if  this  stress  is  not  to  exceed 
a  safe  value,  R',  for  the  material,  we  put  p^  (at  K)  +p^  =:  R', 
(as  the  equation  of  safe  loading)  ; 


or, 


p  ["cos  a       le  sin 


(N.  B. 


For  a  cross-section  of  unusual 


im  g-l  _ 


....      (7) 
shape    the    stress 


i'm"  =  Fi i'z'  ^*  -^'  ™iglit  happen  to  be  numerically  greater 

than  Jim,  and  thus  govern  the  design). 

296.   Experimental  Proof  of  Foregoing.    A 

stick  or  test  piece  of  straight-grained  pine 
wood,  12  inches  in  length  and  of  square 
cross-section  (one  inch  square),  originally 
straight  and  planed  smooth  and  with  bases 
perpendicular  to  the  length,  was  placed  in 
a  testing  machine ;  steel  shoes,  with  (outside) 
spherical  bearing  surfaces,  being  centered 
on  the  ends.  See  Fig.  302,  where  ah  is 
the  stick  and  S,  S\  the  two  steel  shoes.  The 
stick  was  gradually  compressed  between 
the  two  horizontal  plates  B,B',  of  the  machine 
and  bent  progressively  in  a  smooth  curve 
under  increasing  force.  From  the  nature  of 
the  "end  conditions,"  as  the  stick  changed 
form,  the  line  of  action  of  the  two  end 
pressures  P,P,  always  passed  through  the 
centers  of  gravity,  a  and  b,  of  the  respective  bases. 

When  the  force  P  had  reached  the  value  4500  lbs.  a  fine 
wrinkle  was  observed  to  be  forming  on  the  right-hand  surface 
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of  the  stick  at  the  outside  fiber  m  of  the  middle  section  gm.  The 
other  fibers  of  tliis  section  were  evidently  uninjured.  At  m  then, 
the  unit-stress  must  have  been  about  8000  lbs.  per  sq.  in.,  the 
crushing  stress  (as  known  from  previous  experiments  with  sticks 
of  similar  material  and  equal  section  but  only  three  or  four 
inches  long;  these  were  too  short  to  bend,  and  wrinkles  formed 
around  the  whole  perimeter,  showing  incipient  crushing  in  all  the 
fibers).  The  distance  go  at  this  time  was  found  to  be  ^  in. ; 
i.e.,  the  lever  arm,  m,  of  the  force  P  about  g,  the  center  of  gravity 
of  the  section.  In  this  case,  then,  it  is  to  be  noted  that  the 
value  of  u  was  entirely  due  to  the  bending  of  the  piece. 

Substituting,  in  eqs.  (4)  and  (5)  of  §  295,  the  values  m  =  Jin, 
a  =  0,  cos  a  =  l,  e  =  e',  =|  inch,     F  =1  sq.  in., 

}7j3       1x1'        1 
and  I,  =  —,=     ^^  -=  Y2^°-*'  wefind^j  =  4500 

lbs.  per  sq.  in.  and  p^=  3375  lbs.  per  sq.  in. 
Hence  stress  at  m,  =  ^^-f  p^,  =  7875  lbs.  per  sq.  in.,  which  is 
about  8000,  as  should  be  expected.     On  the   fiber  at  o,  how- 
ever, we  find  a  stress  of  p^  —  p^,  or  of  only  1125  lbs.  per  sq.  in. 
compression. 

We  find,  then,  that  in  the  section  om,  when  P  reached  the 
value  of  4500  lbs.,  there  was  a  total-thrust  (j>^F^  of  4500  lbs.; 
a  unit-thrust  (»^)  of  4500  lbs.  per  sq.  in. ;  and  a  stress-couple 

P  I 
having  a  moment  of  Pu,=  *-^  ,  =  562.5  in.-lbs.,  (implying  a 

separate  stress  of  ^2  =  ^^^^  ^^-  V^^  ^0.-  ^^-  i^  t^^  outer  fibers, 
to  be  combined  with  that  due  to  the  thrust).  Also  that  /,  the 
shear,  was  zero. 

297.  Crane-Hooks.  First  (Imperfect)  Theory.  Fig.  303  shows 
a  common  crane-hook  of  iron  or  steel.  Early  writers  (Brix  and 
others)  treated  this  problem  as  follows  :  — 

The  load  being  P,  if  we  make  a  horizontal  section  at  AS, 
about  whose  gravity  axis,  g,  P  has  its  greatest  moment,  and  con- 
sider the  lower  portion  C  as  a  free  body,  in  Fig.  304),  we  find, 
using  the  notation  and  subdivision  of  stresses  already  set  forth 
in  §  294  for  an  oblique  prism,  that  the  uniformly  distributed 
puU   (or  "negative  thrust")  on  the   fibers  is  p^F  =  P,  lbs.; 
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while  the  moment  of  the  stress-couple  is  ^-=  Pa  ft.-lbs.;  and 


that  the  shear,  /,  is  zero, 

Hence  on  the  ex- 
treme fiber  at  B  we 
have  a  total  unit 
tensile  stress  of 
Pae 
F'  X' 
which  for  safe  de- 
sign must  not  ex- 
ceed the  safe  unit- 
stress  for  the  ma- 
terial, R'  lbs,  per  sq.  in, 


Pi 


■P2=    ^  + 


n 


Fia.  303. 


Fig.  304. 


FiQ.  305. 


whence  we  should  haye 
R'  .    . 


[I^f] 


(8) 


as  the  equation  of  safe  loading.* 

Example:  Safe  P  =  ?,  if  section  AB  is  a  circle  of  radius 
2  in.,  while  a  =  4  in. ;  the  material  being  mild  steel, for  which 
(in  view  of  the  imperfection  of  the  theory)  a  low  value,  say 
6000  lbs.  per  sq.  in.,  should  be  taken  for  R\  With  these  data 
we  obtain:  — 

_^4  X 
,66  "^ 


^  =  '^'«-^  [12^+12^6]  =  8376  lbs. 


The  simple  crane  in  Fig.  305,  being  practically  an  inverted 
hook,  may  be  treated  in  the  same  manner. 

298.  Crane-Hooks.  Later,  More  Exact,  Theories.  The  most 
exact  and  refined  theory  of  hooks  yet  produced  is  that  of 
Andrews  and  Pearson,f  but  it  is  very  complicated  in  practical 
application  and  far  too  elaborate  and  extended  to  be  given 
here. 

The  next  best  (and  fairly  satisfactory)  treatment  is  that  of 
Winkler  and  Bach,  of  which  the  principal  practical  features 
and  results  will  now  be  presented. 

*  See  experiments  by  Prof.  Goodman,  in  Engineering,  vol.  72,  p.  537.  Re- 
sults are  irregular,  due  probably  to  the  use  of  this  imperfect  theory. 

t  Drapers'  Company  TJesearch  Memoirs.  Technical  Series  I.  London, 
1004. 
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In  AB,  Fig.  306,  we  have  again  the  free  body  of  Fig.  304, 
but  the  vertical  stresses  acting  on  the  cross-section  m'm  are 
proportional  to  the  ordinates  of  a  curve  instead  of  a  straight 
line.  The  imperfection  of  the  early  theories  lies  in  the  fact 
that  the  sides  of  a  hook  are  curved,  and  not  straight  and  par- 
allel as  in  the  prismatic  body  of  Fig.  301 ;  and  the  variation  of 
stress  from  fiber  to  fiber  on  the  cross-section  must  follow  a  dif- 
ferent law,  as  may  thus  be  illustrated : 

As  preliminary,  the  student  should  note,  from  the  expres- 

P       F'X 
sion--  =  -—of  p.  209,  that  in  the  case  of  two  fibers  under  ten- 
F       I 

sion,  with  the  same  sectional  area  F,  the  unit-stress  P  -r-  F  (or 
p)  is  not  proportional  to  the  elongation  X  of  the  fiber  unless  the 
two  lengths  I  are  equal.  In  Fig.  306  the  center  of  gravity  of 
the  cross-section  is  g,  and  0  is  the  center  of  curvature  of  the 
curved  axis  gk  of  this  part  of  the  hook  (or  other  curved  body). 
The  two  consecutive  radial  sections  m'tn  and  ft  are  assumed 
to  remain  plane  during  stress,  and  hence  the  changes  of  length, 

due  to  stress,  of  the  (verti- 
cal) fiber  lengths  between 
them  are  proportional  to 
the  ordinates  of  a  straight 
line ;  and  if  these  fiber 
lengths  M-ere  equal  in 
length  (as  would  be  the 
case  for  a  prismatic  beam) 
the  unit-stresses  acting 
would  also  be  proportional 
to  the  ordinates  of  a 
straight  line  (this  is  the 
case  in  Fig.  301). 

But  in  the  present  case 
these  fiber-lengths  are  vn- 
equal,  so  that  the  unit- 
stresses  in  action  are  (in 
general)  proportiouiil  to 
the  ordinates  of  a  curved  line.  Such  a  curved  line  we  note  in 
ve,  Fig.  306,  the  ordinates  between  which  and  the  horizontal 
line  hi  represent  the  unit-stresses,  p,  acting  on  the  upper  ends 


Fig.  306. 
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of  the  vertical  fibers  from  m'  to  m.  Thus,  the  stress  on  the 
fiber  mt  is  p^  =  ei  (tension);  and  that  on  the  other  extreme 
fiber,  (at  m')  is  p^,  =  hv  (compression). 

If  now  we  compute  the  average  unit-stress  p^  =  P  -^  F  and 
lay  it  off,  =  is,  upward  from  hi,  and  draw  the  horizontal  6s,  we 
thereby  re-arrange  the  stresses  into  a  uniformly  distributed  pull 
(or  "  negative  thrust ")  p^F  lbs.,  represented  by  the  rectangle 
hsih,  and  a  stress-couple  formed  by  the  ordinates  lying  between 
the  curve  and  the  axis  bs. 

It  will  be  noted  in  Fig.  306  that  there  is  a  fiber  at  some 
point  n  (on  right  of  g)  where  the  stress  is  zero ;  i.e.,  the  "  neu- 
tral axis  "  of  the  section  is  at  n,  ~\  to  paper.  Also,  at  some 
point  n',  the  actual  stress  is  equal  to  the  average,  p  ,  and  an 
axis  ~1  to  paper  through  this  point  would  be  the  neutral  axis  if 
the  forces  acting  on  this  free  body,  other  than  the  fiber  stresses, 
consisted,  not  of  a  single  force  P,  but  of  a  couple,  with  a  mo- 
ment =  Pa.  This  axis  through  n'  might  be  called  the  neutral 
axis  for  "  pure  bending  ",  since  then  the  whole  system  of  fiber 
stresses  would  reduce  to  a  couple  and  the  stresses  would  be 
measured  by  the  ordinates  between  6s  and  the  curve. 

299.  Crane-Hooks.  Wmkler-Bach  Theory.  Formula  for  Stress.  In  Fig. 
306,  let  F  be  the  area  of  the  plane  figure  formed  by  the  section  m'm,  dF  an 
element  of  this  area,  and  z  its  distance  (reclsoned  positive  toward  the  right) 
from  the  gravity  axis,  g,  of  the  section.  The  radius  of  curvature  of  gk  is  r, 
and  a  is  the  lever  arm  of  P,  the  load,  about  g.  Let  gm  =  e  and  gin'  =  e'  (dis- 
tances of  extreme  fibers)  and  let 

S  denote  the  quantity  (pi  ( )    —  1) ;    .     (1) 

an  abstract  number  depending  on  the  area,  shape,  and  position,  of  the  cross- 
section  m'm  ;  and  upon  the  radius  of  curvature  r.  Its  value  may  be  obtained 
by  the  calculus  (or  Simpson's  Rule)  for  ordinary  cases.  For  instance,  if  the 
section  is  a  rectangle  of  width  6,  and  altitude  =  h,    =  m'm,  we  find 

^  =  fhl^-^ <^' 

From  the  Winkler-Baoh  theory  it  results  that  the  unit-stress  on  any  fiber 
between  m  and  m',  at  a  distance  z  from  the  gravity  axis  g  (on  the  right,  toward 
the  center  of  curvature,  0;  if  on  the  left,  z  is  negative)  is 


V 


F\  r 


■I). 


(3) 


lbs.  per  sq.  inch.  A  positive  result  from  (3)  indicates  tension;  a  negative,  com- 
pressive stress.  Of  course,  for  P  -h  F  we  might  write  the  symbol  p^,  or  ' '  aver- 
age stress."    If  p  were  set  =  zero,  a  solution  of  (3)  for  z  would  locate  the  neu- 
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tial  axis,  n,  of  Fig.  306;  while  by  placing  p  -  Pi=  0,3.  solution  for  z  would 
locate  the  point  n',  or  neutral  axis  for  "pure  bending." 

300.  Numerical  Example.  Let  the  cross-section  be  a  trapezoid,  of  base 
6  =  3  in.  at  m,  and  upper  base  6'  =  1  in.  at  m',  both  H  to  paper  ;  the  altitude 
h,  =  ni/m,  being  4  in.  This  brings  g  -|  in.  (=  e)  from  m  and  J  tn.  (=  e')  from 
m'.  Let -ff  be  in  the  same  vertical  as  0  and  Om  =  2  in.  Hence  r  =  a  =  2  +  f  = 
V  in.    The  material  is  mild  steel  and  the  load  P  is  8  tons  ;  find  pm  and  pm'. 

From  above  dimensions  we  find  area  ^=8  sq.  in.,  while  from  eq.  (1), 
(using  the  calculus),  S=0.0974.  For  pm  we  put  z==  +  f  in-  in  eq.  (8)  ;  and  for 
Pm',  z  =  -  i  in. ;  obtaining,  finally,  pm  =  17,120  lbs.  per  sq.  in.  (tension)  ;  and 
Pm'  =  —  7,980  (compression).     Evidently  the  elastic  limit  is  not  passed. 

Using  the  imperfect  theory  of  §  297,  we  should  have  obtained  pm  =  12,000 
lbs.  per  sq.  in.,  only  ;  which  is  seen  to  be  about  30  per  cent,  in  error,  compared 
with  the  above  value  of  17,120.  The  reason  for  taking  a  low  value  for  the  safe 
unit-stress,  B',  in  the  example  of  §  297  is  now  apparent,  an  additional  reason 
being  the  fact  that  loads  are  sometimes  "  suddenly  applied  "  on  hooks. 

301.  By  "column"  or  "long  column"  is  meant  a  straight 
beam,  usually  prismatic,  which  is  acted  on  by  two  com- 
pressive forces,  one  at  each  extremity,  and  whose  length 
is  so  great  compared  with  its  diameter  that  it  gives  way 
(or  "  fails  ")  by  buckling  sideways,  i.e.  by  flexure,  instead 
of  by  crushing  or  splitting  like  a  short  block  (see  §  200). 
The  pillars  or  columns  used  in  buildings,  the  compression 
members  of  bridge-trusses  and  roofs,  the  "  bents  "  of  a 
trestle  work,  and  the  piston-rods  and  connecting-rods  of 
steam-engines,  are  the  principal  practical  examples  of  long 
columns.  That  they  should  be  weaker  than  short  blocks 
of  the  same  material  and  cross-section  is  quite  evident,  but 
their  theoretical  treatment  is  much  less  satisfactory  than 
in  other  cases  of  flexure,  experiment  being  very  largely 
relied  on  not  only  to  determine  the  physical  constants 
which  theory  introduces  in  the  formulae  referring  to  them, 
but  even  to  modify  the  algebraic  form  of  those  formulae, 
thus  rendering  them  to  a  certain  extent  empirical, 

302.  End  Conditions. — The  strength  of  a  column  is  largely 
dependent  on  whether  the  ends  are  free  to  turn,  or  are 
fixed  and  thus  incapable  of  turning.  The  former  condi- 
tion is  attained  by  rounding  the  ends,  or  providing  them 
with  hinges  or  ball-and-socket-joints  ;  the  latter  by  facing 
off  each  end  to  an  accurate  plane  surface,  the  bearing  on 
which  it  rests  being  plane  also,  and  incapable  of  turning. 
In  the  former  condition  the  column  is  spoken  of  as  having 
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round  ends ;  *  Fig.  311,  (a) ;  iu  the  latter  as  having  fixed  endi, 
(or  flat  bases ;  or  square  ends),  Fig.  311,  (J'). 


Fig.  311. 


Fig.  312. 

Sometimes  a  column  is  fixed  at  one  end  while  the  cthei 
end  is  not  only  round  but  incapable  of  lateral  deviation  from 
the  tangent  line  of  the  other  extremity ;  this  state  of  end 
conditions  is  often  spoken  of  as  "Pin  and  Square,"  Fig. 
311,  (c). 

If  the  rounding  *  of  the  ends  is  produced  by  a  hinge  or 
'  pin  joint,"  Fig.  312,  both  pins  lying  in  the  same  plane 
and  having  immovable  bearings  at  their  extremities,  the 
column  is  to  be  considered  as  round-ended  as  regards  flex- 
ure in  the  plane  ~|  to  the  pins,  but  as  square-ended  as  re- 
gards flexure  in  the  plane  containing  the  axes  of  the  pins. 

The  "  moment  of  inertia  "  of  the  section  of  a  column  will 
be  understood  to  be  referred  to  a  gravity  axis  of  the  sec- 
tion vifhich  is  ~|  to  the  plane  of  flexure  (and  this  corres- 
ponds to  the  "  force-plane  "  spoken  of  in  previous  chap- 
ters), or  plane  of  the  axis  of  column  when  bent. 

303.  Euler's  Formula. — Taking  the  case  of  a  round-ended 
column.  Fig.  313  (a),  assume  the  middle  of  the  length  as 
an  origin,  with  the  axis  X  tangent  to  the  elastic  curve  at 
that  point.  The  flexure  being  slight,  we  may  use  the  form 
EI(Py-^dx^  for  the  moment  of  the  stress-couple  in  any 

*  With  round  ends,  or  pin  ends,  it  should  be  understood  that  the  force 
at  each  end  must  be  so  applied  as  to  act  through  the  centre  of  gravity  of  the 
base  (plane  figure)  of  the  prismatic  column  at  that  end  ;  and  continue  to  do 
so  as  the  column  bends. 
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Fig.  313. 


isection  n,  remembering  that  "witL.  this  notation,  the  axis  X 
must  be  ||  to  the  beam,  as  in  the  figure  (313).  Considering 
the  free  body  nG,  Fig,  313  (h),  we  note  that  the  shear  is 
zero,  that  the  uniform  thrust  =P,  and  that  2'(moma.n)=0 
gives  {a  being  the  deflection  at  0) 

^^^=p('^y)     .     .     .  (1) 

Multiplying  each  side  by  dy  we  have 

^,dycFy=Pady—Pydy        .        .        (2) 

Since  this  equation  is  true  for  the  y,  dx,  dy,  and  d^y  of  any 
element  of  arc  of  the  elastic  curve,  we  may  suppose  it 
written  out  for  each  element  from  0  yrheie  y  =0,  SLnd  dy=0, 
up  to  any  element,  (where  dy=dy  and  y=y)  (see  Fig.  314) 
and  then  write  the  sum  of  the  left  hand  members  equal  to 
that  of  the  right  hand  members,  remembering  that,  since 
ix  is  assumed  constant,  l^dji?  is  a  common  factor  on  the 
left.  In  other  words,  integrate  between  0  and  any  point 
of  the  curve,  n.     That  is. 


civ— ay 


f[dy]dldy]  =Pa  J^  dy—P£  ydy         (3) 

The  product  dy<T-y  has  been  written  {dy)didy),  (for  cPj/  is 
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tlie  differential  or  increment  of  dy)  and  is  of  a  form  like 
xdx,  or  ydy.     Performing  the  integration  we  have 

^.'f=Pay-pt     ....    (4) 
dx'       ^  "  2  •        •        •    K^) 

which  is  in  a  form  applicable  to  any  point  of  the  curves 
and  contains  the  variables  x  and  y  and  their  increments 
dx  and  dy.  In  order  to  separate  the  variables,  solve  for  dx, 
and  we  have 


d\ 


dx=  jEi_^_^ oxdx=  fm.    "^«-^ 

^-pV^ay-f  Vp     J—yZ4y_\ 

d(y)  ' 

.'.Jdx^±^-jpJ^      Uy(y\ 
V      a      \a/ 


l/~<--i 


(5) 


Le.,x=±yl -p- {vers,  sin     'ij      .        .        .    (6) 

(6)  is  the  equation  of  the  elastic  curve  DOG,  Fig.  313  (a), 
and  contains  the  deflection  a.  If  P  and  a  are  both  given, 
y  can  be  computed  for  a  given  «,  and  vice  versa,  and  thus 
the  curve  traced  out,  but  we  would  naturally  suppose  a  to 
depend  on  P,  for  in  eq.  (6)  when  x=  y^l,  y  should  =a.  Mak- 
ing these  substitutions  we  obtain 

y2l=  ^§  ireTB.sm-'1.00);i.e.,yj=J^J    |      (7) 

Since  a  has  vanished  from  eq.  (7)  the  value  for  P  ob- 
tained from  this  equation,  viz.: 

Po=^/y     ....       (8) 

is  independent  of  a,  and 

is  .'.  to  be  regarded  as  that  force  (at  each  end  of  the  round- 
ended  column  in  Fig.  313)  which  will  hold  the  column  at 
any  small  deflection  at  which  it  may  previously  have  been 
Bet. 
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In  other  words,  if  the  force  is  less  than  P,  no  flexure  ai 
all  will  be  produced,  and  hence  P„  is  sometimes  called  the 
force  producing  "  incipient  flexure."  [This  is  roughly  ver- 
ified by  exerting  a  downward  pressure  with  the  hand  on 
the  upper  end  of  the  flexible  rod  (a  T-squai  e-blade  for  in- 
stance) placed  vertically  on  the  floor  of  a  room  ;  the  pres- 
sure must  reach  a  definite  value  before  a  decided  buckling 
takes  place,  and  then  a  very  slight  increase  of  pressure  oc- 
casions a  large  increase  of  deflection.] 

It  is  also  evident  that  a  force  slightly  greater  than  P, 
would  very  largely  increase  the  deflection,  thus  gaining  foi 
itself  so  great  a  lever  arm  about  the  middle  section  as  to 
cause  rupture.  For  this  reason  eq.  (8)  may  be  looked 
upon  as  giving  the  Breaking  Load  of  a  column  with  round 
ends,  and  is  called  Euler's formula. 

Eeferring  now  to  Fig.  311,  it  will  be  seen  that  if  the  three 
parts  into  which  the  flat-ended  column  is  di- 
vided by  its  two  points  of  inflection  A  and  B 
are  considered  free,  individually,  in  Fig.  315, 
the  forces  acting  will  be  as  there  shown,  viz.: 
At  the  points  of  inflection  there  is  no  stress- 
couple,  and  no  shear,  but  only  a  thrust,  =P> 
and  hence  the  portion  AB  is  in  the  condition 
of  a  round-ended  column.  Also,  the  tangents 
to  the  elastic  curves  at  0  and  C  being  pre- 
served vertical  by  the  f rictionless  guide-blocks 
and  guides  (which  are  introduced  here  simply 
as  a  theoretical  method  of  preventing  the  ends 
from  turning,  but  do  not  interfere  with  verti- 
cal freedom)  OA  is  in  the  same  state  of  flex- 
ure as  half  of  AB  and  under  the  same  forces. 
Hence  the  length  AB  must  =  one  half  the 
total  length  I  of  the  flat-ended  column.  In 
other  words,  the  breaking  load  of  a  round- 
ended  column  of  length  =^Z,  is  the  same  as 
that  of  a  flat-ended  column  of  length  =1. 
Hence  for  the  I  of  eq.  (8)  write  }^l  and  we 
have  as  the  breaking  load  of  a  column  with 
flat -ends  and  of  length  =1. 


^M, 


Fig.  ai5. 
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P^=4.EIJ^       ....      (9) 

Similar  reasoning,  applied  to  the  "  pin-and-square " 
mode  of  support  (in  Fig.  311)  where  the  points  of  inflec- 
tion are  at  B,  approximately  y^  I  from  C,  and  at  the 
extremity  0  itself,  calls  for  the  substitution  of  ^  I  for  I  in 
eq.  (8),  and  hence  the  breaking  load  of  a  "pin-and-square  " 
column,  of  length  =  I,  is 

^==^1  ^^J2       •       •       '       (10) 

Comparing  eqs.  (8),  (9),  and  (10),  and  calling  the  value  of 
Pi  (flat-ends)  unity,  we  derive  the  following  statement : 
The  breaking  loads  of  a  given  column  are  as  the  numbers 


1 

flat-ends 


9/16 
pin-and-square 


% 


round-ends 


according  to  the 
mode  of  support. 


These  ratios  are  approximately  verified  in  practice. 

Euler's  Formula  [i.e.,  eq.  (8)  and  those  derived  from  it, 
(9)  and  (10)]  when  considered  as  giving  the  breaking  load 
is  peculiar  in  this  respect,  that  it  contains  no  reference  to 
the  stress  per  unit  of  area  necessary  to  rupture  the  material 
of  the  column,  but  merely  assumes  that  the  load  producing 
"  incipient  flexure  ",  i.e.,  which  produces  any  bending  at 
all,  will  eventually  break  the  beam  because  of  the  greater 
and  greater  lever  arm  thus  gained  for  itself.  In  the  canti- 
lever of  Fig.  241  the  bending  of  the  beam  does  not  sensibly 
affect  the  lever-arm  of  the  load  about  the  wall-section,  but 
with  a  column,  the  lever- arm  of  the  load  about  the  mid- 
aectiou  is  almost  entirely  due  to  the  deflection  produced. 

It  is  readily  seen,  from  the  form  of  eqs.  (8),  (9)  and  (10), 
that  when  I  is  taken  quite  small  the  values  obtaiaed  for  Pq,  Pi, 
and  Pa  become  enormous,  and  far  exceed  what  would  be 
found  from  the  formula  for  crusliing  load  of  a  short  block, 
viz.,  P=FO  (see  p.  219),  with  F  denoting  the  area  of  section 
of  the  prism  and  O  the  crushing  unit-stress  of  the  material. 
The  degree  of  slenderness  a  column  must  have  to  justify  the 
use  of  Euler's  relations  will  appear  in  the  next  paragraph. 
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304.  Euler's  Formula  Tested  by  Experiment. — Since  the 
"moment  of  inertia,"  /,  (referred  to  a  certain  axis)  of  the  cross- 
section  of  the  column  may  be  written  I  =  Fk'^,  where  k  is  the 
"radius  of  gyration  "  (see  p.  91),  and  F  the  area  of  the  plane 
figure,  eq.  (8),  for  "round  ]  Po  t^^-E 
ends,"  may  be  written 


(11) 


Here  Po^F  is  the  average  unit-stress  (compressive)  on  the 
cross-section  and  l^k  is  a  ratio  measuring  the  slenderness  of 
the  column.  (Of  course,  when  the  column  actually  gives  way 
by  buckUng,  the  unit-stress  on  the  concave  side  at  the  middle 
of  the  length  is  much  greater  than  the  average).  In  the  ex- 
periments by  Christie,  described  on  p.  112  of  the  Notes  and 
Examples,  the  value  of  the  ratio  l^k  ranges  from  20  to  480. 

As  an  example  consider  a  3"X3"xy'  angle-bar  (or  "angle") 
of  wrought  iron,  with  1  =  15  ft.,  to  be       g 
used  as  a  column.     Fig.   315a  shows        / 
the  cross-section  of  this  shape,  with  di-     ^ 
mensions.     C  is  the  center  of  gravity     j  _ 
of  this  plane  figure.     Let  the  force  be       ^ 
applied   at   each    end   of    the   column 
according  to  Christie's  mode  of  "round 
ends,"    i.e.,    by   a  ball-bearing   device.  Fig.  315a. 

the  force  always  passing  through  the  point  C  of  the  section  at  each 
extremity  of  the  column.     Since  the  ends  are  free  to  turn  in  any 

plane,  the  axis 
of  the  column 
will  deflect  in 
the  plane  CN  1 
to  the  axis  2 ...  2 
(of  the  plane 
figure)  about 
which  the  values 
of  /  and  of  k  are 
least.  For  this 
shape,  wc  find 
from  the  hand- 
book of  the  Cam- 
bria Steel  Co., 
that  k  about 
0.58  in.;  also  that 
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axis  2 ...  2  is  the  least  radius  of  gyration  and 
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the  area  of  the  figure  is  F  =  2. 75  sq.  in.  'Hence  the  "slender- 
ness-ratio,"  l^k,  is  180" -^0.58"  =  310;  and  from  c(i.  (11)  we 
have,  with  E  for  wrought  iron  taken  as  25,000,000,  Ibs./in.^ 
(p.  279), 

(Po  H- F)  =  7:2  X 25,000,000  -^  (310)2  =  2570  lbs. /in.2 ; 
while  from  the  Christie  experiments  we  find  (Fo  -^F)=  2650 
lbs. /in.2  as  the  average  unit-stress  at  rupture;  a  fairly  close 
agreement  with  the  Euler  result.  The  total  rupturing  load 
would  then  be  Po  =  2570X2.75  =  7070  lbs.,  and  the  safe  load, 
with  the  "factor  of  safety  "  of  8  recommended  in  the  Christie 
report,  would  be  884  lbs. 

In  this  way  it  may  be  ascertained  that  for  values  oi  l^k 
from  200  to  400  for  "round  ends  "  and  from  300  to  400  for 
fixed  ends  there  is  an  approximate  agreement  between 
Euler's  equations  and  the  Christie  experiments.  But  most 
of  the  columns  used  in  engineering  practice  involve  values 
oi  l-i-k  less  than  200,  so  that  Euler's  formulae  are  not  adapted 
to  actual  columns  (though  used  to  some  extent  in  Germany). 
A  formula  of  such  nature  as  to  be  available  for  all  degrees 
of  slenderness  has  therefore  been  established  (Rankine's, 
see  next  paragraph),  based  partly  on  theory  and  partly  on 
experiment,  which  has  obtained  a  very  wide  acceptance 
among  engineers. 

In  Fig.  3156  is  shown  a  curve,  Et,  resulting  from  plotting  as  abscissa 
and  ordinate  the  values  oi  P^-i-F  and  l^k,  as  related  in  Euler's  formula 
111)  for  columns  with  round  ends,  for  "medium  "  structural  steel;  with 
/?  =  30,000,000  Ibs./in.'  E/  is  a  similar  curve  plotted  from  Euler's  formula 
(9)  for  fixed  ends  for  the  same  material.  Each  of  these  Euler  curves  is 
tangent  to  both  axes  at  infinity.     The  other  curves  will  be  referred  to  later. 

305.  Rankine's  Formula  for  Columns. — The  formula  of  this 
name  (some  times  called  Gordon's,  in  some  of  its  forms)  has 
a  somewhat  more  rational  basis  than  Euler's,  in  that  it  in- 
troduces the  maximum  normal  stress  in  the  outer  fibre  and 
is  applicable  to  a  column  or  block  of  any  length,  but  stilj. 
contains  assumptions  not  strictly  borne  out  in  theory,  thu.3 
introducing  some  co-efficients  requiring  experimental  df - 
termination.     It  may  be  developed  as  follows  : 

yince  in  the  flat-ended  column  in  Fig.  315  the  middle 
portion  A£,  between  the  inflection  points  A  and  B,  is 
acted  on  at  each  end  by  a  thrust  =  P,  not  acoonj.panied  by 
any  shear  or  stress-couple,  it  will  be  simpler  to  treat  tha* 
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portion  alone  Fig. '  316,  (a),  since  the  thrust  and  stresft- 
couple  induced  in  the  section  at 
R,  the  middle  of  AB,  will  be  equal 
to  those  at  the  flat  ends,  0  and  O, 
in  Fig.  315.  Let  a  denote  the  de- 
flection of  R  from  the  straight  line 
AB.  Now  consider  the  portion  ^f 
AR  as  a  free  body  in  Fig.  316,  (b), 
putting  in  the  elastic  forces  of  the 
section  at  R,  which  may  be  clas- 
sified into  a  uniform  thrust  — 
PiF,  and  a  stress  couple  of  moment  Pio.  aie. 

(The  shear   is  evidently  zero,  from 


=  Pi.,  (see  §  294), 
e 


I  (hor  comps.)  =  0).  Here  p,  denotes  the  uniform  pres- 
sure ^per  unit  of  area),  due  to  the  uniform  thrust,  and  p2 
the  pressure  or  tension  (per  unit  of  area),  in  the  elastic 
forces  constituting  the  stress-couple,  on  the  outermost 
element  of  area,  at  a  distance  e  from  the  gravity  axis  (~| 
to  plane  of  flexure)  of  the  section.  F  is  the  total  area  of 
the  section.  /  is  the  moment  of  inertia  about  the  said 
gravity  axis,  g 

I  (vert,  comps.)  =  0  gives  P  =  p^F        .         .      (1) 


E  (moms.g) 


=  0  gives  Pa  = 


pj 


(2) 


For  any  section,  n,  between  A  and  R,  we  should  evidently 
have  the  same^i  as  at  R,  but  a  smaller  j),,,  since  Py  <  Pa 
vhile  e,  /,  and  F,  do  not  change,  the  column  being  pris- 
matic. Hence  the  max.  (pi+^Pa)  is  on  the  concave  edge  at 
R  and  for  safety  should  be  no  more  than  C  -r-  n,  where  G 
is  the  Modulus  of  Crushing  (§  201)  and  w  is  a  "  factor  of 
safety."  Solving  (1)  and  (2)  for  pi  anAp^  and  putting  their 
sum  =  0  -^  n_  we  have 


P,Pae     G 


(3) 


We  might  now  solve  for  P  and  call  it  the  safe  load,  brat  i4 
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is  customary  to  present  the  formula  in  a  form  for  giving 
the  breaking  load,  the  factor  of  safety  being  applied  after- 
ward. Hence,  we  shall  make  n=l,  and  solve  for  P,  caUing 
it  then  the  breaking  load.  Now  the  deflection  a  is  unknown, 
but  may  be  expressed  approximately,  as  follows,  in  terms 
of  e  and  I. 

If  we  now  consider  ARB  to  be  a  circular  arc,  of  radius  =  ,0, 
we  have  from  geometry  (similar  triangles)  a  =  {l^4:)'^^2p; 
and  if  we  equate  the  two  expressions  for  the  moment  of  the 

.V  EI    P2I 
stress-couple  at  R  there  results  — =^--  (see  pp.  249  and  250). 

A  combination  of  these  two  relations  gives  ae=(p2^S2E)P. 
Now  under  a  safe  load  the  total  stress,  pi+p2,  in  the  outer 
fibre  (concave  side)  at  R  will  have  reached  a  safe  value,  R', 
for  the  material,  and  is  therefore  constant  for  this  material, 
and  if  the  rude  assumption  is  made  that  the  portion  p2  of 
this  stress  is  also  constant,  it  follows  that  the  fraction  (^2  -^  32E) 
=  a  constant;  which  may  be  denoted  by  p,  (an  abstract  number). 
Let  us  also  write,  for  convenience,  I  =  Fk^,  {k  being  the  radius 
of  gyration  of  the  cross-section  about  a  (gravity)  axis  through 
^  T  to  paper).     Hence  finally,  we  have,  from  eq.  (3), 


Breaking  load 
for  flat  ends 


WO 


By  the  same  reasoning  as  in  §  303,  for  a  round-ended 
column  we  substitute  21  for  I;  for  a  column  with  one  end  round 
and  the  other  "flat "  or  "fixed  "  (i.e.,  for  a  "pin-and-square  " 
column),  |Z  for  I;   and  obtain 

Breaking  load  for  a  round-  1     ^t  FC 

ended  column  J  ^    "  ^  I+W^^'       •     '     •     W 

Breaking  load  for  a  "pift-  1  {..^.  ^  FC 

and-square "  column       J  ^*2~1  +  1.78/?(Z-^A;)2-  '     '     '     ^''^ 

Each  of  these  equations  (4),  (5),  and  (6),  is  known  as  Ran- 
kine's  Formula,  for  the  respective  end-conditions  mentioned. 
They  find  a  very  extended  use  among  engineers  in  English- 
speaking   countries;    with   some   variation,   however,    in   the 
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numerical  values  used  for  quantities  C  and  /?,  which  are  con- 
stants for  a  given  material;  and  also  in  the  fraction  of  the 
breaking  load  which  should  be  taken  as  the  safe,  or  working, 
load  (the  reciprocal  of  this  fraction  being  called  the  "factor 
of  safety,")  =n.  A  set  of  fair  average  values  for  these  con- 
stants, as  recommended  by  Rankine  and  others,  is  here  pre- 
sented : 


Hard 
Steel. 

Medium 
Steel. 

Soft 
Steel. 

Wrought 
Iron. 

Cast 
Iron. 

Timber, 

C  (Ibs./in.^) 

70,000 

50,000 

45,000 

36,000 

70,000 

7,200 

/?  (abstract  number)  .... 

1 

1 

1 

1 

1 
6,400 

1 

25,000 

36,000 

36,000 

36,000 

3,000 

The  factor  of  safety,  n,  usually  employed  with  the  fore- 
going formulae  and  constants,  is  n=4  for  wrought  iron  and 
steel  in  quiescent  structures;  and  5  under  moving  loads,  as 
in  bridges;  while  n=10  should  be  used  for  timber  and  8  for 
cast  iron. 

In  Fig.  3156  two  curves  have  been  plotted,  for  round  ends 
(Rr)  and  fixed  ends  (Bf)  in  the  case  of  medium  steel;  the  above 
equations  (Rankine) ,  with  the  above  values  of  C  and  /3,  having 
been  used.  The  "slenderness  ratio,"  l-^k,  is  the  abscissa; 
and  Po-^F,  or  Pi^F,  (the  average  breaking  unit-stress),  is 
the  ordinate,  of  any  point.  These  curves  may  now  be  com- 
pared with  the  Euler  curves,  E^  and  £/,  (in  the  same  figure) 
aheady  mentioned  as  having  been  plotted  for  structural  steel 
(of  modulus  of  elasticity  £  =  30,000,000  Ibs./in.^) 

306.  Examples;  under  the  Rankine  Formxxlae. — Example  1. 
Let  it  be  required  to  compute  the  breaking  load  of  a  wrought- 
iron  solid  cylinder,  used  as  a  column,  of  length  1=8  ft.  and 
diameter,  =d,  =2.4  inches;  with  round  ends,  i.e.,  the  pressure 
acting  at  each  end  at  the  center  of  the  circular  base,  the  ends 
being  free  to  turn  in  any  direction. 

The  "end  conditions "  call  for  the  employment  of  the 
"least  k,"  but  here  k  is  the  same  for  any  gravity  axis  of  the 
circular  section.     That  is  we  have 


A;2=74-2?'  =  i7rr4-T-CT2  =  ir2: 


=i(1.2)2. 


0.36  in.2;    .•.  /i;=0.6  in. 
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and  (Z^A;)  =  "slenderness-ratio  "  =  96^0.6  =  160.    Hence  from 

eq.  (5) 

Tzr^C  1 

Po  =  l+4^(160)2>    ^ith  /?=3Pqq  and  C=36,000  lbs./in.2;  i.e., 

;r(1.2)236,000     162,800    ,_„.,. 
^°  =  ~  1  +  2.85      =-3.85^=^2'^^°  ^^'- 

It  is  seen  that,  on  account  of  the  degree  of  slenderness  of 
the  column,  the  breaking  load  is  about  one  quarter  of  what 
it  would  be  for  a  short  prism  of  same  section. 

With  a  factor  of  safety  of  5  we  should  take  5  of  42,300, 
i.e.,  8460  lbs.,  as  safe  load. 

Example  2. — It  is  required  to  compute  the  diameter,  d, 
of  a  solid  cast-iron  cyhnder,  16  ft.  in  length,  to  serve  as  a 
column  with  flat  ends,  whose  safe  load  is  to  be  6  tons,  the 
factor  of  safety  being  6.  This  calls  for  the  use  of  eq.  (4)  in 
which  we  put  Pi  =  6x  12,000  =  72,000  lbs.,  the  required  break- 
ing load;  withC  =  70,000  lbs./in.2  and  ^9  =  1^6400.  The  least 
radius  of  gryation  should  be  used,  but  in  this  case  the  /c^  is 
constant  for  all  axes  of  the  section,  viz.,  h"^  =  \nr* ^nr^ =d^ ^IQ. 

Hence  from  eq.  (4)  we  have  (for  inch  and  pound) 

^  \Tzd^C  54,980(^2  ^onn^iu 

^'  =  l  +  /?rz^fc^2  = r^ =  72,000  lbs. 

l  +  640#92-(ic^)? 

This  on  reduction  leads  to  the  bi-quadratic  equation 
d*- 1.309^2  =  120.7; 
which  being  solved  for  d^  gives  d2  =  o.654±  11.01.    The  upper 
sign  being  taken  we  have,  finally,  d=3.41  in.  as  the  required 
diameter. 

The  "slenderness  ratio,"  therefore,  proves  to  be  192  +  0.85 
=225,  which  though  seemingly  high  is  not  extreme  for  a  flat- 
ended  column;  corresponding,  as  it  does,  to  112  for  a  round- 
ended  column. 

Example  3. — A  prism  of  medium  steel,  of  uniform  rec- 
tangular section  (sohd)  with  dimensions  &  =  3  in.  and  h  =  l  in., 
is  to  be  subjected  to  a  thrust  (connecting-rod  of  a  steam- 
engine).  Its  ends  are  provided  with  pins  (see  Fig.  312)  capable 
of  turning  in  firm  bearings,  the  axis  of  each  pin  being  T  to 
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the  "b"  dimension  of  the  rectangular  section.  The  length 
between  axes  of  pins,  is  Z  =  6  ft.  It  is  required  to  find  the 
breaking  load  by  the  Rankine  formulae. 

Since  the  end  conditions  would  be  "round-ends  "  if  the 
axis  of  the  column  were  to  bend  in  a  plane  T  to  the  axes  of 
the  pins  (as  in  Fig.  312),  but  "flat-ends"  [Fig.  311(6)]  in 
case  it  bent  in  the  plane  containing  the  axes  of  the  pins; 
and  since  the  k  of  the  section  is  different  for  the  two  cases, 
it  will  be  necessary  to  make  each  supposition  in  turn  and 
take  the  smaller  of  the  two  results  for  breaking  load  (i.e., 
as  the  one  to  which  the  factor  of  safety  should  be  appHed). 

For  round-ended  buckUng  the  value  of  k^  is  I^F= 
[^3  ^  12] -^  6/1=0.75  in.2;  and,  with  the  values  of  C  and  ^ 
for  medium  steel,  we  have  from  eq.  (5), 

p  50,000X3.0         150,000     „.„„„„ 

^°=  4        iW^i  +  0-7QS=^  '  ' 

"^36,000'  0.75 

while  for  flat-ended  buckling,  in  the  other  plane,  the  k^ 

to  be  used  would  be    A;^  =  [6/i3- 12]  ^6/i  =  0.0833  in.2,   and 

hence  from  eq.  (4) 

P,  =  -_50,000X3,0 150^0_ 

1  (72)^   -l^iy3-54,«rf^lbs. 

"^36,000'  0.0833 
It  is  seen  that  Pi  is  smaller  than  Pq,  so  that  with  a  factor 
of  safety  of  6  we  have  for  the  safe,  or  working,  load,  J  of 
54,933,  =9,155  lbs. 

307.  Badii  of  Gyration.— The  following  table,  taken  from 
p.  523  of  Eankine's  Civil  Engineering,  gives  values  of  I"*, 
the  square  of  the  least  radius  of  gyration  of  the  given  cross- 
«ection  about  a  gravity-axis.  By  giving  the  least  value  of 
i'  it  is  implied  that  the  plane  of  flexure  is  not  determined 
by  the  end-conditions  of  the  column  (i.  e.,  it  is  implied 
that  the  column  has  either  flat  ends  or  round  ends).  If 
either  end  (or  both)  is  a  pin^'oint  the  column  may  need  to 
he  treated  as  having  a  flat-end  as  regards  flexure  in  a  plane 
containing  the  axis  of  the  column  and  the  axis  of  the  pin, 
if  the  bearings  of  the  pin  are  firm ;  while  as  regards  flexure 
in  a  plane  perpendicular  to  the  pin  it  is  to  be  considered 
round-ended  at  that  extremity. 


FLEXURE.      LONG   COLUMNS. 


373 


In  the  case  of  a  «« thin  cell "  the  value  of  ¥  is  strictly 
true  for  metal  infinitely  thin  and  of  uniform  thickness ;  still, 
if  that  thickness  does  not  exceed  ^  of  the  exteiior  diame- 
ter, the  form  given  is  sufficiently  near  for  practical  pur 
poses;    similar   statements   apply   to   the    branching  forms 


(a) 


-b ' 


i  '' 

n 

(S) 


(«)  (cl) 

Fir;,  an. 


■(e) 


If) 


Fio.  ms. 


Solid  Eeotangle. 
h=  least  side. 
Thin  Square  CelL 
Side=  h. 


Fig.  317 (o).      p^'h^ 


12" 


Fig.  317(6).      F  =  ^A2 


Thin  Kectangular  Cell,    -r,-     oi  17 /.\ 

h=  least  side. 


Fig.  Sn{d). 
Fig.  317  (e). 


Solid  Circular  Section. 

Diameter  ~d. 

Thin  Circular  Cell. 

Exterior  diam,  =  d. 

Angle-Iron  of  Equal      -p.     ^if  r  f\ 

ribs 
A-ngle-Iron  of  unequal      pig,  318  (a).      F=  j^tJ^ 

Cross'of  equal  arms.  Fig.  318  (6).      F=4&^ 

I-Beam  as  a  pillar. 

Let  area  of  web  —B.  -p^^  ^^q  (^^y 

"        "     "  6of/i  flanges 
=A. 


h^  h  +  Sb 
12' h+b 


*~12 


A 


A+B 

Channel  ^^g.  3i8(,).      ^=^^  y^-^+T^h)] 

Let  area  of  web  =B ;  of  flanges  =A  (both).     A  extends 
from  edge  of  flange  to  middle  of  web. 
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308.  Built  Columns.— The  "compression  members"  of 
bridge  trusses,  and  columns  in  steel  framework  buildings  are 
generally  composed  of  several  pieces  of  structural  steel  riveted 
together,  each  column  being  thus  formed  of  a  combination  of 
plates,  channels,  angles,  Z-bars,  etc.    In  Figs.  319  and  320 


Fig.  319.  ^'O-  ®0.'^ 

are  shown  examples  of  these  compound  shapes.  The  Phoenix 
column  is  seen  to  consist  of  four  quadrantal  segments  riveted 
together.  In  Fig.  319  is  a  combination  of  two  channels  and 
one  plate,  these  three  pieces  being  continuous  along  the  whole 
length  of  the  column.  On  the  side  opposite  to  the  plate  are 
seen  lattice  bars,  arranged  in  zig-zag,  which  serve  to  stiffen 
the  column  on  that  side.  The  center  of  gravity  of  the  cross- 
section  of  this  column  is  nearer  to  the  edge  carrying  the  plate 
than  to  the  lattice  edge;  and  if  the  ends  of  the  column  are 
provided  with  pins  1  to  the  webs  of  the  channels  the  axis  of 
each  of  these  pins  should  be  so  placed  as  to  contain  the  center 
of  gravity  of  the  cross-section  ol  the  column  at  that  point. 

The  handbooks  of  the  various  steel  companies  present 
formulae  and  tables  enabUng  the  breaking  loads  to  be  found 
for  their  various  designs  of  built  columns,  and  for  single  I-beams 
used  as  columns.  For  example,  the  tables  given  in  the  hand- 
book of  the  Cambria  Steel  Co.  for  built  columns  of  "medium 
steel "  are  stated  to  be  computed  from  the  following  formulae 
(which  are  evidently  of  the  Rankine  type). 

The  breaking  load  for  a  column  of  length  I  and  with  cross- 
section  of  area  F  and  least  radius  of  gyration  k  is  (in  pounds) : 

Square  Bearing.  Pin  and  Square  Bearing.  Pin  Bearings. 

50,000F  „  SO.OOOi?'  _,  50,000F 


Pi  = 


1  + 


36,000 


(ir 


P2=- 


1  + 


24,000 


ar 


1+ 


18,000\A: 
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In  these  formulae  I  and  k  should  be  in  the  same  unit  (both 
feet,  or  both  inches;  since  (l^k)  is  a  ratio)  and  the  proper 
k  to  be  used  for  the  case  of  "pin  and  square  bearing  "  (i.e., 
one  end  provided  with  a  pin  and  the  other  with  a  square 
bearing)  should  be  ascertained  as  in  example  3,  p.  371. 
To  obtain  the  total  safe  load  for  the  column:  "For  quiescent 
loads,  as  in  buildings,  divide  by  4.  For  moving  loads,  as  in 
bridges,  divide  by  5." 

Considerable  variety  will  be  found  among  the  formulae 
of  the  Rankine  type  proposed  by  different  engineers  as  best 
satisfying  the  results  of  experiment.  For  accounts  of  ex- 
periments beyond  those  already  quoted  in  the  author's 
"Notes  and  Examples  in  Mechanics,"  the  reader  is  referred 
to  special  works.  Kent's  Pocket  Book  for  Mechanical 
Engineers  contains  much  valuable  matter  on  the  subject 
of  columns.  The  handbooks  of  the  Carnegie  Steel  Co.,  the 
Pencoyd  Iron  Works,  and  the  Phcenix  Iron  Co.,  give  ex- 
tensive data  relating  to  steel  columns.  Osborne's  Tables  of 
moments  of  inertia  and  radii  of  gyration  of  compound  sec- 
tions is  a  valuable  book  in  this  connection. 

309.  Moment  of  Inertia  of  Built  Colimiii.    Example. — It  is  pro- 

])osed  to  form  a  column  by  joining  two  I-beams  by  lattice- 
»¥^ork,  Fig.  321,  (a).  (While  the  lattice-work  is  relied  upon 
';o  cause  the  beams  to  act  together  as  one  piece,  it  is  not 
(regarded  in  estimating  the  area  F,  or  the  moment  of  iner- 
tia, of  the  cross  section).  It  is  also  required  to  find  the 
proper  distance  apart  =  x,  Fig.  321,  at  which  these  beams 
must  be  placed,  from  centre  to  centre  of  webs,  that  the 
liability  to  flexure  shall  be  equal  in  all  axial  planes,  i.e. 
that  the  1  of  the  compound  section  shall  be  the  same 
about  all  gravity  axes.  This  condition  will  be  ful- 
filled if  /y  can  be  made  — /x*  (§89),  0  being  the  centre 
of  gravity  of  the  compoimd  section,  and  X  perpendicular 
to  the  parallel  webs  of  the  two  equal  I-beams. 

Let  I*"  =  the  sectional  area  of  one  of  the  I-beams,  Py 
(see  Fig.  321(a)  its  moment  of  inertia  about  its  web-axis, 
that  about  an  axis  ~\  to  web.     (These  quantities  can  be 

•  That  is,  with  flat  ends  or  ball  ends  ;  but  with  pin  ends,  Fig.  312,  if  tbo 
{)iii  is  II  to  X,  put  4Jt  =:  /x  ;  if  II  to  Y,  put  4/x  =  Ir. 
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found  in  the  hand-book  of  the  iron  company,  for  each  sixo 
of  rolled  beam). 
Then  the 

total  Jx  =  a^x  ;  "nd  total  7y  =  2ri'v  +  ^'(Tf] 

(see  §88  eq.  4.)    If  these  are  to  be  equal,  we  write  them  so 
and  solve  for  x,  obtaining 


=   /^[-?''x-lV3 
V W-' — 


(1) 


310.  ITnmerically ;  suppose  each  girder  to  be  a  10^  inch 
light  I-beam,  105  lbs.  per  yard,  of  the  N.  J.  Steel  and  Iron 
Co.,  in  whose  hand-book  we  find  that  for  this  beam  I'^  = 
185.6  biquad.  inches,  and  Z'y  =  9.43  biquad.  inches,  while 
F'  =  10.44  sq.  inches.  With  these  values  in  eq.  (1)  we 
have 


^  =     /4  (18^6-9.43)     VSO  =  8.21  inches. 
V  1  n  44 


s^ 


^ 


V 


lai 


■^ 


^ 


b^ 


o 


.^ 


(6) 


X 


Fie.  331. 


The  square  of  the  radius  of  gyration  will  be 

i^=2Px-5-2i^'=  371.2 -.-20.88=17.7  sq.  in.       .       (2) 

and  is  the  same  for  any  gravity  axis  (see  §  89). 

As  an  additional  example,  suppose  the  two  I-beams  united 
by  plates  instead  of  lattice.  Let  the  thickness  of  the  plate 
•=  t.  Fig.  321,  {b).  Neglect  the  rivet-holes.  The  distance 
o  is  known  from  the  hand-book.  The  student  may  derive 
a  formula*  for  X,  imposing  the  coiiclition  that  (total  Zx)=/y. 
*  A  cubic  equation. 
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310a.  Design  of  Columns. — General  considerations  governing 
economy  and  efficiency  in  the  design  of  built  columns  are 
that  the  various  pieces,  besides  being  continuous  for  the  whole 
length,  should  be  placed  as  far  from  the  axis  of  the  column 
as  possible,  in  order  to  increase  the  value  of  k  the  (least)  radius 
of  gyration,  thus  leading  to  a  larger  value  of  the  safe  load  for 
a  given  amount  of  material,  or  to  a  minimum  amount  of  material 
for  a  given  required  safe  load;  and  that  the  parts  should  be  well 
fastened  together  by  rivets,  preventing  all  relative  motion.  The 
economy  secured  by  placing  the  material  as  far  from  the  center 
as  possible  also  holds,  of  course,  for  single  pieces  used  as  columns. 
For  example,  if  the  safe  load  of  a  hollow  cyhndrical  cast-iron 
flat-ended  column,  20  ft.  long,  is  to  be  40  tons,  i.e.,  80,000  lbs., 
and  the  thickness  of  metal  is  not  to  be  less  than  |  in.,  we  find, 
after  a  few  trials  with  Rankine's  formula  eq.  (4),  p.  369,  taking 
a  factor  of  safety  of  8  (so  that  the  breaking  load  would  be 
640,000  lbs.)  that  an  outside  diameter  of  d=8  in.  is  the  largest 
permissible.  Thus,  taking  the  least  k^,  {=cP-^8),  from  p.  373, 
for  a  thin  cylindrical  cell,  with  l  =  2i0  in.,  with  the  sectional 
area,  F,  as  the  quantity  to  be  solved  for,  we  have 
70,000J? 


1^    1        (240)^ 


-  =  640,000  lbs. ;     .:  F  =  19.43  sq.  in. 


6400 '[82-8] 
Let  dz  denote  the  internal  diameter  of  the  section;   then 

^(S^-da^)  =  19.43;    whence  da  =  6.26  ^in.;    i.e.,  the  thickness 

of  metal  =  J(d— d2)=0.87  in.,  or  practically  J  in. 

310b.  The  Merriman-Ritter-Formiila  for  Columns  was  de- 
rived independently  by  Professors  Merriman  and  Ritter  (see 
Engineering  News,  July  19,  1894)  and  has  a  mathematical 
basis  as  follows.  In  Fig.  3156  'curves  have  been  plotted  for 
the  Euler  and  Rankine  formulae  for  medium  steel,  both  for 
flat  and  round  ends;  and  it  is  seen  that  each  of  the  Rankine 
curves  is  tangent  to  the  horizontal  line  through  V  and  is  roughly 
parallel  to,  and  not  very  distant  from,  the  corresponding 
Euler  curve  on  the  extreme  right.  Professor  Merriman  de- 
rives the  equation  (of  the  same  form  as  Rankine's)  for  a  curve 
which  has  a  horizontal  tangent  at  V,  and  is  exactly  tangent 
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to  the  Euler  curve  at  some  point  on  the  extreme  right  (at 

infinity,  in  fact)  and  thus  secures  a  more  rational  value  for 

the  constant  called  ^  in  Rankine's  formula. 

With  P'  denoting  the  safe  load  for  the  column  and  C  the 

safe  compressive  unit-stress  for  the  material,  this,  l5^  o  ' 

FC 
formula  may  be  written  .  .    .P'  = ^,,    ,.„,  ....    (Af) 

crO  1  I   ^^    r) 

where  C"  denotes  the  unit  compressive  stress  at  elastic  limit, 
E  the  modulus  of  elasticity,  F  the  sectional  area,  and  n  an 
jjpstract  number  whose  value  (as  before,  in  the  Rankine  for- 
mulae) is  1,  16/9  (or  1.78),  and  4,  for  flat  ends,  pin-and-square, 
and  round  ends,  respectively. 

If  for  P'  we  write  P,  the  breaking  load,  and  correspondingly 
C  for  C,  and  plot  values  of  P^F  and  l^k,  the  curve  would 
not  differ  greatly  from  the  Rankine  curve  in  Fig.  3156  for  medium 
steel;  and  similarly  for  wrought  iron;  but  for  timber  and  cast 
iron  the  variation  is  considerable,  and  hence  Prof.  Merriman 
does  not  recommend  the  use  of  his  formula  for  the  latter  two 
materials.  (Crehore's  formula  differs  from  the  above  only 
in  replacing  C"  by  C.) 

310c.  The  "Straight-Line  Formula." — It  will  be  noticed 
that  in  Fig.  3156  the  straight  line  connecting  points  A  and  C 
(medium  steel,  round  ends)  or  A'  and  C"  (medium  steel,  flat 
ends)  would  not  vary  widely  from  the  Rankine  curve,  so  that 
on  account  of  its  simplicity,  when  restricted  to  proper  limiting 
values  of  the  ratio  l-^k,Si  straight  line,  or  linear  relation,  between 
the  quantity  P-i-F  and  ratio  l-^k  was  proposed  by  Mr.  T.  H. 
Johnson  (see  Transac.  Am.  Soc.  C.  E.,  1886,  p.  530)  for  the 
breaking  loads  of  columns  of  various  materials.  Among  them 
are  the  following : 

Wrought  iron:  Hinged  ends,  Po=r42,000-157('|-]l2?'; 

"      Flat  ends.       Pi  =  [42,000- 128(j^)]f; 

Mild  steel :        Hinged  ends,  Pq  =  [52,000 -  22o(p  jlp; 


Flat  ends.       Pi  =  [52,000  -  179(^)]p. 
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In  these  formula  Po,  or  Pi,  is  breaking  load  in  lbs.,  F= 
sectional  area  (in  sq.  in.),  Z  =  the  length,  and  k  is  the  least 
radius  of  gyration  of  the  cross-section  for  flat  ends  (as  for 
hinged  ends,  see  example  3,  §  306) ;  I  and  k  in  same  unit. 

310d.  The  J.  B.  Johnson  Parabolic  Formula  for  Columns. 
— If  in  Fig.  3156  a  parabola  be  plotted  with  its  axis  vertical 
(and  downward)  and  vertex  at  the  point  V  of  the  two  Rankine 
curves,  and  also  made  tangent  to  the  Euler  curve  for  the  end 
conditions  concerned,  the  points  on  such  a  curve  for  values  of 
l-i-k  between  zero  and  the  point  of  tangency  to  the  Euler  curve 
are  found  to  agree  fairly  well  with  experiment;  and  the  corre- 
sponding formula,  or  the  equation  to  the  curve,  is  of  much 
simpler  form  than  that  of  the  Rankine  types,  being  almost 
as  simple  as  the  straight  line  formula.  Such  a  formula  was 
proposed  by  the  late  Prof.  J.  B.  Johnson,  those  for  mild  steel 
and  wrought  iron  being  given  below  (breaking  load  in  lbs.). 

Mild  steel: 

Pin  ends,   Po  =  [42,000 -O.gyQjii';  U  not  >15o) 

Flat  ends,  Pi  =  [42,000- 0.62(^YJP;  (^  not  >19o) 
Wrought  iron : 

Pin  ends,   Po=[34,000-0.67(^ni^;  U  not  >170) 

Flat  ends,  Pi  =  [34,000 -0.43(^T  F;  (^  not  >21o) 

The  notation  is  the  same  as  in  the  preceding  article.  The 
limiting  values  mentioned  for  l-i-k  refer  to  the  points  of  tan- 
gency with  the  Euler  curve.  In  Fig.  3156  the  curve  VWX 
is  a  parabola  fulfilling  the  above  mathematical  condition  for 
medium  steel,  with  flat  ends. 

311.  Solid  Wooden  Columns  and  Posts.  Formula  of  U.  S. 
Dept.  of  Agriculture,  Division  of  Forestry. — This  formula  was 
derived  by  Johnson  from  the  results  of  experiments  conducted 
by  the  Division  of  Forestry  and  applies  to  solid  wooden  columns 
provided  with  "square  ends,"  the  constraint  due  to  which, 
however,  is  not  to  be  considered  as  fully  equivalent  to  that 
of  "fixed  ends."    The  breaking  load  being  denoted  by  Pi, 
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the  sectional  area  by  F,  the  ratio  of  length  I  to  the  "least 
dimension,"  d,  of  the  cross  section,  by  m  (i.e.,  l-i-d=m),  and 
the  unit  crushing  stress  for  the  material  by  C,  the  formula  is 

jm  +  l&m)FC 
^     700  +  15m+m2 ^   ^ 

The  values  of  C  to  be  used  for  different  kinds  of  timber 
are  given  as  follows : 

White  oak  and  Georgia  yellow  pine 5000  lbs.  /in.^ 

Douglas  fir  and  short-leaf  yellow  pine 4500      ' ' 

Red  pine,  spruce,  hemlock,  cypress,  chestnut,  Cali- 
fornia redwood,  and  Cahf  ornia  spruce .......  4000      ' ' 

White  pine  and  cedar 3500      ' ' 

The  fraction  of  Pi  to  be  taken  as  the  safe  load  depends 
on  the  wood  and  the  degree  of  moisture  present,  four  classes 
being  designated  in  this  respect;  from  Class  A  (18  per  cent 
of  moisture;  timber  exposed  to  weather),  to  Class  D  (10  per  cent; 
timber  at  all  times  protected  from  the  weather).  For  yellow 
pine  the  safe  load  should  be  from  0.20Pi  for  Class  A  to  0.31Pi 
for  Class  D.  For  all  other  timbers,  from  0.20Pi  for  Class  A 
to  0.25Pi  for  Class  D. 

312.  Column  under  Eccentric   Loading. — In  Fig.    322   let   the   load   P   be 

applied  at  i,  at  a  distance  or  "eccentricity"  =c  from  the  center  of  gravity 

[     c     \  A  oi  the  upper  base  of  the  column,  the  reaction  at 

^1  I  the   other  end    (at  k)   having   an   equal   eccentricity 

"K         yl  i  from  B;    the  ends  of  the  column  being  free  to  turn. 

I      jj/ 1  (In  an  extreme  case  Ai  and  Bk  might  be  brackets 

I       /   ]         "''  fastened  to  the  ends  of  the  column.) 

I      /     j  .4 OB  is  the  elastic  curve,  or  bent  condition  of  the 

i      I  (J  I  I  ^  axis  of  the  column,   originally  straight.     With  O  as 

f  "6T"  I  I  origin,  any  point  n  in  the  elastic  curve  has  a.  vertical 

I      I      i  I  co-ordinate  x  and   a  horizontal    co-ordinate    y.     The 

I       \     !  !  unknown  lateral  deflection  of  the  point  O  from  AB 

I        \  I  I  is  a.     With  n  cs  any  point  in  the  elastic  curve,  and 

1         V \  nAi  as  free  body,  we  have  for  the  moment  of  the 

B|  I  stress  couple  in  section  at  n  EI[d''y^dx^]  =  P(c  +  a  —  xj); 

W-—^^  which  is  seen  to  differ  from  eq.  (1)  of  p.  302  only  in 

I  having  the  constant  c-fa  in  place  of  the  constant  ». 

Fig.  322.  Wg  may  therefore  use  eq.  (6)  of  p.  363  for  the  present 

case,  after  replacing  ahy  c  +  a;  and  hence,  denoting  VP  —  EI  by  6,  remem- 
bering that  vers.  sin.  =  l-cos,  we  may  write,  as  the  equation  to  the  elastic 

curve,  !/=(c-l-a)[l-cos  (6i)] (1) 

For  x  =  il,  y  should  — the  deflection  a;    on  substituting  which  values  in 
(1)  there  results  finally 
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(3) 


o=c   sec  ("gj—l        .     .     (2);       and       c+o=c-sec  f -^ ) .     . 

Hence  the  moment  of  the  stress  couple  at  O  is  M f,=P{c  + a)  =  Pc- Bee  i-^) 
and  the  unit  stress  in  outer  fibre  on  concave  side  at  0  is 


_  P     iW>_  P     Pec  sec(iM) 

^    f'^  I      f'^        I 


(4) 


(In  this  case  of  eccentric  loading,  then,  the  deflection  o  is  not  indeter- 
minate as  was  the  case  in  deriving  Euler's  formula  on  p.  363.  Note  that 
ibl  is  an  angle  in  radians.) 

Example.— Let  the  value  of  P  be  10,000  lbs.,  the  length  of  the  colurtin 
be  J=20  ft.  =  240  in.,  and  the  cross-section  be' a  square  cell  [see  Fig.  317  (&)] 
4  inches  being  the  side  of  the  outer  square ;  areai^  =  7in.'  and /=  14.58  in.*  Let 
the  eccentricity  be  c  =  2  in.,  each  force  P  being  applied  in  the  middle  of  a  side 
of  the  4  in.  square.  Let  £  =  30,000,000  Ibs./in.^;  material,  medium  steel. 
With  this  position  of  the  force  plane,  e=2  in. 


Here  we  have  ^bl  =  ^(i/- 


10,000 


-)  X  240  =  0.5736  radians,  corre- 


30,000,000X14.58/ 

sponding  to   32°  52',    whose   seo.  =  1.190;    and   therefore  a  =  2X(1.190-I) 

=  0.380  in.,  and  Af„=10,OOOX2X  1.190  =  23,800  m.-lbs.     Finally 

10,000     23,800X2 

p=— i  —  +  — ^ =1430  +  3265  =  4695  Ibs./in.^ 

'^         7  14.58 

With  P= 20,000  lbs.,  we  should  obtain  J6J= 0.811  radians  (46°  300, 
0=0.906  in.,  Af„  =  57,120  in.-lbs.,  and  p  =  2860  +  7835=  10,695  Ibs./in.' 

This  latter  unit  stress  is  seen  to  be  only  moderate  in  value  for  the  mate- 
ria], leading  to  the  conclusion  that  20,000  lbs.  for  P  is  a  safe  load;  but  on 
account  of  the  possible  original  lack  of  straightness  in  the  column,  and  of 
lack  of  homogeneity,  both  of  which  causes  might  increase  a  and  M^,  it 
would  be  better  to  limit  the  load  to  15,000  lbs.;  considering,  also,  the  fact 
that  Rankine's  Formula  for  round  ends  (with  a  safety  factor  of  4)  applied 
to  this  column  for  the  case  of  no  eccentricity  would  give  about  22,000  lbs. 
«s  safe  load. 


i      I       W=t«J  I  1 


W \i 


Fig.  322o. 

313.  Beam  or  Column  with  Eccentric  End  Pressures  anil  also  under  Uniform 
Transverse  Loading. — For  example,  in  Fig.  322o  let  .AS  be  the  bent  axis 
of  a  beam,  or  column  (originally  straight),  the  longitudinal  forces  P  and 
P  being  applied  at  an  eccentricity  c  from  A  and  B,  while  there  is  at  the 
B»%e  time  a  vertical   loading  W,   =wl,   uniformly  distributed  along  the 
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whole  length  at  rate  of  w  lbs.  per  running  inch.  The  reactions  of  the  two 
end  supports  will  therefore  be  each  iW.  The  ends  of  the  column  are  free 
to  turn.  It  is  required  to  find  the  deflection  a,  the  moment  M,,  of  the  couple 
at  middle  section  0,  and  the  unit  stress  p  on  the  concave  side  at  O.  Take 
the  free  body  iAn,  n  being  any  point  of  the  elastic  curve  AOB,  with  co- 
ordinates X  and  y  referred  to  the  horizontal  and  vertical  axes  through  O, 
as  an  origin,  as  shown.     Then  the  moment  of  stress  couple  at  n  is 

EI{iPy^dx^)  =  P{c  +  a-y)  +  {\)w{V-ix'')      ....     (5) 

Since  {d'y^dx')  is  a  variable,  let  us  denote  i—EI^P){d'y-i-dx^)  by  u, 
as  an  auxiliary  variable;   and  eq.  (5)  will  now  read 

y-u  =  c  +  a  +  [(i)w(V-'ix')]^P (6) 

Differentiating  (6)  twice,  with  respect  to  x,  we  have 

d%    d^u        w       , ,     .       d'u         P        w 

-2- = ;     that  is,     -—=-T;ru+- (7) 

dx'     dx'         P  '     dx'         El        P  ^  ' 

Multiplying  (7)  by  2du,  and  denoting  P-^EI  by  ft'  and  2w-^P  by  h,  we 

have  by  integration,  (dx'  is  a  constant,  x  being  the  independent  variable), 

(duy-^{dxy= —bV  +  hu  +  C,  where  C  is  a,  constant  of  integration;    and 

hence  dx=du-i-{'^C  +  hu—bV),   which  integrates  into 

a;  =  J^-sm-'    ■,         +C' (8) 

where C  is  a  constant.     Transformation  of  (8)  gives 

{Vh'  +  4Vb')  sm[b{x-C')]+h  =  2b'u (9) 

Eliminating  u  by  aid  of  eqs.  (6)  and  (9)  we  have 

2b'y  =  V¥+lUi?'-sia[bix-C')]  +  h  +  2b\c+a)+{iWh(P-4:x')       (10) 

from  which  

2b\dy/dx)  =  bVh^  +  iCb^-cos[b{x-C')]-b''hx  .  .  .  (11) 
To  determine  the  three  constants  C,  C,  and  a,  we  now  make  use  of  the 
facts  that  in  (10)  when  x  =  0,  y  also  =0,  and  for  x=il,  y  =  a;  and  that  in 
(11)  for  x=0,  dy/dx,  must  =0.  The  three  equations  thus  obtained,  con- 
taining constants  only,  enable  us  to  determine  C,  C,  and  o,  and  insert  their 
values  in  (10) ;  thus  giving  us  as  the  equation  to  the  elastic  curve  AOB,_ 


y  = 


as  also  the  value  of  the  deflection 

a=[c+{h^2b^)ls&a{hU)-V\-{^)hV       ....     (13) 
To  find  the  moment  of  stress  couple,  M,,,  at  0,  we  have  now  only  to  sub- 
stitute x  =  0  and  y  =  Q  in  eq.  (5),  and  for  a  its  value  from  (13);   and  thus 
obtain 

With  F  as  the  sectional  area  of  the  cross-section  of  the  (prismatic)  column 
(or  beam,  as  it  might  also  be  called  in  this  connection),  and  e  ai  the  dis- 
tance of  the  outer  fibre  from  the  gravity  axis  of  the  section,  we  rujw  have 
for  p,  the  stress  in  outer  fibre  on  concave  side  at  0, 

p  ,  ^r„e 

p=i?+- ;- (isi 


M, 
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Since  b  and  h  denote  'VP^EI  and  2w-i-P,  respectively,   it  is  seen 

that  when  w  is  zero,  h  is  zero  and  eq.  (13)  reduces  to  eq.  (2)  of  the 

previous  article.     Again,  if  the  two  forces  P  are  central,  i.e.,  applied  at 

A  and  B,  we  put  c=0;   in  which  case  an  approximate  result  may  be 

reached  by  writing  for  the  deflection  a  the  value  it  would  have  if  the 

5     WP 
end  forces  P  were  not  present,  i.e.,  ^^-  -^j,  as  due  to  the  uniform  load 

W  alone  (see  p.  260).     On  this  basis  the  value  of  M^  is  Pa+  {\)Wl. 

(In  case  the  vertical  load  on  the  beam  or  column  in  Fig.  322o  is  a 
sisgle  load  Q  concentrated  in  the  middle  at  0,  a  treatment  similar  to 
the  foregoing  may  be  applied,  but  is  somewhat  more  complicated.  For 
details  of  such  a  case  the  reader  is  referred  to  Micanique  Appliqii6e, 
by  Bresse,  Tome  I.  p.  384.) 

314.  Buckling  of  Web-Plates  in  Built  Girders. — In  §257  men- 
tion was  made  of  the  fact  that  very  high  web  plates  in 
built  beams,  such  as  /  beams  and  box-girders,  might  need 
to  be  stiffened  by  riveting  "  angles  "  on  the  sides  of  the  web. 
(The  girders  here  spoken  of  are  horizontal  ones,  such  as 
might  be  used  for  carrying  a  railroad  over  a  short  sjvan  of 
20  to  50  feet. 

An  approximate  method  of  determining  whether  such 
stiffening  is  needed  to  prevent  lateral  buckling  of  the  web 
may  be  based  upon  Eankine's  formula  for  a  long  column 
and  will  now  be  given. 

In  Fig.  323  we  have,  free,  a  portion  of  a  bent  I-beamj 
between  two  vertical  sections  at  a  distance  apart=  hi  = 
the  height  of  the  web.  In  such  a  beam  under  forces  L  to 
its  axis  it  has  been  proved  (§256)  that  we  may  consider 
the  web  to  sustain  all  the  shear,  J,  at  any  section,  and  the 
flanges  to  take  all  the  tension  and  compression,  which 
form  the  "stress-couple"  of  the  section.  These  couples 
and  the  two  shears  are  shown  in  Fig.  323,  for  the  two 
exposed  sections.  There  is  supposed  to  be  no  load  on  this 
portion  of  the  beam,  hence  the  shears  at  the  two  ends  are 


A 
\ 

I 

J 

no.  823. 


R,      D  J 

FlQ.   324. 
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eqaaL  Now  tlie  shear  acting  between  each  flange  and  the 
iorizontal  edge  of  the  web  is  equal  in  intensity  per  square 
inch  to  that  in  the  vertical  edge  of  the  web  ;  hence  if  the 
web  alone,  of  Fig.  323,  is-  shown  as  a  free  body  in  Fig.  324, 
we  must  insert  two  horizontal  forces  =  J,  in  opposita 
directions,  on  its  upper  and  lower  edge^.  Each  of  theaa 
■=  J  since  we  have  taken  a  horizontal  length  \  =•  height 
of  web.  In  this  figure,  324,  we  notice  that  the  effect  of 
the  acting  forces  is  to  lengthen  the  diagonal  BD  anu 
shorten  the  diagonal  AG,  both  of  those  diagonals  making 
an  angle  of  45°  with  the  horizontal. 

Let  us  now  consider  this  buckling  tendency  along  A  C, 
by  treating  as  free  the  strip  ^C,  of  small  width  =  \.  This 
is  shown  in  Fig.  325.  The  only  forc^  acting  in  the  direc- 
tion of  its  length  ^C7are  the  components  along  AC  oi  the 
four  forces  J'  at  the  extremities.  We  may  therefore  treat 
the  strip  as  a  long  column  of  a  length  I  =  Jh  V2,  of  a  sec- 
tional area  F  =  &&i,  (where  h  is  the  thickness  of  the  web 
plate),  with  a  value  of  F  =  y,2  b^  (see  §  307),  and  with 
fixed   (or  flat)  ends.     Now  the   sum  of  the   longitudinal 

components   of  the  two  J'.'s   at  A   ik   Q   =  2   J'   j^    •v/2 

=  J'  V2;  but  i/' itself  —  jj-  b  yi  W  \'%  since  the  small 

lectangle  on  which  J'  acts  has  an  area  =  6  J^  ft,  V2,  and 
ihe  shearing  stress  on  it  has  an  intensity  of  (J  -r-  bh^)  per 
unit  of  area.  Hence  the  longitudinal  force  at  each  end  of 
this  long  column  is 

^-r/ (1) 

According  to  eq.  (4)  and  the  table  in  §  305,  the  safe  load 
(factor  of  safety =4)  for  a  medium  steel  column  of  this  form, 
with  flat  ends,  would  be  (pound  and  inch) 

„  J6J)i50,000  12,5006&i 


■"^  36,000    1/1262    ^1,500"  62 


(2) 


If,  then,  in  any  particular  locality  of  the  girder  (of  medium 
sted)  we  find  that  Q  is  >Pi,  i.e. 
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.,  J    .  12,500& 

if  Y  IS  > 7 r-^  (pound  and  inch).      .     (3) 

then  vertical  stiffeners  will  be  required  laterally. 

When  these  are  required,  they  are  generally  placed  at  inter- 
vals equal  to  /ii,  (the  depth  of  web),  along  that  part  of  the 
girder  where  Q  is  >Pi. 

Example  Fig.  326.— Will  stiffening  pieces  be  required  in 
a  plate  girder  of  20  feet  span,  bearing  a  uniform  load  of 
40  tons,  and  having  a  web  24  in.  deep 
and  f  in.  thick?  ^^. M 

From    §  242    we    know   that   the    \ ^o^-_j         /     pi 

greatest  shear,  .7  max.,  is  close  to  "^      *"""" 

either  pier,  and  hence  we  investigate 
that  part  of  the  girder  first. 

J  max.  =  |TF=20  tons  =  40,000  lbs. 

.•.  (inch  and  lb.),  see  (3),  Fig.  326. 

/_  40,000     _.._  .^^ 


while,  see  (3),  (inch  and  pound), 
12,500  Xf 


1       242 

1  +  . 


=  1270 (5) 


1,500  •  (1)2 

which  is  less  than  1666.66. 

Hence  stiffening  pieces  will  be  needed  near  the  extremities 
of  the  girder.  Also,  since  the  shear  for  this  case  of  loading 
diminishes  uniformly  toward  zero  at  the  middle  they  will 
be  needed  from  each  end  up  to  a  distance  of  j||5  of  10  ft. 
from  the  middle. 
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CHAPTEK  Vn. 


IJIOL4K  ARCHES  (OF  BliOCKWOBK), 


815.  A  Blockwork  Arch  is  a  structure,  spanning  an  opening 
or  gap,  depending,  for  stability,  upon  tlie  resistance  to 
compresssion  of  its  blocks,  or  voussoirs,  the  material  of 
which,  such  as  stone  or  brick,  is  not  suitable  for  sustain- 
ing a  tensile  strain.  Above  the  voussoirs  is  usually 
placed  a  load  of  some  character,  (e.q.  a  roadway,)  whose 
pressure  upon  the  voussoirs  will  be  considered  as  vertical, 
only.  This  condition  is  not  fully  realized  in  practice, 
unless  the  load  is  of  cut  stone,  with  vertical  and  horizontal 
joints  resting  upon  voussoirs  of  corresponding  shape  (see 
Fig.  327),  but  sufficiently  so  to  warrant 
its  assumption  in  theory.  Symmetry 
of  form  about  a  vertical  axis  will  also 
'  be  assumed  in  the  following  treatment. 


316.  linear  Arches. — For  purposes  of 
theoretical  discussion  the  voussoirs  of 
Fig.  327  may  be  considered  to  become 
F,o  327  infinitely  small  and  infinite  in  number, 

thus  forming  a  "  linear  arch,"  while  retaining  the  same 
shapes,  their  depth  ~]  to  the  face  being  assumed  constant 
that  it  may  not  appear  in  the  formulae.  The  joints 
between  them  are  ~\  to  the  curve  of  the  arch,  i.e.,  adjacent 
voussoirs  can  exert  pressure  on  each  other  only  in  the 
direction  of  the  tangent-line  to  that  ci;rve. 
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317.  Inverted  Catenary,  or  Linear  Arch  SBstaining  its  Own 
Weight  Alone. — Suppose  the  infinitely  stnall  voussoirs  to 
have  weight,  uniformly  distributed  aloug-the  curve,  weigh- 
ing q  lbs.  per  running  linear  unit.  The  equilibrium  of 
such  a  structure,  Fig.  328,  is  of  course  unstable  but  theo- 
retically possible.  Required  the  form  of  the  curve  when 
equilibrium  exists.  The  conditions  of  equilibriiun  are, 
obviously  :  1st.  The  thrust  or  mutual  pressure  T  between 
any  two  adjacent  voussoirs  at  any  point.  A,  of  the  curve 
must  be  tangent  to  the  curve  ;  and  2ndly,  considering  a 
portion  BA  as  a  free  body,  the  resultant  of  H^  the  pres- 


FiG.  329. 


Fig.  330. 


S/ure  at  B  the  crown,  and  jPat  A,  must  balance  R  the  re- 
sultant of  the  II  vertical  forces  (i.e.,weights  of  the  elementary 
voussoirs)  acting  between  B  and  A. 

But  the  conditions  of  equilibrium  of  a  flexible,  inexten- 
F.ible  and  uniformly  loaded  cord  or  chain  are  the  very 
wame  (weights  uniform  along  the  curve)  the  forces  being 
reversed  in.  direction.  Fig.  329.  Instead  of  compression 
we  have  tension,  while  the  II  vertical  forces  act  toward  in- 
stead of  away  from,  the  axis  X.  Hence  the  curve  of  equi- 
librium of  Fig.  328  is  an  inverted  catenary  (see  §  48)  whose 
equation  is 


y+c=y2C 


e  -j-  e 


•] 


(1) 


See  Fig.  330.  e  =  2.71828  the  Naperian  Base.  The  "par- 
ameter "  c  may  be  determined  by  putting  x  =  a,  the  half 
span,  and  y=  0  Y,  the  rise,  then  solving  for  c  by  successive 
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approximations.  The  " horizontal  thrust"  or  H^,  is  =  qc, 
while  if  s  =  length  of  arch  OA,  along  the  curve,  the  thrust 
T  at  any  point  A  is 


T^VHo^+q^s^ (2.) 

From  the  foregoing  it  may  be  inferred  that  a  series  of  vou*- 

Boirs  of  ^finite  dimensions,   arranged 

so  ae  to  contain  the  catenary  curve, 

with  joints  ~|  to  that  curve  and  of 

equal  weights  for  equal  lengths  of 

are  will    be    in    equilibrium,    and 

moreover  in   stable   equilibrium  on 

account  of  friction,  and  the   finite 

width  of  the  joints ;  see  Fig.  331. 


FIG.  331. 


318.  Linear  Arches  under  Given  Loading. — The  linear  arches 
to  be  considered  further  will  be  treated  as  without  weight 
themselves  but  as  bearing  vertically  pressing  loads  (each 
voussoir  its  own). 

Problem. — Given  the  form  of  the  linear  arch,  itself,  it  is 
required  to  find  the  law  of  vertical  depth  of  loading  under 
which  the  igiven  linear  arch  will  be  in  equilibrium.  Fig. 
382,  given  the  curve  ABC,  i.e.,  the  linear  arch  itself,  re- 
quired the  form  of  the  curve  MON,  or  upper  limit  of  load- 
ing, such  that  the  linear  arch  ABC  shall  be  in  equilibrium 
under  the  loads  lying  between  the  two  curves.  The  load- 
ing is  supposed  homogeneous  and  of  constant  depth  ~\  to 
paper ;  so  that  the  ordinates  z  between  the  two  curves  are 
proportional  to  the  load  per  horizontal  linear  unit.  Assume 
a  height  of  load  z^  at  the  crown,  at  pleasure ;  then  required 
the  2  of  any  point  m  as  a  function  of  Zq  and  the  curve 
ABC. 


Fi8.  382. 


Fio.  833. 
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Practical  Solution. — Since  a  linear  arch  under  vertical 
pressures  is  nothing  more  than  the  inversion  of  the  curve 
assumed  by  a  cord  loaded  in  the  same  way,  this  problem 
might  be  solved  mechanically  by  experimenting  with  a 
light  cord,  Fig.  33.3,  to  which  are  hung  other  heavy  cords, 
or  bars  of  uniform  weight  per  unit  length,  and  at  equal 
horizontal  distances  apart  ivhen  in  equilibrium.  By  varying 
the  lengths  of  the  bars,  and  their  points  of  attachment,  we 
may  finally  find  the  curve  sought,  MON.  (See  also  §  343.) 

Analytical  Solution. — Consider  the  structure  in  Fig.  334 
A  number  of  rods  of  finite  length,  in  the  same  plane,  are  in 
equilibrium,  bearing  the  weights  P,  Pj,  etc.,  at  the  con- 


Fia.  334. 


Fio.  33.-) 


necting  joints,  each  piece  exerting  a  thrust  T  against  the 
adjacent  joint.  The  joint  A,  (the  "  pin  "  of  the  hinge),  im- 
agined separated  from  the  contiguous  rods  and  hence  free, 
is  held  in  equilibrium  by  the  vertical  force  P  (a  load)  and 
the  two  thrusts  T  and  T',  making  angles  =  0  and  6'  with 
the  vertical ;  Fig.  335  shows  the  joint  A  free.  From  2'(hor' 
izontal  comp8.)=0,  we  have. 

r  sin  (9=2"  sin  ^'. 

That  is,  the  horizontal  component  of  the  thrust  in  any  rod 
is  the  same  for  all ;  call  it  iZ^.     .•. 


T= 


'_    H„ 


sin  t) 


(1) 
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Now  draw  a  line  As  1  to  T'  and  write  I  ( compons.  j  to 
As)=^0;  whence  F  sin  d'=TBin  /3,  and  [see  (1)] 


•  p  -    -B"o  sin  ^ 

sin  d  sin  d' 


(2) 


Let  the  rods  of  Fig.  334  become  infinitely  small  and  infi- 
nite in  number  and  the  load  continuous.  The  length  of 
each  rod  becomes  —ds  an  element  of  the  linear  arch.  ^  is 
the  angle  between  two  consecutiTe  ds's,  9  is  the  angle  be- 
tween the  tangent  line  and  the  vertical,  while  F  becomes 
the  load  resting  on  a  single  dx,  or  horizontal  distance  be- 
tween the  middles  of  the  two  ds's.  That  is,  Fig.  336,  if 
Y=  weight  of  a  cubic  unit  of  the 
loading,  P=xzdx.  (The  lamina  of 
arch  and  load  considered  is  unity, 
~|  to  paper,  in  thickness.)  Ha=3b 
constant  =  thrust  at  crown  0 ; 
6=6',  and  sin  ^=ds-r-p,  (since  the- 
angle  between  two  consecutive  tan- 
gents is  =  that  between  two  con- 
secutive radii  of  curvature).  Hence 
«-q.  (2)  becomes 


)'zdx- 


H„ds 
pBis?  d 


but  dx=ds  sin  6, 


Fie.  S36. 


.'.fZ- 


H„ 


p  sa^6 


(3) 


Call  the  radius  of  curvature  at  the  crown  pa,  and  since 
there  Ji=«o  and  ^^90°,  (3)  gives  ;-Zo/>o=-2i);  hence  (3)  may 
be  written 


z- 


sin^l? 


(4) 


This  is  the  law  of  vertical  depth  of  loading  required.  For 

a  point  of  the  linear  arch  where  the  tangent  line  is  verti- 
cal, sin  ^=0  and  z  would  =  oo  ;  i.e.,  the  load  would  be  t«- 
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finitely  high.     Hence,  in  practice,  a  full  semi-circle,  for  in- 
stance, could  not  be  used  as  a  linear  arch. 

319.  Circular  Are  as  Linear  Arch. — Ks.  an  example  of  the 

preceding  problem  let  us  ap- 
ply eq.  (4)  to  a  circular  arc, 
Fig.  337,  as  a  linear  arch. 
Since  for  a  circle  p  is  con- 
stant   =  r,   eq.  (4)  reduces 


to 


8= 


sin'tf 


(5) 


Hence  the  depth  of  loading 
must  vary  inversely  as  the  cube  of  the  sine  of  the  angle  d 
made  by  the  tangent  line  (of  the  linear  arch)  with  the  ver- 
tical. 

To  find  the  depth  z  by  construction.— Having  z„  given,  0 
being  the  centre  of  the  arch,  prolong  Ca  and  make  ah  — 
t^, ;  at  6  draw  a  "]  to  Cb,  intersecting  the  vertical  through  a 
it  some  point  d;  draw  the  horizontal  do  to  meet  Ca  at 
liiome  point  c.  Again,  draw  ce  ~|  to  Cc,  meeting  ad  in  e ; 
I  hen  ae  =:  z  required  ;  a  being  any  point  of  the  linear  arch. 
For,  from  the  similar  right  triangles  involved,  we  have 

Za=ab=aa  sin  0—ac  sin  6.  sin  d=ae  sin  d  sin  6  sin  d 


ae=-^\-^;  i.e.,ae=z.  Q.B.I). 

sm'^  [see  (5.)] 


320.  Parabola  as  Linear  Arch. — To  apply  eq.  4  §  318  to  a 
parabola  (axis  vertical)  as  linear  arch,  we  must  find  values 
of  p  and  Pa  the  radii  of  curvature  at  any  point  and  the 
erown  respectively.     That  is,  in  the  general  formula, 

3 

dx 


^=Nl)f- 


we  must  substitute  the  forms  for  the  first  and  second  dif- 
ferentia]  co-efficients,  derived  from  the   equation  of   the 
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Fie.  338. 


Fig.  339. 


curve  (parabola)  in  Fig.  338,  i.e.  from  oe'  =  2 py;  whence 
we  obtain 


-^,or  cot  0,- 
dx 


-and-j-§-: 
p        ax' 


^1 

P 


Hence  p  —  '>'^ '-=  p  cosec.^f),  i.e.  p  =JP. 

1-i-p  sii 


sin'^ 


(6) 


At  the  vertex  d  =  90°  .*.  p„  =  p.  Hence  by  substituting 
for  p  and  pa  in  eq.  (4)  of  §  318  we  obtain 

a=«o=  constant  [Fig.  339 1 (7) 

for  a  parabolic  linear  arcli.  Therefore  the  depth  of  homo- 
geneous loading  must  be  the  same  at  all  points  as  at  the 
crown  ;  i.e.,  the  load  is  uniformly  distributed  with  respect 
to  the  horizontal.  This  result  might  have  been  antici- 
pated from  the  fact  that  a  cord  assumes  the  parabolic 
form  when  its  load  (as  approximately  true  for  suspension 
bridges)  is  uniformly  distributed  horizontally.  See  §  46 
in  Statics  and  Kinetics. 


321.  Linear  Arch  for  a  Given  Upper  Contour  of  Loading,  the 
arch  itself  being  the  unknown  lower  contour.  Given  the 
upper  curve  or  limit  of  load  and  the  depth  z^  at  crown,  re- 
quired the  form  of  linear  arch  which  will  be  in  equili- 
brium under  the  homogenous  load  between  itself  and  that 
upper  curve.  In  Fig.  340  let  MON  be  the  given  upper 
contour  of  load,  z„  "is  given  or  assumed,  a'  and  z"  are  ^he 
respective  ordinates  of  the  two  curves  5^ C  and  MON, 
Required  the  cijuation  of  BAC. 
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Fig.  340. 


Fig.  341. 


As  before,  the  loading  is  homogenous,  so  that  the 
weights  of  any  portions  of  it  are  proportional  to  the 
corresponding  areas  between  the  curves.  (Unity  thick- 
ness "1  to  paper.)  Now,  Fig.  341,  regard  two  consecutive 
ds's  of  the  linear  arch  as  two  links  or  consecutive  blocks 
bearing  at  their  junction  m  the  load  dP  =■)-  (z  +  z")  dx  in 
which  y  denotes  the  heaviness,  or  weight  of  a  cubic  unit  of 
the  loading.  If  T  and  T'  are  the  thrusts  exerted  on  these 
two  blocks  by  their  neighbors  (here  supposed  removed) 
we  have  the  three  forces  dP,  T  and  T',  forming  a  system 
in  equilibrium.     Hence  from  EX  =0, 


T  cos  <p  —  T'  coe  q>' 


and 


SY=0  gives  T'  sin  ip'—  T  sin  f  =  dP 


(1) 

(2) 


From  (1)  it'  appears  that  T  cos  <p  is  constant  at  all  points 
of  the  linear  arch  (just  as  we  found  in  §  318)  and  hence 
=  the  thrust  at  the  crown,  =  H,  whence  we  may  write 

T=H -^  CO&  f  ajidi  T  =H  ^  COS  (p'     ...    (3) 

Substituting  from  (3)  in  (2)  we  obtain 

H  (tan  f'  —  tan  <p)—dP (4) 

But  tan  ip  =  -.=—  and  tan  w'  =  — ^— — ,  (dx  constant) 
dx  ^  dx 

while  dP  =  7"  (a'  +  z")  dx.     Hence,  putting  for  convenience 

H  =  ya",  (where  a   =  side  of  an  imaginary  square  of  the 
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loading,  whose  thickness  =  unity  and  whose  weight  =  S) 
we  haye. 

^'=J,(a'+«")       (5) 

as  a  relation  holding  good  for  any  point  of  the  linear  arch 
which  is  to  be  in  equilibrium  under  the  load  included 
between  itself  and  the  given  curve  whose  ordinates  are  z". 
Fig.  340. 

322.  Example  of  Preceding.  Upper  Contour  a  Straight  Line.— 
Fig.  342.  Let  the  upper  contour  be  a  right  line  and  hor- 
izontal ;  then  the  a"  of  eq.  5  becomes  zero  at  all  points  of 
ON.    Hence  drop  the  accent  of  a'  in  eq.  (5)  and  we  have 

ePz  _K 


.Multiplying  which  by  dz  we  obtain 

dz  d'z     1   J 


da^ 


(6) 


This  being  true  of  the  z,  dz,  d'z  and  dx  of  each  element  of 
ihe  curve  O'B  whose  equation  is  desired,  conceive  it  writ- 
ien  out  for  each  element  between  0'  and  any  point  m,  and 
]»ut  the  sum  of  the  left-hand  members  of  these  equations 
■  =  to  that  of  the  right-hand  members,  remembering  that 
tf  and  dx''  are  the  same  for  each  element.     This  gives 


±   f"d.d^z=l,    fzdz;  i.e..i-,^=lr^_fl 

.    .    .    (7.) 


(f) 
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Fig.  342.  Pig  343 

Integrating  (7.)  between  0'  and  any  point  m 


J', 


t  =''[:'°«-(i+^(i)-o 


[r+ 


/; 


i.e..  x=a  log.,    |l+y/iy_l  1; 


(8)' 

(8.) 


or  «=  life" +e»1=2o  cosh  f-j;    (see  p.  48).       .         .     (9.) 

This  curve  is  called  the  transformed  catenary  since  we  may 
obtain  it  from  a  common  catenary  by  altering  all  the  ordi- 
nates  of  the  latter  in  a  constant  ratio,  just  as  an  ellipse 
may  be  obtained  from  a  circle.  If  in  eq.  (9)  a  were  =  z^ 
the  curve  would  be  a  common  catenary. 

Supposing  «|j  and  the  co-ordinates  a;;  and  z-^  of  the  point 
B  (abutment)  given,  we  may  compute  a  from  eq.  8  by  put- 
ting X  =Xi  and  z  =  «„  and  solving  for  a.  Then  the  crown- 
thrust  H  =  ya^  becomes  known,  and  a  can  be  used  in  eqs. 
(8)  or  (9)  to  plot  points  in  the  curve  or  linear  arch.  From 
eq.  (9)  we  have 

Fig.  343. 

Call  this  area,  A.  As  for  the  thrusts  at  the  different 
joints  of  the  linear  arch,  see  Fig.  343,  we  have  crown- 
thrust  =H.  =  yc?  .  .  ,  ;  .  .  •  (11) 
and  at  any  joint  m  the  thrust 

T=^H-'\{jAy  =rVa^^'         ....         (12) 
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323.  Remarks. — The  foregoing  results  may  be  utilized 
with  arches  of  finite  dimensions  by  making  the  arch-ring 
contain  the  imaginary  linear  arch,  and  the  joints  "I  to  the 
curve  of  the  same.  Questions  of  friction  and  the  resist- 
ance of  the  material  of  the  voussoirs  are  reserved  for  a 
succeeding  chapter,  (§  344)  in  which  will  be  advanced  i» 
more  practical  theory  dealing  with  approximate  linear 
arches  or  "  equilibrium  polygons "  as  they  will  then  be 
called.  Still,  a  study  of  exact  linear  arches  ip  valuable  on 
many  accounts.  By  inverting  the  linear  arches  so  far  pre" 
sented  we  have  the  forms  assumed  by  flexible  and  iuexten- 
sible  cords  loaded  in.  the  same  way- 
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324.  Definition. — In  many  respects  graphical  processes 
have  d,uvantages  over  the  purely  analytical,  which  recom- 
mend their  use  in  many  problems  where  celerity  is  desired 
without  refined  accuracy.  One  of  these  advantages  is  that 
gross  errors  are  more  easily  detected,  and  another  that 
the  relations  of  the  forces,  distances,  etc.,  are  made  so 
apparent  to  the  eye,  in  the  drawing,  that  the  general  effect 
of  a  given  change  in  the  data  can  readily  be  predicted  at 
a  glance. 

GraphicE|,l  Statics  its  the  system  of  geometrical  construc- 
tions by  which  problems  in  Statics  may  be  solved  by 
the  use  of  drafting  instruments,  forces  as  well  as  distances 
being  represented  in  amount  and  direction  by  lines  on  the 
paper,  of  proper  length  and  position,  according  to  arbi- 
trary scales  ;  so  miany  feet  of  distance  to  the  linear  inch  of 
paper,  for  example,  for  distances ;  and  so  many  pounds  or 
tons  to  the  linear  inch  of  paper  for  forces. 

Of  course  results  should  be  interpreted  by  the  same 
scale  as  that  used  for  the  data.  The  parallelogram  of 
forces  is  the  basis  of  all  constructions  for  combining  and 
resolving  forces. 

326.  Force  Polygons  and  Concurrent  Forces  in  a  Plane. — ^If  a 
material  point  is  in  equilibrium  under  three  forces  P,  P, 
P,  (in  the  same  plane  of  course)  Fig.  344,  any  one  of  them, 
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as  Pi,  must  be  equal  and  opposite  to  R  the  resultant  of 
the  other  two  (diagonal  of  their  parallelogram).  If  now 
we  lay  ofif  to  some  convenient  scale  a  line  in  Fig.  345  — 
Pi  and  II  to  Pi  in  Fig.  344  ;   and  then  from  the  pointed  end 

of  Pi  a  line  equal  aud  ||  to  P^  and 
laid  off  pointing  the  same  loay,  we 
-lote  that  the  line  remaining  to 
p  close  the  triangle  in  Fig.  345  must 
be  =  and  ||  to  P3,  since  that  tri- 
^  angle  is  nothing  more  than  the 
left-hand  half-parallelogram  of 
FiQ.  345.  Fig.  344.  Also,  in  345,  to  dose 
the  triangle  properly  the  directions  of  the  arrows  must 
be  continuous  Point  to  Butt,  round  the  periphery.  Fig. 
345  is  called  a  force  polygor ;  of  three  sides  only  in  this 
case.  By  means  of  it,  given  any  two  of  the  three  forces 
which  hold  the  point  in  equilibrium,  the  third  can  be 
found,  being  equal  and  ||  to  the  side  necessary  to  "  close  " 
the  force  polygon. 

Similarly,  if  a  number  of  forces  in  a  plane  hold  a  mate- 
rial point  in  equilibrium,  Fig.  346,  their  force  polygon. 


F1G.344. 


Fig.  346. 


Fie.  347. 


Fig.  347,  must  close,  whatever  be  the  order  in  which  its 
sides  are  drawn.  For,  if  we  combine  Pi  and  Pj  into  a  re- 
sultant Oa,  Fig.  346,  then  this  resultant  with  P3  to  form  a 
resultant  Oh,  and  so  on ;  we  find  the  resultant  of  Pi,  Pj,  P^ 
and  Pi  to  be  Oc,  and  if  a  fifth  force  is  to  produce  equilib- 
rium it  must  be  equal  and  opposite  to  Oc,  and  would  close 
the  polygon  OdabcO,  in  which  the  sides  are  equal  and  par- 
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allel  respectively  to  the  forces  mentioned.  To  utilize  this 
fact  we  can  dispense  with  all  parts  of  the  parallelograms  in 
Fig.  346  except  the  sides  mentioned,  and  then  proceed  as 
follows  in  Fig.  347  : 

If  Pg  is  the  unknown  force  which  is  to  balance  the  other 
four  (i.e,  is  their  anti-resultant),  we  draw  the  sides  of  the 
force  polygon  from  A  round  to  B,  making  each  line  paral- 
lel and  equal  to  the  proper  'force  and  pointing  the  same 
way ;  then  the  line  BA  represents  the  required  P^  in 
amount  and  direction,  since  the  arrow  BA  must  follow 
the  continuity  of  the  others  (point  to  butt). 

If  the  arrow  BA  were  pointed  at  the  extremity  B,  then 
it  gives,  obviously,  the  amount  and  direction  of  the  result- 
ant of  the  four  forces  P^  .  .  .  P^.  The  foregoing  shows 
that  if  a  system  of  Concurrent  Forces  in  a  Plane  is  in  equi- 
librium, its  force  polygon  must  close. 


326.  Non-Concurrent  Forces  in  a  Plane. — Given  a  system  of 
non-concurrent  forces  m  a  plane,  acting  on  a  rigid  body, 
required  graphic  means  of  finding  their  resultant  and  anti- 
resultant  ;  also  of  expressing  conditions  of  equilibrium. 
The  resultant  must  be  found  in  amount  and  direction  ;  and 
also  in  position  (i.e.,  its  line  of  action  must  be  determined). 
E.  g..  Fig.  348  shows  a  curved  rigid  beam  fixed  in  a  vise 
at  T,  and  also  under  the  action  of  forces  Pi  Pj  P3  and  P4 
(besides  the  action  of  the  vise);  required  the  resultant  of 

Pi,  P2,P3,  and  P,. 
By  the  ordinary 
parallelogram  of 
forces  we  com- 
bine Pi  and  P2  at 
a,  the  intersection 
of  their  lines  of 
action,  into  a  re- 
sultant i?„ ;  then  R^  with  P,  at  h,  to  form  Pbj  and  finally  R^ 
with  P4  at  c  to  form  P„  which  is  .•.  the  resultant  required, 
i.e.,  of  Pi  .  .  .  .  P4 ;  and  c  .  .  .  P  is  its  line  of  action. 


Fig.  348. 


iOO 
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Fig.  349. 


The  separate  force  triangles  (half-parallelograms)  by 
which  the  successive  partial  resultants  jB„  etc.,  were  found, 
are  again  drawn  in  Fig.  349.     Now  since  R^,  acting  in  the 

line  c.F,  Fig.  348, 
is  the  resultant  of 
Fi .  .  Pi,  it  is  plain 
that  a  force  R^' 
equal  to  R^  and  act- 
ing along  c .  .  i^.but 
in  the  opposite  di- 
rection, would  balance  the  system  Pi. . .  Pi,  (is  their  anti- 
resultant).  That  is,  the  forces  Pi  P^  P^  -P<  and  RJ  would 
form  a  system  in  equilibrium.  The  force  R^'  then,  repre- 
sents the  action  of  the  vise  T  upon  the  beam.  Hence  re- 
place the  vise  by  the  force  i?/  acting  in  the  line . . .  i^ . . .  c  j 
to  do  which  requires  us  to  imagine  a  rigid  prolongation  of 
that  end  of  the  beam,  to  intersect  F . . .  c.  This  is  shown  in 
Fig.  350  where  the  whole  beam  is  free,  in  equilibrium,  under 
the  forces  shown,  and  in  precisely  the  same  state  of  stress, 
part  for  part,  as  in  Fig.  348.  Also,  by  combining  in  one 
force  diagram,  in  Fig.  351,  all  the  force  triangles  of  Fig.  349 
(by  making  their  common  sides  coincide,  and  putting  R/ 
instead  of  R^,  and  dotting  all  forces  other  than  those  of 
Fig.  350),  we  have  a  figure  to  be  interpreted  in  connection 
■with  Fig.  350. 


■^ — m^.•^oat^ 


SPACE  DIAGRAM 
Fio.  350. 


FORCE  DIAGRAM 
Fia.  351. 


Here  we  note,  first,  that  in   the  figure  called  a  force-dia- 
gram,  P1P2P3P4  and  R/  form   a  closed  polygon  and  that 
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their  arrows  follow  a  continuous  order,  point  to  butt, 
around  the  perimeter  ;  which  proves  that  one  condition  of 
equilibrium  of  a  system  of  non-cbncurrent  forces  in  a  plane 
is  that  its  force  polygon  must  close.  Secondly,  note  that  ah 
is  I  to  Oa',  and  &c  to  Ob' ;  hence  if  the  force-diagram  has 
been  drawn  (including  the  rays,  dotted)  in  order  to  deter- 
mine the  amount  and  direction  of  B^',  or  any  other  one  force, 
we  may  then  find  its  line  of  action  in  the  space-diagram,  as 
follows:  (N.  B. — By  space  diagram  is  meant  the  figure  show- 
ing to  a  true  scale  the  form  of  the  rigid  body  and  the  lines 
of  action  of  the  forces  concerned).  Through  a,  the  intersec- 
tion of  P,  and  P-i,  draw  a  line  ||  to  Oa'  to  cut  P^  in  some  point 
b ;  then  through  b  a  line  ||  to  Oh'  to  cut  P^  at  some  point  c;  cF 
drawn  ||  to  Oc'  is  the  required  line  of  action  of  EJ,  the  anti- 
resultant  of  P„  P-i,  Pi,  and  P4. 

ahc  is  called  an  eq[uilibrium  polygon;  this  one  having  but 
two  segments,  ab  and  be  (sometimes  the  lines  of  action  of  Pj 
and  Bj.'  may  conveniently  be  considered  as  segments.)  The 
segments  of  the  equilibrium  polygon  are  parallel  to  the  respect- 
ive rays  of  the  force  diagram. 

Hence  for  the  equilibrium  of  a  system  of  non-concurrent 
forces  in  a  plane  not  only  must  its  force  polygon  close, 
but  also  the  first  and  last  segments  of  the  corre- 
sponding equilibrium  polygon  must  coincide  with 
the  resultants  of  the  first  two  forces,  and  of  the  last 
two  forces,  respectively,  of  the  system.  E.g.,  ah  coin- 
cides with  the  line  of  action  of  the  resultant  of  Pj  and  Pj ,: 
he  with  that  of  P4  and  K'e.  Evidently  the  eqiiil.  polygon 
viU  bo  different  with  each  different  order  of  forces  in 
the  force  polygon  or  different  choice  of  a  pole,  0.  But  if 
the  order  of  forces  be  taken  as  above,  as  they  occur  along 
the  beam,  or  structure,  and  the  pole  taken  at  the  "  hutt "  of 
the  first  force  in  the  force  polygon,  there  will  be  only  one  ; 
(and  this  one  will  be  called  the  special  equilibrium  polygoi 
in  the  chapter  on  arch-ribs,  and  the  "  true  linear  arch  "  in 
dealing  with  the  stone  arch.)  After  the  rays  (dotted  in 
Fig.  351)  have  been  added,  by  joining  the  pole  to  each 


402  AtKCXlAXrCS    of   EXCrNERRIXG. 

vertex  with  which  it  is  not  already  connected,  the  final 
figure  may  be  called  the/orce  diagram. 

It  may  sometimes  be  convenient  to  give  the  name  of 
rays  to  the  two  forces  of  the  force  polygon  which  meet 
at  the  pole,  in  which  case  the  first  and  last  segments  of 
the  corresponding  equil.  polygon  will  coincide  with  the 
lines  of  action  of  those  forces  in  the  space-diagram  (as  we 
may  call  the  representation  of  the  body  or  structure  on 
which  the  forces  act).  This  "  space  diagram  "  shows  the 
real  field  of  action  of  the  forces,  while  the  force  diagram, 
which  may  be  placed  in  any  convenient  position  on  the 
paper,  shows  the  magnitvdes  and  directions  of  the  forces 
acting  in  the  former  diagram,  its  lines  being  interpreted 
on  a  scale  of  so  many  Ihs.  or  tons  to  the  inch  of  paper  ;  in 
the  space-diagram  we  deal  with  a  scale  of  so  many/ee^  to 
the  inch  of  paper. 

We  have  found,  then,  that  if  any  vertex  or  corner  of  the 
closed  force  polygon  be  taken  as  a  pole,  and  rays  drawn 
from  it  to  all  the  other  corners  of  the  polygon,  and  a  cor- 
responding equil.  polygon  drawn  in  the  space  diagram,  the 
first  and  last  segments  of  the  latter  polygon  must  co-incide 
with  the  first  and  last  forces  according  to  the  order 
adopted  (or  with  the  resultants  of  the  first  two  and  last 
two,  if  more  convenient  to  classify  them  thus).  It  remains 
to  utilize  this  principle. 

327.  To  Find  the  Resultant  of  Several  Forces  in  a  Plane. — This 
might  be  done  as  in  §  326,  but  since  frequently  a  given  set 
of  forces  are  parallel,  or  nearly  so,  a  special  method  will 
now  be  given,  of  great  convenience  in  such  cases.  Fig.  352. 

Let  Pi  P.,  and 
P3  be  the  given 
forces  whose 
resultant  is  re- 
quirsd.  Let  us 
first  find  their 
an^^i  ■  ■  resultant, 
or  force  which 
Fig.  362.  Piii.  353.       will        balance 
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them.  This  anti-resultant  may  be  conceived  as  decom- 
posed into  two  components  P  and  P'  one  of  which,  say  P, 
is  arbitrary  in  amount  and  position.  Assuming  P,  then, 
at  convenience,  in  the  space  diagram,  it  is  required  to  find 
P'.  The  five  forces  must  form  a  balanced  system ;  hence 
if  beginning  at  Oi,  Fig.  353,  we  lay  off  a  line  OiA  —  P  hj 
scale,  then  Al  =  and  II  to  P„  and  so  on  (point  to  butt),  the 
line  -SOi  necessary  to  close  the  force  polygon  is  =  P'  re- 
quired. Now  form  the  corresponding  equil.  polygon  in 
the  space  diagram  in  the  usual  way,  viz.:  through  a  the 
intersection  of  P  and  P^  draw  ab  \\  to  the  ray  Oi  .  .  .  1 
(which  connects  the  pole  Oi  with  the  point  of  the  last  force 
mentioned).  From  b,  where  ab  intersects  the  line  of  P^, 
draw  be,  \\  to  the  ray  Oi  .  .  2,  till  it  intersects  the  line  of  P3. 
A  line  mc  drawn  through  c  and  ||  to  the  P'  of  the  force 
diagram  is  the  line  of  action  of  P'. 

Now  the  resultant  of  P  and  P'  is  the  anti-resultant  of 
Pi,  P2  and  Pg;  .•.  d,  the  intersection  of  the  lines  of  P  and 
P',  is  a  point  in  the  line  of  action  of  the  anti-resultant  re- 
quired, while  its  direction  and  magnitude  are  given  by  the 
line  BA  in  the  force  diagram  ;  for  BA  forms  a  closed  poly- 
gon both  with  Pi  P2  P3,  and  with  PP'.  Hence  a  line 
through  d  \\  to  BA,  viz.,  de,  is  the  line  oi  action  of  the  anti- 
resultant  (and  hence  of  the  resultant)' of  Pi,  Pj,  Pg. 

Since,  in  this  construction,  P  is  arbitrary,  we  may  first 
choose  Oi,  arbitrarily,  in  a  convenient  position,  i.e.,  in  such 
a  position  that  by  inspection  the  segments  of  the  result- 
ing equil.  polygon  shall  give  fair  intersections  and  not 
pass  off  the  paper.  If  the  given  forces  are  parallel  the 
device  of  introducing  the  oblique  P  and  P'  is  quite  neces- 
sary. 

328. — The  result  of  this  construction  may  be  stated  as 
follows,  (regarding  Oa  and  cm  as  segments  of  the  equil. 
polygon  as  well  as  ab  and  be):  If  any  two  segments  of  an 
equil.  polygon  be  prolonged,  their  intersection  is  a  point  in 
the  line  of  action  of  the  resvltant  of  those  forces  acting  at 
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the  vertices  intervening  between  the  given  segments.    Here, 
the  resultant  of  Pi  P2  A  acts  through  d. 

329.  Vertical  Reaction  of  Piers,  etc. — Fig.  354.  Given  the 
vertical  forces  or  loads  P,  P^  and  P^  acting  on  a  rigid  body 
(beam,  or  truss)  which  is  supported  by  two  piers  having 
smooth  horizontal  surfaces  (so  that  the  reactions  must  be 
vertical),  required  the  reactions  Fq  ^^^  V„  of  the  piers. 
For  an  instant  suppose   Fp  and   V^  known ;  they  are  in 


FiQ.  354. 

equil.  with  P,  P.^  and  P3.  The  introduction  of  the  equal 
and  opposite  forces  P  and  P'  in  the  same  line  will  not  dis- 
turb the  equilibrium.  Taking  the  seven  forces  in  the 
order  P  V^  Pi  P^  P3  V„  and  P',  a  force  polygon  formed  with 
them  will  close  (see  (h)  in  Fig.  where  the  forces  which 
really  lie  on  the  same  line  are  slightly  separated).  With 
0,  the  butt  of  P,  as  a  pole,  draw  the  rays  of  the  force  dia- 
gram OA,  OB,  etc.  The  corresponding  equil.  polygon 
begins  at  a,  the  intersection  of  P  and  FJ,  in  (a)  (the  space 
diagram),  and  ends  at  n  the  intersection  of  P'  and  F,,. 
Join  an.  Now  since  P  and  P'  act  in  the  same  line,  an 
must  be  that  line  and  must  be  ||  to  P  and  P'  of  the  force 
diagram.  Since  the  amount  and  direction  of  P  and  P'  are 
arbitrary,  the  position  of  the  pole  0  is  arbitrary,  while 
Pj,  P2,  and  P3  are  the  only  forces  known  in  advance  in  the 
force  diagram. 

Hence  PJ,  and  V^  may  be  determined  as  follows :  Lay  ofl 
the  given  loads  P„  Pj,  etc.,  in  the  order  of  their  occur- 
rence in  the  space  diagram,  to  form  a  "  load-line  "  AD 
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(see  (?>.)  Pig.  354)  as  a  beginning  for  a  force-diagram  ;  take 
any  convenient  pole  0,  draw  the  rays  OA,  OB,  00  and 
OD.  Theli  beginning  at  any  convenient  point  a  in  the 
vertical  line  containing  the  unknown  F'n.  draw  ah  \\  to  OA, 
be  i  to  OB,  and  so  on,  until  the  last  segment  (dn  in  this 
case)  cuts  the  vertical  containing  the  unknown  V^  in  some 
point  n.  Join  an  (this  is  sometimes  called  a  closing  line) 
and  draw  a  ||  to  it  through  0,  in  the  force-diagram.  This 
last  line  will  cut  the  "  load-line  "  in  some  point  n',  and 
divide  it  in  two  parts  n'  A  and  Dn',  which  are  respectively 
Vi,  and  Fa  required. 

Corollary. — Evidently,  for  a  given  system  of  loads,  in  given 
vertical  lines  of  action,  and  for  two  given  piers,  or  abut- 
ments, having  smooth  horizontal  suifaces,  the  location  of  the 
point  »'  on  the  load  line  is  independent  of  the  choice,  of  a 
f(Ae. 

Of  course,  in  treating  the  stresses  and  deflection  of  the 
ligid  body  concerned,  P  and  P'  are  left  out  of  account,  as 
being  imaginary  and  serving  only  a  temporary  purpose. 

330.  Application  of  Foregoing  Principles  to  a  Roof  Truss.— 
Mg.  355.  Wi  and  W,,  are  wind  pressures,  Pj  and  P^  are 
loads,  while  the  lemaining  external  forces,  viz.,  the  re- 
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actions,  or  supporting  forces,  Vo,  V^  and  H^,  may  be  f onnd 
by  preceding  §§.  (We  here  suppose  that  the  right  abut- 
ment furnishes  all  the  horizontal  resistance ;  none  at  the 
left). 

Lay  off  the  forces  (known)  W^,  W^,  Pi,  and  P^  in  the 
usual  way,  to  form  a  portion  of  the  closed  force  polygon. 
To  close  the  polygon  it  is  evident  we  need  only  draw  a 
horizontal  through  5  and  limit  it  by  a  vertical  through  1. 
This  determines  H„  but  it  remains  to  determine  n'  the 
point  of  division  between  V^  and  F[,.  Select  a  convenient 
pole  0|,  and  draw  rays  from  it  to  1,  2,  etc.  Assume  a  con- 
venient point  a  in  the  line  of  V„  in  the  space  diagram,  and 
through  it  draw  a  line  ||  to  0{l  to  meet  the  line  of  Wi  in 
some  point  b  ;  then  a  line  ||  to  Oi2  to  meet  the  line  of  W^ 
in  some  point  c ;  then  through  c  |  to  Oi3  to  meet  the  line 
of  Pi  in  some  point  d  ;  then  through  d  ||  to  Oi4  to  meet  the 
line  of  Pa  ill  some  point  e,  (e  is  identical  with  d,  since  P, 
and  P2  are  in  the  same  line) ;  then  ef  ||  to  Oi5  to  meet  Zr„ 
in  some  point/;  then/gr  ||  to  Ofi  to  meet  V^  in  some 
point  q. 

abcdefg  is  an  equilibrium  polygon  corresponding  to  the 
pole  Oi. 

Now  join  ag,  the  "closing-line,"  and  draw  a  ||  to  it 
through  Oi  to  determine  n',  the  required  point  of  division 
between  V^  and  F„  on  the  vertical  1  6.  Hence  Va  and  V^ 
are  now  determined  as  well  as  H^. 

[The  use  of  the  arbitrary  pole  0,  implies  the  temporary 
employment  of  a  pair  of  opposite  and  equal  forces  in  the  line 
a^,  the  amount  of  either  being  =  Oi«']. 

Having  now  all  the  external  forces  acting  on  the  truss, 
and  assuming  that  it  contains  no  "  redundant  parts,"  i.e., 
parts  unnecessary  for  rigidity  of  the  frame-work,  we  proceed 
to  find  the  pulls  and  thrusts  in  the  individual  pieces,  on 
the  following  plan.  The  truss  being  pin-connected,  no 
piece  extending  beyond  a  joint,  and  all  loads  being  con- 
sidered to  act  at  joints,  the  action,  pull  or  thrust,  of  each 
piece  on  the  joint  at  either  extremity  will  be  in  the  direction 
of  the  piece,  i.e.,  in  a  known  direction,  and  the  pin  of  each 
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joint  is  in  equilibrium  under  a  system  of  concurrent  forces 
consisting  of  the  loads  (if  any)  at  the  joint  and  the  pulls 
or  thrusts  exerted  upon  it  by  the  pieces  meeting  there. 
Hencu  we  may  apply  the  principles  of  §  325  to  each  joint 
in  turn.  See  Eig.  356.  In  constructing  and  interpreting 
the  various  force  polygons^,  Mr.  E.  H  Bow's  convenient 
notation  will  be  used ;  this  is  as  follows  :  In  the  space 
diagram  a  capital  letter  [ABC,  etc.]  is  placed  in  each  tri« 
angular  cell  of  the  truss,  and  also  in  each  angular  space  in 
the  outside  outline  of  the  truss  between  the  external  forces 
and  the  adjacent  truss-pieces.  In  this  way  we  can  speak  of 
the  force  Wi  as  the  force  BG,  oi  W2  as  the  force  CE,  the 
stress  in  the  piece  aft  as  the  force  CD,  and  so  on.  That 
is,  the  stress  in  any  one  piece  can  be  named  from  the 
letters  in  the  spaces  bordering  its  two  sides.  Corresponding 
to  -these  capital  letters  in  the  spaces  of  the  space-dia- 
gram, small  letters  will  be  used  at  the  vertices  of  the  closed 
force-polygons  (one  polygon  for  cacti  joint)  in  such  a  way 
that  the  stress  in  the  piece  CD,  for  example,  shall  be  the 
force  cd  of  the  force  polygon  belnuging  to  any  joint  in 
which  that  piece  terminates ;  the  stress  in  the  piece  FO 
by  the  force  fg  in  the  proper  force  polygon,  and  so  on. 

In  Fig.  356  the  whole  truss  is  shown  free,  in  equili- 
brium under  the  external  forces.  To  find  the  pulls  or 
thrusts  (i.e.,  tensions  or  compressions)  in  the  pieces,  con- 
sider that  if  all  but  two  of  the  forces  of  a  closed  force 
polygon  are  known  in  magnitude  and  direction,  while  the 
directions,  only,  of  those  two  are  known,  the  whole  force 
polygon  may  be  drawn,  thus  determining  the  amounts  of 
those  two  forces  by  the  lengths  of  the  corresponding 
sides. 

We  must  .•.  begin  with  a  joint  where  no  more  than  two 
pieces  meet,  as  at  a ;  [call  the  joints  a,  fi,  y,  8,  and  the  cor- 
corresponding  force  polygons  a',  /3'  etc.  Fig.  356.]  Hence 
at  a'  (anywhere  on  the  paper)  make  ab  ||  and  =  (by  scale) 
to  the  known  force  AB  (i.e.,  V„)  pointing  it  at  the  upper  end, 
and  from  this  end  draw  be  =  and  ||  to  the  known  force  BG 
(i.e.,  Wi)  pointing  this  at  the  lower  end. 
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Fig.  356. 


To  close  the  polygon  draw  through  c  a  ||  to  the  piece 
CD,  and  through  a  a  ||  to  AD ;  their  intersection  deter- 
mines d,  and  the  polygon  is  closed.  Since  the  arrows 
must  be  point  to  butt  round  the  periphery,  the  force  with 
which  the  piece  CD  acts  on  the  pin  of  the  joint  a  is  a 
force  of  an  amount  =  al  and  in  a  direction  from  c  toward 
d ;  hence  the  piece  CD  is  in  compression  ;  whereas  the 
action  of  the  piece  DA  upon  the  pin  at  a  is  from  d  toward 
a  (direction  of  arrow)  and  hence  DA  is  in  tension.  Notice 
that  in  constructing  the  force  polygon  a'  a  right-handed 
(or  clock-wise)  rotation  has  been  observed  in  considering 
in  turn  the  spaces  ABC  and  D,  round  the  joint  a.  A 
similar  order  will  be  found  convenient  in  each  of  the  other 
joints. 

Knowing  now  the  stress  in  the  piece  CD,  (as  well  as  in 
DA)  all  but  two  of  the  forces  acting  on  the  pin  at  the  joint 
l3  are  known,  and  accordingly  we  begin  a  force  polygon,  yS', 
for  that  joint  by  drawing  dc,=  and  ||  to  the  do  of  polygon 
a',  hut  pointed  in  the  opposite  direction,  since  the  action  of 
CD  on  the  joint  /3  is  equal  and  opposite  to  its  action  on 
the  joint  a  (this  disregards  the  weight  of  the  piece). 
Through  c  draw  ce  =  and  I  to  the  force  CE  (i.e.,  W^  and 
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pointing  the  same  way ;  then  ef,  =  and  |  to  the  load  EF 
(i.e.  Pi)  and  pointing  downward.  Through  /  draw  a  ||  to 
the  piece  FG  and  through  d,  a  ||  to  the  piece  GD,  and  the 
polygon  is  closed,  thus  determining  the  stresses  in  the 
pie<S68  FG  and  GD.  Noting  the  pointing  of  the  arrows, 
we  readily  see  that  FG  is  in  compression  while  GB  is  in 
tension. 

Next  pass  to  the  joint  8,  and  construct  the  polygon  b', 
thus  determining  the  stress  gli  in  GH  and  that  ad  in  AD  ; 
this  last  force  ad  should  check  with  its  equal  and  oppo- 
site ad  already  determined  in  polygon  a'.  Another  check 
consists  in  the  proper  closing  of  the  polygon  y',  all  of 
whose  sides  are  now  known. 

[A  compound  stress-diagram  may  be  formed  by  super- 
posing the  polygons  already  found  in  such  a  way  as  to 
make  equal  sides  co-incide ;  but  the  character  of  'each 
stress  is  not  so  readily  perceived  then  as  when  they  are 
kept  separate]. 

In  a  similar  manner  we  may  find  the  stresses  in  any  pin- 
connected  frame-work  (in  one  plane  and  having  no  redun- 
dant pieces)  under  given  loads,  provided  all  the  support- 
ing forces  or  reactions  can  be  found.     In  the  case  of  a 

braced-arch  (truss)  as 
shown  in  Fig.  357,  hinged 
to  the  abutments  at  both 
ends  and  not  free  to  slide 
laterally  upon  them,  the 
reactions  at  0  and  B  de- 
FiQ.  357.  pend,  in  amount  and  direc- 

tion, not  only  upon  the  equations  of  Statics,  but  on  tlm 
form  and  elasticity  of  the  arch-truss.  Such  cases  will  be 
treated  later  under  arch -ribs,  or  curved  beams. 

382.  The  Special  EquiL  Polygon.  Its  Relation  to  the  Stresses 
in  the  Rigid  Body. — Eeproducing  Figs.  350  and  351  in  Figs. 
358  and  359,  (where  a  rigid  curved  beam  is  in  equilibrium 
under  the  forces  P„  Pj,  P3,  P4  and  P'J  we  call  a  .  .h  .  ,c 
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the  special  equil.  polygon  because  it  corresponds  to  a  lorce 
diagram  in  which  the  same  order  of  forces  has  been  ob- 
served as  that  in  which  they  occur  along  the  beam  (from 
left  to  right  here).     From  the  relations  between  the   force 


/T  POL>iGO;i 


SPACE  DIAGRAM 

Fia.  368. 


FORCE  DIAGRAM 

Tig.  .T39. 


diagram  and  equil.  polygon,  this  special  equil.  polygon  in 
the  space  diagram  has  the  following  properties  in  connec- 
tion with  the  corresponding  rays  (dotted  lines)  in  the  force 
diagram. 

The  stresses  in  any  cVoss-section  of  the  portion  O'A  of 
the  beam,  are  due  to  Pi  alone  ;  those  of  any  cross-section 
on  AB  to  Pi  and  P^,  i.e.,  to  their  resultant  P„,  whose  mag- 
nitude is  given  by  the  line  Oa'  in  the  force  diagram,  while 
its  line  of  action  is  ab  the  first  segment  of  the  equil.  poly- 
gon. Similarly,  the  stresses  in  PC  are  due  to  P,,  P„  and 
P,,  i.e.,  to  their  resultant  Pi,  acting  along  the  segment  he, 
its  magnitude  being  =  Ob'  in  the  force  diagram.  E.g.,  if 
the  section  at  m  be  exposed,  considering  O'ABm  as  a  free 
body,  we  have  (see  Fig.  360)  the  elastic  stresses  (or  inter- 


FiQ.  360. 


FiQ.  361. 


nal  forces)  at  m  balancing  the  exterior  or"  applied  forces  * 
Pi,  P2  and  P3.     Obviously,  then,  the  stresses  at  m  are  just 
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the  same  as  if  B^,  the  resultant  of  Pj,  Pj  and  P3,  acted  upon 
an  imaginary  rigid  prolongation  of  the  beam  intersecting 
be  (see  Fig.  361). P^,  might  be  called  the  "  anti-stress-residt- 
ant"  iov  the  portion  PC  of  the  beam.  We  may  .■.  state 
the  following :  If  a  rigid  body  is  in  equilibrium  under  a  sys- 
tem of  Non-Concurrent  Forces  in  a  plane,  and  the  special  equi- 
librium polygon  has  been  drawn,  then  each  ray  of  the  force 
diagram  is  the  anti-stress-resultant  of  that  portion  of  the  beam 
which  corresponds  to  the  segment  of  the  equilibrium  polygon 
to  which  the  ray  is  parallel  ;  and  its  line  of  action  is  the  seg- 
ment just  mentioned. 

Evidently  if  the  body  is  not  one  rigid  piece,  but  com- 
posed of  a  ring  of  uncemented  blocks  (or  voussoirs),  it  may 
be  considered  rigid  only  so  long  as  no  slipping  takes  place 
or  disarrangement  of  the  blocks ;  and  this  requires  that  the 
"anti-stress-resultant"  for  a  given  joint  between  two 
blocks  shall  not  lie  outside  the  bearing  surface  of  the 
joint,  nor  make  too  small  an  angle  with  it,  lest  tipping  or 
slipping  occur.  For  an  example  of  this  see  Fig.  362,  show- 
ing a  line  of  three  blocks  in  equilibrium  under  five  forces. 

The  pressure  borne  at  the 
s^2  joint  MN,  is  =  P^  in  the 
force-diagram  and  acts  in 
the  line  ab.  The  con- 
struction supposes  all 
the  forces  given  except 
Fig.  363.  one,  in  amount  and  posi- 

tion, and  that  this  one  could  easily  be  found  in  amount,  as 
being  the  side  remaining  to  close  the  force  polygon,  while 
its  position  would  depend  ox.  the  equil.  polygon.  But  in 
practice  the  two  forces  Pi  and  B\  are  generally  unknown, 
hence  the  point  0,  or  pole  of  the  force  diagram,  can  not 
be  fixed,  nor  the  special  equil.  polygon  located,  until  other 
considerations,  outside  of  those  so  far  presented,  are 
brought  into  play.  In  the  progress  of  such  a  problem,  as 
will  be  seen,  it  will  be  necessary  to  use  arbitrary  trial  po- 
sitions for  the  pole  0,  and  corresponding  trial  equilibrium 
polygons. 
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333.  Remarks. — (With  the  exception  of  §  378  a)  in  prob- 
lems to  be  treated  subsequently  (either  the  stiff  arch-rib, 
or  the  block-work  of  an  arch-ring,  of  masonry)  when  the 
body  is  considered  free  all  the  forces  holding  it  in  equiL 
will  be  vertical  (loads,  due  to  gravity)  except  the  reactions 
at  the  two  extremities,  as  in  Fig.  363 ;  but  for  convenience 
each  reaction  will  be  replaced  by  its  horizontal  and  verti- 
cal components  (see  Fig.  364).  The  two  fl"'s  are  of  course 
equal,  since  they  are  the  only  horizontal  forces  in  the 
system.  Henceforth,  aU  equU.  polygons  under  discussion  vnH 
he  understood  to  imply  this  kind  of  system  of  forces.     Pj,  Pi, 


/ 


^ 


Fra.  363.  Fig.  364.  Fio.  364a. 

etc.,  will  represent  the  "loads";  Vq  and  y„  the  vertical 
components  of  the  abutment  reactions;  H  the  value  of 
either  horizontal  component  of  the  same.  ("We  here  sup- 
pose the  pressures  To  and  r„  resolved  along  the  horizontal 
and  vertical.) 
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334  Concrete  Conception  of  an  Equilibrium  Polygon. — Any 
equilibrium  polygon  has  this  property,  due  to  its  mode 
of  construction,  viz.:  If  the  ab  and  he  of  Fig.  358  were  im- 
ponderable straight  rods,  jointed  at  h  without  friction,  they 
would  be  in  equilibrium  under  the  system  of  forces  there 
(See  Fig.  364a).     The  rod  ah  suffers  a  compression 


siven. 


equal  to  the  B^  of  the  force  diagram,  Fig.  859,  and  he  a 
compression  =  7?,,.  In  some  cases  these  rods  might  be  in 
tension,  and  would  then  form  a  set  of  links  playing  the 
part  of  a  suspension-bridge  cable.  (See  §  44). 

335.  Example  of  Equilibrium  Polygon  Drawn  to  Vertical  Loads 
— Fig.  365.  [The  structure  bearing  the  given  loads  is  noi 
shown,  but  simply  the  imaginary  rods,  or  segments  of  an 
equilibrium  polygon,  which  would  support  the  given  loads 
in  equilibrium  if  the  abutment  points  A  and  B,  to  which 
the  terminal  rods  are  hinged,  were  firm.  In  the  present 
case  this  equilibrium  is  unstable  since  the  rods  form  a 
standing  structure ;  but  if  they  were  hanging,  the  equilibri- 
um would  be  stable.  Still,  in  the  present  case,  a  very  light 
bracing,  or  a  little  friction  at  all  joints  would  make  the 
equilibrium  stable. 


Fia.  366. 


Grren  three  loads  Pi,  P^,  and  P,,  and  two  "  abutment 
verticals  "  A'  and  B',  in  which  we  desire  the  equil.  poly- 
gon to  terminate,  lay  off  as  a  "load-line,"  to  scale,  P,,  P,, 
and  Pg  end  to  end  in  their  order.     Then  selecting  any  pole, 
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0,  draw  the  rays  01,  02,  etc.,  of  a  force  diagram  (the  F's 
and  P's,  though  really  on  the  same  vertical,  are  separated 
slightly  for  distinctness ;  also  the  H's,  which  both  pass 
through  0  and  divide  the  load-line  into  Vr,  and  V^).  We 
determine  a  corresponding  equilibrium  polygon  by  draw- 
ing through  A  (any  point  in  A')  a  line  ||  to  0  .  .  1,  to  inter- 
sect P,  in  some  point  b ;  through  6  a  ||  to  0  .  .  2,  and  so  om 
until  B'  the  other  abutment-vertical  is  struck  in  some 
point  £.     AB  is  the  "  abutment -line  "  or  "  closing-line." 

By  choosing  another  point  for  0,  another  equilibrium 
polygon  would  result.  As  to  which  of  the  infinite 
number  (which  could  thus  be  drawn,  for  the  given  loads 
and  the  A'  and  B'  verticals)  is  the  special  equilibrium  poly' 
gon  for  the  arch-rib  or  stone-arch,  or  other  structure,  on 
which  the  loads  rest,  is  to  be  considered  hereafter.  In 
any  of  the  above  equilibrium  polygons  the  imaginary 
series  of  jointed  rods  would  be  in  equilibrium. 

336.  Useful  Property  of  an  Equilibrium  Polygon  for  Vertical 
Loads. — (Particular  case  of  §  328).  See  Fig.  366.  In  any 
equil.  polygon,  supporting  vertical  loads,  consider  as  free 
any  number  of  consecutive  segments,  or  rods,  with  the 
loads  at  their  joints,  e.  g.,  the  5th  and  6th  and  portions  of 

the  4th  and  7th  which,  we  sup- 
pose cut  and  the  compressive 
forces  in  them  put  in,  Tj  and 
Tj,  in  order  to  consider  4  5  6  7 
as  a  free  body.  For  equil., 
according  to  Statics,  the  lines 
of  action  of  1\  and  Tj  (the  com- 
!'"'■  ^s"-  pression  in  those  rods)  must  in- 

tersect in  a  point,  C,  in  the  line  of  action  of  the  resultant 
of  Pi,  Pj,  and  Pg  ;  i.e.,  of  the  loads  occurring  at  the  inter- 
vening vertices.  That  is,  the  point  C  must  lie  in  the  ver- 
tical containing  the  centre  of  gravity  of  those  loads.  Since 
the  position  of  this  vertical  must  be  independent  of  the 
particular  equilibrium  polygon  used,  any  other  (dotted 
lines  in  Fig.  366)  for  the  same  loads  will  give  the  same  re- 
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suits.  Hence  the  vertical  CD,  containing  the  centre  of 
gravity  of  any  number  of  consecutive  loads,  is  easily  found 
by  drawing  the  equilibrium  polygon  corresponding  to 
any  convenient  force  diagram  having  the  proper  load-line. 
This  principle  can  be  advantageously  applied  to  finding 
a  gravity -line  of  any  plane  figure,  by  dividing  the  latter 
into  parallel  strips,  whose  areas  may  be  treated  as  loads 
applied  in  their  respective  centres  of  gravity.  If  the  strips 
are  quite  numerous,  the  centre  of  gravity  of  each  may  be 
considered  to  be  at  the  centre  of  the  line  joining  the  mid- 
dles of  the  two  long  sides,  while  their  areas  may  be  taken 
as  proportional  to  the  lengths  of  the  lines  drawn  through 
these  centres  of  gravity  parallel  to  the  long  sides  and  lim- 
ited by  the  end-curves  of  the  strips.  Hence  the  "  load- 
line  "  of  the  force  diagram  may  consist  of  these  lines,  or 
of  their  halves,  or  quarters,  etc,  if  more  convenient  (§  3Y6).  | 


USEFUL  RELATIONS  BETWEEN  FOKCE  DIA- 
GRAMS AND  EQUILIBRIUM  POLYGONS, 
(for  vertical  loads.) 

237.  R6sum6  of  Construction. — Fig.  367.  Given  the  loads 
Pi,  etc.,  their  verticals,  and  the  two  abutment  verticals  A' 
and  B',  in  which  the  abutments  are  to  lie ;  we  lay  off  a 
load-line  1  ...  4,  take  any  convenient  pole,  0,  for  a  force- 
diagram  and  complete  the  latter.  For  a  corresponding 
equilibrium  polygon,  assume  any  point  A  in  the  vertical 
A',  for  an  abutment,  and  draw  the  successive  segments 
A\,  2,  etc.,  respectively  parallel  to  the  inclined  lines  of  the 
force  diagram  (rays),  thus  determining  finally  the  abut- 
ment B,  in  B\  which  [B)  will  not  in  general  lie  in  the  hor- 
izontal through  A. 

Now  join  AB,  calling  AB  the  abutment-line,  and  draw  a 
parallel  to  it  through  0,  thus  fixing  the  point  n'  on  tha 
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Fig.  367, 


'  «: 


Fig.  368. 


load-line.  This  point  n',  as  above  determined,  is  imdepcw- 
dent  of  the  location  of  the  pole,  0,  (proved  in  §  329)  and 
divides  the  load-line  into  two  portions  ( ¥'„  —  1 .  .  .  n',  and 
V'a  =  «'...  4)  which  are  the  vertical  pressures  which  two 
supports  in  the  verticals  A'  and  £'  would  sustain  if  the 
given  loads  rested  on  a  horizontal  rigid  bar,  as  in  Fig.  368. 

See  §  329.  Hence  to  find  the  point  n'  we  may  use  any 
convenient  pole  0. 

[N.  B.— The  forces  V„  and  V„  of  Fig.  367  are  not  identi- 
cal with  F'o  and  V'„,  but  may  be  obtained  by  dropping  a 
"J  from  0  to  the  load-line,  thus  dividing  the  load-line 
into  two  portions  which  are  V„  (upper  portion)  and  Fp.. 
However,  if  A  and  B  be  connected  by  a  tie-rod,  in  Fig. 
367,  the  abutments  in  that  figure  will  bear  vertical  press- 
ures only  and  they  will  be  the  same  as  in  Fig.  368,  while 
the  tension  in  the  tie-rod  will  be  =  On'.] 


338.  Theorem. — The  vertical  dimensions  of  any  tivo  eqwBi- 
hrium  polygons,  drawn  to  the  same  loads,  load-verticals,  timd 
abutment-verticals,  are  inversely  proportional  to  their  I{'s(or 
"pole  distances  ").  We  here  regard  an  equil.  pol3'gon  and 
its  abutment-line  as  a  closed  figure.  Thus,  in  Fig.  369, 
we  have  two  force-diagrams  (with  a  common  load-line,  for 
convenience)  and  their  corresponding  equil.  polygons,  for 
the  same  loads  and  verticals.  From  §  337  we  know  that 
On'  is  I  to  AB  and  0„n'  is  ||  to  A„B„.  Let  CD  be  any  ver- 
tical catting  the  first  segments  of  the  two  equiL  polygons. 
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Denote  the  intercepts  thus  determined  by  z'  and  2',,,  respect- 
bC  (  ively.      From   the 

parallelisms  just 
mentioned,  and 
others  more  famil- 
^  iar,  we  have  the 
triangle  0  In'  sim- 
ilar to  the  triangle 
Az'  (shaded),  and 
the  triangle  0„ln' 
similar  to  the  tri- 
angle A^z^.    Hence 


Fis.  369. 


the  proportions  between  f  In'  _z'       i  Iw'  _ z",, ) 
bases  and  altitudes  (  ^ff      \  ^^    ^^      H  ) 

,•.%':  z\  :  :  H^  ■  H.  The  same  kind  of  proof  may  easily 

be  applied  to  the  vertical  intercepts  in  any  other  segments, 
e.  g.,  z"  and  «"„.  Q.  E.  D. 

339.    Corollaries  to  the  foregoing.     It  is  evident  that : 
(1.)     If  the  pole  of  the  force-diagram  be  moved  along  a 
vertical  line,  the  equilibrium  polygon  changing  its  form 
in  a  corresponding  manner,  the  vertical  dimensions  of  the 
equilibrium  polygon  remain  unchanged ;  and 

(2.)  If  the  pole  move  along  a  straight  line  which  con- 
tains the  point  n',  the  direction  of  the  abutment-line 
remains  constantly  parallel  to  the  former  line,  while  the 
vertical  dimensions  of  the  equilibrium  polygon  change  in 
inverse  proportion  to  the  pole  distance,  or  H,  of  the  force- 
diagram.  [ZTis  the  "I  distance  of  the  pole  from  the  load- 
line,  and  is  called  the  pole-distance]. 

§  340.  Linear  Arch  as  Equilibrium  Polygon. — (See  §  316.) 
If  the  given  loads  are  infinitely  small  with  infinitely  small 
horizontal  spaces  between  them,  any  equilibrium  polygon 
becomes  a  linear  arch.  Graphically  we  can  not  deal  with 
these  infinitely  small  loads  and  spaces,  but  from  §  336  it 
is  evident  that  if  we  replace  them,  in  successive  groups. 


418 


MECHANICS  OF  ENGINEEKING. 


by  finite  forces,  each  of  which 

mi  iiu  iiiiiiii 


Fig.  370. 


the  sum  of  those  com» 
posing  one  group  and  is 
applied  through  the  cen- 
tre of  gravity  of  that 
group,  we  can  draw  an 
equilibrium  polygon 
whose  segments  will  be 
tangent  to  the  curve  of 
the  corresponding  linear 
arch,  and  indicate  its  posi- 
tion with  sufficient  exactness  for  practical  purposes.  (See 
Pig.  370).  The  successive  points  of  tangency  A,  m,  n,  etc., 
lie  vertically  under  the  points  of  division  between  the 
groups.  This  relation  forms  the  basis  of  the  graphical 
treatment  of  voussoir,  or  blockwork,  arches. 

341.  To  Peas  an  Equilibrium  Polygon  Through  Three  Arbitrary 
Points. — (In  the  present  case  the  forces  are  vertical.  For 
a  construction  dealing  with  any  plane  system  of  forces  see 
construction  in  §  378a.)  Given  a  system  of  loads,  it  is  re- 
quired to  draw 
an  equilibrium 
polygon  for 
them  through 
anythree  points, 
two  of  which 
may  be  consid- 
er e  d  as  abut- 
ments, outside  of  the  load-verticals,  the  third  point  being 
between  the  verticals  of  the  first  two.  See  Fig.  371.  The 
loads  Pi,  etc.,  are  given,  with  their  verticals,  while  A,  p, 
and  B  are  the  three  points.  Lay  oS  the  load-line,  and 
with  any  convenient  pole,  Oj,  construct  a  force-diagram, 
then  a  corresponding  preliminary  equilibrium  polygon 
beginning  at  A.  Its  right  abutment  5,,  in  the  vertical 
through  B,  is  thus  found.  0,  n'  can  now  be  drawn  H  to  ABi, 
to  determine  n'.  Draw  n'O  ||  to  BA.  The  pole  of  the 
required  equilibrium  polygon  must  lie  on  n'O  (§   337) 


Fig.  371. 
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Dra-w  a  vertical  through  p.  The  H  of  the  required  equili- 
brium polygon  must  satisfy  the  proportion  H :  H^  :  •.'rs  : 
pm.  (See  §  338).  Hence  construct  or  compute  JI  from 
the  proportion  and  draw  a  vertical  at  distance  H  from 
the  load-line  (on  the  left  of  the  load-line  here) ;  its  inter- 
section with  n'  0  gives  0  the  desired  pole,  for  which  a 
force  diagram  may  now  be  drawn.  The  corresponding 
equilibrium  polygon  beginning  at  the  first  point  A  will 
also  pass  through  p  and  B ;   it  is  not  drawn  in  the  figure. 

342.  Symmetrical  Case  of  the  Foregoing  Problem.— If  two 
points  A  and  B  are  on  a  level,  the  third,  p,  on  the  middle 
vertical  between  them  ;  and  the  loads  (an  even  number) 
symmetrically  disposed  both  in  position  and  magnitude,  about 
p,  we  may  proceed  more  simply,  as  follows  :  (Fig.  372). 

From  symmetry  n' 
must  occur  in  the  mid- 
dle of  the  load-line,  of 
which  we  need  lay  off 
only  the  upper  half. 
Take  a  convenient  pole 
Fia.  372.  Oi,    in    the    horizontal 

through  n',  and  draw  a  half  force  diagram  and  a  corres- 
ponding half  equilibrium  polygon  (both  dotted).  The  up- 
per segment  be  of  the  latter  must  be  horizontal  and  being 
prolonged,  cuts  the  prolongation  of  the  first  segment  in  a 
point  d,  which  determines  the  vertical  CD  containing  the 
centre  of  gravity  of  the  loads  occurring  over  the  half -span 
on  the  left.  (See  §  336).  In  the  required  equilibrium  poly- 
gon the  segment  containing  the  point  p  must  be  horizon- 
tal, and  its  intersection  with  the  first  segment  must  lie  in 
CD.  Hence  determine  this  intersection,  C,  by  drawing  the 
vertical  CD  and  a  horizontal  through  p  ;  then  join  CA, 
which  is  the  Jlrst  segment  of  the  required  equil.  polygon. 
A  parallel  to  CA  through  1  is  the  ^first  ray  of  the  corres- 
•  ponding  force  diagram,  and  determines  the  pole  0  on  the 
horizontal  through  n'.     Completing  the  force  diagram  for 
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this  pole  (half  of  it  only  here),   the  required  equil.  poly- 
gon is  easily  finished  afterwards. 

343.  To  Find  a  System  of  Loads  Under  Which  a  Given  Equi- 
librimn  Polygon  Would  be  in  Equilibrium. — Fig.  373.  Let  AB 
be  the  given  equilibrium  polygon.  Through  any  point  0 
as  a  pole  draw  a  parallel  to  each 
segment  of  the  equilibrium  polygon. 
Any  Vertical,  as  V,  cutting  these 
lines  will  have,  intercepted  upon  it, 
a  load-line  1,  2,  3,  whose  parts  1 . .  2, 
2  .  .  3,  etc.,  are  proportional  to  the 
successive  loads  which,  placed  on 
the  corresponding  joints  of  the  equilibrium  polygon  would 
be  sutpported  by  it  in  equilibrium  (unstable). 

One  load  may  be  assumed  and  the  others  constructed.    A 
hanging,  as  well  as  a  standing,  equilibrium  polygon  may  be 

dealt  with  in 
like  manner, 
but  will  be 
in  stable 
equilibrium. 
The  problem 
in  §  44  may 
be  solved  in 
this  way,  the  various  steps  and  final  re- 
sults being  as  follows  (Fig.  50  is  here  re- 
peated) : — 

Let  weight  (?i  be  given,  =66  lbs.,  and 
the  positions  of  the  cord  segments  be  as  in 
Fig.  50.  We  first  lay  off  (see  Fig.  373a) 
vertically,  a6  =  66  lbs.,  by  some  convenient 
scale,  and  prolong  this  vertical  line  indefi- 
nitely downward.  aO  is  then  drawn  parallel  to  0 ...  1  of  Fig.  50, 
and  bO  parallel  to  1  ...  2.  Their  intersection  determines  a 
pole,  0,  through  which  Oc  and  Od,  parallel  respectively  to 
2  ...  3  and  3  ...  n,  are  drawn,  to  intersect  ad  in  c  and  d. 

We  also  draw  the  horizontal  On,  in  Fig.  373o.  By  scaling 
we  now  find  the  results:— ^2  =  6c =42  lbs.;  G3=cd=50  lbs." 
/?=58.5  lbs.,  {  =  Ho  and  H,,  of  Fig.  50);  while  Vo  = 
lbs.  and  F„=58  lbs. 
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=  an =100 


abchjes  op  masonkt. 


4:zi 


CHAPTER  X. 


RIGHT  ARCHES  OF  MASONRY. 

Note- — The  treatment  given  in  this  chapter  is  by  many  engineers 
considered  sufficiently  exact  for  ordinary  masonry  arches,  the  moie 
refined  methods  of  the  "elastic  theory"  being  reserved  for  arches  of 
fairly  continuous  material,  such  as  those  of  metal  and  of  concrete  (re- 
inforced or  otherwise);  and  is  accordingly  retained  in  this  revised 
edition. 

844. — In  an  ordinary  "  right "  stone-arcli  (i.e.,  one  in 
which  the  faces  are  ~|  to  the  axis  of  the  cylindrical  soiEt, 
or  under  surface),  the  successive  blocks  forming  the  arch- 
ring  are  c£tlled  voussoirs,  the  joints  between  them  being 
planes  which,  prolonged,  meet  generally  in  one  or  more 
horizontal  lines;  e.g.,  those  of  a  three-centred  arch  in  three 
II  horizontal  lines ;  those  of  a  circular  arch  in  one,  the  axis 
of  the  cylinder,  etc.  Elliptic  arches  are  sometimes  used.  The 
inner  concave  surface  is  called  the  soffit,  to  which  the  radiat- 
ing joints  between  the  voussoirs  are  made  perpendicular. 
The  curved  line  in  which  the  soffit  is  intersected  by  a  plane 
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~\  to  the  axis  of  the  arch  is  the  Intrados.  The  curve  in  the 
same  plane  as  the  intrados,  and  bounding  the  outer  ex- 
tremities of  the  joints  between  the  voussoirs,  is  called  the 

Extrados. 

Fig.  374  gives  other  terms  in  use  in  connecti<in  witK  a 
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stone  arch,  and  explains  those  already  given.     AB  is  the 
"  springing-line." 

845.  Mortar  and  Friction. — ^As  common  mortar  hardens 
very  slowly,  no  reliance  should  be  placed  on  its  tenacity 
as  an  element  of  stability  in  arches  of  any  considerable 
size  ;  though  hydraulic  mortar  and  thin  joints  of  ordinary 
mortar  can  sometimes  be  depended  on.  Friction,  however, 
between  the  surfaces  of  contiguous  vpussoirs,  plays  an 
essential  part  in  the  stability  of  an  arch,  and  will  there- 
fore be  considered. 

The  stability  of  voussoir-arches  must  .'.  be  made  to 
depend  on  the  resistance  of  the  voussoirs  to  compresssion 
and  to  sliding  upon  each  other ;  as  also  of  the  blocks 
composing  the  piers,  the  foundations  of  the  latter  being 
firm. 

346.  Point  of  Application  of  the  Resultant  Pressure  between 
two  conaecutive  voussoirs ;  (or  pier  blocks).  Applying 
Navier's  principle  (as  in  flexure  of  beams)  that  the  press- 
ure per  itnit  area  on  a  joint  varies  uniformly  from  the 
extremity  under  greatest  compression  to  the  point  of  least 
compression  (or  of  no  compression);  and  remembering 
that  negative  pressures  (i.e.,  tension)  can  not  exist,  as  they 
might  in  a  curved  beam,  we  may  represent  the  pressure 
per  unit  area  at  successive  points  of  a  joint  (from  the  intra- 
dos  toward  the  extrados,  or  vice  versa)  by  the  ordinates  of 
a  straight  line,  forming  the  surface  of  a  trapezoid  or  tri- 
angle, in  which  figure  the  foot  of  the  ordinato  of  the  cen- 
tre of  gravity  is  the  point  of  applicatioyi  of  tlie  resultant 
pressure.     Thus,  where  the  least  compression  is  suppo.ii'vi 
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to  occur  at  the  intrados  A,  Fig.  375,  the  pressures  vary  as 
the  ordinates  of  a  trapezoid,  increasing  to  a  maximum  value 
at  B,  in  the  extrados.  In  Fig.  376,  where  the  pressure  is  zero 
at  B,  and  varies  as  the  ordinates  of  a  triangle,  the  result- 
ant pressure  acts  through  a  point  one-third  the  joint- 
length  from  A.  Similarly  in  Fig.  377,  it  acts  one-third 
the  joint-length  from  B.  Hence,  when  the  pressure  is  not 
zero  at  either  edge  the  resultant  pressure  acts  within  the 
middle  third  of  the  joint.  Whereas,  if  the  resultant  press- 
ure falls  ivithout  the  middle  third,  it  shows  that  a  portion 
Am  of  the  joint,  see  Fig.  378,  receives  no  pressure,  i.e.,  the 
joint  tends  to  open  along  Am. 

Therefore  that  no  joint  tend  to  open,  the  resultant  press- 
ure must  fall  icithin  the  middle  third. 

It  must  be  understood  that  the  joint  surfaces  here  dealt 
with  are  rectangles,  seen  edgewise  in  the  figures. 

347.  Friction. — By  experiment  it  has  been  foiind  the 
angle  of  friction  (see  §  156)  for  two  contiguous  voussoirs 
of  stone  or  brick  is  about  30° ;  i.e.,  the  coefficient  of  fric- 
tion is  y  =  tan.  30°.  Hence  if  the  direction  of  the  press- 
ure exerted  upon  a  voussoir  by  its  neighbor  makes  an 
angle  a  less  than  30°  with  the  normal  to  the  joint  surface, 
there  is  no  danger  of  rupture  of  the  arch  by  the  sliding 
of  one  on  the  other.     (See  Fig.  379). 

348.  Eesistance  to  Crushing, — When  the  resultant  pressure 
falls'  at  its  extreme  allowable  limit,  viz. :  the  edge  of  the 
middle  third,  the  pressure  per 
unit  of  area  at  n,  Fig.  380,  is 
double  the  mean  pressure  per 
unit  of  area.  Hence,  in  de- 
signing an  arch  of  masonry, 
we  must  be  assured  that  at 
every  joint  (taking  10  as  a 
factor  of  safety) 

(  Double  the  mean  press-  )  ^^^^  ^^  ^^^^  ^^^^  :/    ^ 
I  ure  per  unit  oi  area         1  ' 
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C  being  the  ultimate  resistance  to  crushing,  of  the  material 
employed  (§  201)  (Modulus  of  Crushing). 

Since  a  lamina  one  foot  thick  will  always  be  considered 
in  what  follows,  careful  attention  must  be  paid  to  the  units 
employed  in  applying  the  above  tests. 

Example. — If  a  joint  is  3  ft.  by  1  foot,  and  the  resultant 
pressure  is  22.5  tons  the  mean  pressure  per  sq.  foot  is 

p=22.5-i-3=7.5  tons  per  sq.  foot 

/.  its  double=15  tons  per  sq.  foot=208.3  lbs.  sq.  inch, 
which  is  much  less  than  y,o  of  C  for  most  building  stones ; 
see  §  203,  and  below. 

At  joints  where  the  resultant  pressure  falls  at  the  middle, 
the  max.  pressure  per  square  inch  would  be  equal  to  the 
mean  pressure  per  square  inch  ;  but  for  safety  it  is  best  to 
assume  that,  at  times,  (from  moving  loads,  or  vibrations) 
it  may  move  to  the  edge  of  the  middle  third,  causing  the 
max.  pressure  to  be  double  the  mean  (per  square  inch). 

Gen.  Grillmore's  experiments  in  1876  gave  the  following 
results,  among  many  others  : 

NAME  OF  BUILDING  STONE.  C  IN  LBS.  PER  SQ.  INCH. 

Berea  sand-stone,  2-inch  cube,       -        -  -         -        8955 

4     "         "      -        -  -        -           11720 

Limestone,  Sebastopol,  2-inch  cube  {chalk),  •        -          1075 

Limestone  from  Caen,  France,     -  -        -              3650 

Limestone  from  Kingston,  N.  Y.,    -  -        -        13900 

Marble,  Vermont,  2-inch  cube,          -  -       8000  to  13000 

Granite,  New  Hampshire,  2-inch  cube,  15700  to  24000 

349.  The  Three  Conditions  of  Safe  Equilibrium  for  an  arch  of 
unceraented  voussoirs. 

Eecapitulating  the  results  of  the  foregoing  paragraphs, 
we  may  state,  as  follows,  the  three  conditions  which  must 
be  satisfied  at  every  joint  of  arch-ring  and  pier,  for  each 
of  any  possible  combination  of  loads  upon  the  structure  : 

(1).  The  resultant  pressure  must  pass  within  the  middle- 
third. 

(2).  The  resultant  pressiire  must  not  make  an  angle  > 
30°  with  the  normal  to  the  joint. 

(3).  The  mean  pressure  per  unit  of  area  on  the  surfaoe 
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of  the  joint  must  not  exceed  ^/-ju  of  the  Modulus  of  crush- 
ing of  the  material. 

350.  The  True  Linear-Arch,  or  Special  Ec[uilibrium  Polygon; 

and  the  resultant  pressure  at  any  joint.  Let  the  weight 
of  each  voussoit  and  its  load  be  represented  by  a  vertical 
force  passing  through  the  centre  of  gravity  of  the  two,  as 
in  Fig.  381.  Taking  any 
two  points  A  and  S,  A 
being  in  the  first  joint  and 
B  in  the  last ;  also  a  third 
point,  p,  in  the  crown 
joint  (supposing  such  to 
be  there,  although  gener- 
ally a  key-stone  occupies  | 
the  crown),  through  these  fig.  ssi, 

three  points  can  be  drawn  [§  .341]  an  equilibrium  polygon 
for  the  loads  given  ;  suppose  this  equil.  polygon  nowhere 
passes  outside  of  the  arch-ring  (the  arch-ring  is  the  por- 
tion between  the  intrados,  mn,  and  the  (dotted)  extrados 
m'n')  intersecting  the  joints  at  h,  c,  etc.  Evidently  if  such 
be  the  case,  and  small  metal  rods  (not  round)  were  insert- 
ed at  A,  b,  c,  etc.,  so  as  to  separate  the  arch-stones  slight- 
ly, the  arch  would  stand,  though  in  unstable  equilibrium, 
the  piers  being  firm  ;  and  by  a  different  choice  of  A,  p,  and 
B,  it  might  be  possible  to  draw  other  equilibrium  poly- 
gons with  segments  cutting  the  joints  within  the  arch- 
ring,  and  if  the  metal  rods  were  shifted  to  these  new  inter- 
sections the  arch  would  again  stand  (in  unstable  equilib- 
rium). 

In  other  words,  if  an  arch  stands,  it  may  be  possible  to 
draw  a  great  number  of  linear  arches  within  the  limits  of 
the  arch-ring,  since  three  points  determine  an  equilibrium 
polygon  (or  linear  arch)  for  given  loads.  The  question 
arises  then :  which  linear  arch  is  the  locus  of  the  actual  re- 
svUant  pressures  at  the  successive  joints  ? 

[Considering  the  arch -ring  as  an  elastic  curved  beam 
inserted  in  firm  piers  (i.e.,  the  blocks  at  the  springing-line 
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are  incapable  of  turning)  and  having  secured  a  close  fit  at 
all  joints  before  the  centering  is  lowered,  the  most  satisfac- 
tory answer  to  this  question  is  given  in  Prof.  Greene's 
"  Arches,"  p.  131 ;  viz.,  to  consider  the  arch-ring  as  an 
arch  rib  of  fixed  ends  and  no  hinges ;  see  §  380  of  next 
chapter ;  but  the  lengthy  computations  there  employed 
(and  the  method  demands  a  simple  algebraic  curve  for  the 
arch)  may  be  most  advantageously  replaced  by  Prof. 
Eddy's  graphic  method  ("  New  Constructions  in  Graphical 
Statics,"  published  in  Van  Nostrand's  Magazine  for  1877), 
which  applies  to  arch  curves  of  any  form. 

This  method  will  be  given  in  a  subsequent  chapter,  on 
Aroh  Ribs,  or  Curved  Beams  ;  but  for  arches  of  masonry  a 
much  simpler  procedure  is  sufficiently  exact  for  practical 
purposes  and  will  now  be  presented]. 

If  two  elastic  blocks 
of  an  arch-ring  touch  at 
one  edge.  Fig.  382,  their 
adjacent  sides  making  a 
small  angle  with  each 
""■  '■^^--  ^"^-  3^2-  other,  and  are  then  grad- 

ually pressed  more  and  more  forcibly  together  at  the  edge 
m,  as,  the  arch-ring  settles,  the  centering  being  gradually 
lowei^d,  the  surface  of  contact  becomes  larger  and  larger, 
from  the  compression  which  ensues  (see  Fig.  383);  while 
the  resultant  pressure  between  the  blocks,  first  applied  at 
the  extreme  edge  m,  has  now  probably  advanced  nearer  the 
middle  of  the  joint  in  the  mutual  adjustment  of  the  arch- 
stones.  With  this  in  view  we  may  reasonably  deduce  the 
following  theory  of  the  location  of  the  true  linear  areh 
(sometimes  called  the  "  line  of  pressures  "  and  "  3urve  of 
pressure  ")  in  an  arch  under  given  loading  and  with_y?rm 
piers.  (Whether  the  piers  are  really  unyielding,  under  the 
oblique  thrusts  at  the  springing-line,  is  a  matter  for  sub- 
sequent investigation. 

351.  Location  of  the  True  Linear  Arch. — Granted  that  the 
voussoirs  have  been  closely  fitted  to  each  other  over  the 
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centering  (sheets  of  lead  are  sometimes  used  in  the  joints 
to  make  a  better  distribution  of  pressure);  and  that  the 
piers  are  firm  ;  and  that  the  arch  can  stand  at  all  without 
the  centering  ;  then  we  assume  that  in  the  mutual  accom- 
modation between  the  voussoirs,  as  the  centering  is  low- 
ered, the  resultant  of  the  pressures  distributed  over  any 
joint,  if  at  first  near  the  extreme  edge  of  the  joint,  advances 
nearer  to  the  middle  as  \he  arch  settles  to  its  final  posi- 
tion of  equilibrium  under  its  load ;  and  hence  the  f ollow= 
ing 

352.  Practical  Conclusions. 

I.  If  for  a  given  arch  and  loading,  with  firm  piers,  an 
equilibrium  polygon  can  be  drawn  (by  proper  selection  of 
the  points  A,  p,  and  B,  Fig.  381)  entirely  within  the  mid- 
dle third  of  the  arch  ring,  not  only  will  the  arch  stand,  but 
the  resultant  pressure  at  every  joint  will  be  within  the 
middle  third  (Condition  1,  §  349) ;  and  among  all  possible 
equilibrium  polygons  which  can  be  drawn  within  the  mid- 
dle third,  that  is  the  "  true  "  one  which  most  nearly  coin- 
cides with  the  middle  line  of  the  arch-ring. 

II.  If  (with  firm  piers,  as  before)  no  equilibrium  poly- 
gon can  be  drawn  within  the  middle  third,  and  only  one 
within  the  arch-ring  at  all,  the  arch  may  stand,  but  chip- 
ping and  spawling  are  likely  to  occur  at  the  edges  of  the 
joints.     The  design  should  .*.  be  altered. 

III.  If  no  equilibrium  polygon  can  be  drawn  within 
the  arch-ring,  the  design  of  either  the  arch  or  the  loading 
must  be  changed ;  since,  although  the  arch  may  stand 
from  the  resistance  of  the  spandrel  walls,  such  a  stability 
must  be  looked  upon  as  precarious  and  not  countenanced 
in  any  large  important  structure.  (Very  frequently,  in 
small  arches  of  brick  and  stone,  as  they  occur  in  buildings, 
the  cement  is  so  tenacious  that  the  whole  structure  is  vir- 
tually a  single  continuous  mass). 

When  the  "  true  "  linear  arch  has  once  been  determined, 
the  amount  of  the  resultant  pressure  on  any  joint  is  given 
by  the  length  of  the  proper  ray  in  the  force  diagram. 
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ARRANGEMENT  OF  DATA  FOR  URAJPHIC 
TREATMENT. 

353.  Character  of  Load. — In  most  large  stone  arch  bridges 
the  load  (permanent  load)  does  not  consist  exclusively  of 
masonry  up  to  the  road-way  but  partially  of  earth  filling 
above  the  masonry,  except  at  the  faces  of  the  arch  where 
the  spandrel  walls  serve  as  retaining  walls  to  hold  the 
aarth.  (Fig.  384).     If  the  intrados  is  a  half  circle  or  half- 
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ellipse,  a  compactly-built  masonry  backing  is  carried  up 
beyond  the  springing-line  to  AB  about  60°  to  45°  from  the 
crown,  Fig.  385 ;  so  that  the  portion  of  arch  ring  below 
AB  may  be  considered  as  part  of  the  abutment,  and  thus 
AB  is  the  virtual  springing-line,  for  graphic  treatment. 

Sometimes,  to  save  filling,  small  arches  are  built  over 
the  haunches  of  the  main  arch,  with  earth  placed  over 
them,  as  shown  in  Fig.  386.     In  any  of  the  preceding  cases 


Fig.  386. 
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it  is  customary  to  consider  that,  on  account  of  the  bond- 
ing of  the  stones  in  the  arch  shell,  the  loading  at  a  given 
distance  from  the  crown  is  uniformly  distributed  over  the 
vndth  of  the  roadioay. 
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354.  Eednced  Load-Contonr, — In  the  graphical  discussion 
of  a  proposed  arch  we  consider  a  lamina  one  foot  thick, 
this  lamina  being  vertical  and  ~|  to  the  axis  of  the  arch  • 
i.e.,  the  lamina  is  ||  to  the  spandrel  walls.  For  graphical 
treatment,  equal  areas  of  the  elevation  (see  Fig.  387)  of 
this  lamina  must  represent  equal  weights.  Taking  the 
material  of  the  arch-ring  as  a  standard,  we  must  find  for 
each  point  p  of  the  extrados  an  imaginary  height  2  of  the 
•irch-ring  material,  which  would  give  the  same  pressure 
(per  running  horizontal  foot)  at  that  point  as  that  due  to 
the  actual. load  above  that  point.  A  number  of  such  or- 
dinates,  each  measured  vertically  upward  from  the  extra- 
dos determine  points  in  the  "Reduced  load-Contour,"  i.e., 
the  imaginary  line,  AM,  the  area  between  which  and  the 
extrados  of  the  arch-ring  represents  a  homogeneous  load 
of  the  same  density  as  the  arch -ring,  and  equivalent  to  the 
actual  load  (above  extrados),  vertical  hy  vertical. 

355.  Example  of  Reduced  Load-Contour. — Fig.  388.  Given 
an  arch-ring  of  granite  (heaviness  =  170  lbs.  per  cubic 
foot)  with  a  dead  load  of  rubble  (heav.  =  140)  and  earth 
(heav.  =  100),  distributed  as  in  figure.  At  the  point  p,  of 
the  extrados,  the  depth  5  feet  of  rubble  is  equivalent  to  a 
depth  of  [^  x5]=4.1  ft.  of  granite,  while  the  6  feet  of  earth 
is  equivalent  to  [!5?x6]=3.5  feet  of  granite.  Hence  the 
Reduced  Load-Contour  has  an  ordinate,  above  j9,  of  7.6  feet. 
That  is,  for  each  of  several  points  of  the  arch -ring  extrados 
reduce  the  rubble  ordinate  in  the  ratio  of  170  :  140,  and 
the  earth  ordinate  in  the  ratio  170  :  100  and  add  the  re- 
sults, setting  ofi"  the  sura  vertically  from  the  points  in  the 
*xtrados*.     In  this  way  Fig.  389  is  obtained  and  the  area 

♦This  is  most  conveniently  done  by  graphics,  thus  :  On  a  right-line  set  off  17  equal 
parts  (of  any  convenient  magnitude.^  Call  this  distance  OA.  Through  (?  draw  another 
right  line  at  any  convenient  angle  (30°  to  60°)  with  OA,  and  on  it  from  O 

set  off  OB  equal  to  14  (for  the  rubble  ;  or  10  for  the  earth)  of  the  eame  equal 
parts.  Join  AB.  From  0  toward  A  set  off*  all  the  rubble  ordinatea  to  be  reduced, 
(each  being  set  off  from  0)  and  through  the  other  extremity  of  each  draw  a  Hue  pai^ 
allel  to  AB.  The  reduced  ordinates  will  be  the  respective  lengths,  from  0,  eloog  OB, 
to  the  intersections  of  these  parallels  vrith  OB. 

*  WiUi  the  dividers. 
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Pig.  388. 


Fig.  389. 


there  given  is  to  be  treated  as  representing  homogeneous 
granite  one  foot  thick.  This,  of  course,  now  includes  the 
arch-ring  also.     AB  is  the  "  reduced  load- contour." 

356.  Live  Loads. — In  discussing  a  railroad  arch  bridge 
the  "  live  load  "  (a  train  of  locomotives,  e.g.,  to  take  an  ex- 
treme case)  can  not  be  disregarded,  and  for  each  of  its  po- 
sitions we  have  a  separate  Reduced  Load-Contour. 

Example. — Suppose  the  arch  of  Fig.  388  to  be  12  feet 
wide  (not  including  spandrel  walls)  and  that  a  train  of  lo- 
comotives weighing  3,000  lbs.  per  running  foot  of  the  track 
covers  one  half  of  the  span.  Uniformly  *  distributed  later- 
ally over  the  width,  12  ft.,  this  rate  of  loading  is  equiva- 
lent to  a  masonry  load  of  one  foot  high  and  a  heaviness  of 
250  lbs.  per  cubic  ft.,  i.e.,  is  equivalent  to  a  height  of  1.4 
ft.  of  granite  masonry  [since  ?-'|'- x  1.0=1.4]  over  the  haK 
span  considered.  Hence  from  Fig.  390  we  obtain  Fig.  391 
in  an  obvious  manner.  Fig.  391  is  now  ready  for  graphic 
treatment. 


Fig.  390. 


Fig.  391. 


357.  Piers  and  Abutments. — In  a  series  of  equal  arches 
the  pier  between  two  consecutive  arches  bears  simply  the 
weight  of  the  two  adjacent  semi-arches,  plus  the  load  im- 


*  If  the  earth  filling  is  sl.allcw,  the  IrminoR  directly  under  the  track  prob* 
ftbly  receive  a  greater  pressure  than  the  others. 
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mediately  above  the  pier,  and  .•.  does  not  need  to  be  as 
large  as  the  abutment  of  the  first  and  last  arches,  since 
these  latter  must  be  prepared  to  resist  the  oblique  thrusts 
of  their  arches  without  help  from  the  thrust  of  another  on 
the  other  side. 

In  a  very  long  series  of  arches  it  is  sometimes  customary 
to  make  a  few  of  the  intermediate  piers  large  enough  to 
act  as  abutments.  These  are  called  "  abutment  piers,"  and 
in  case  one  arch  should  fall,  no  others  would  be  lost  except 
those  occurring  between  the  same  two  abutment  piers  as 
the  first.     See  Fig.  392.     A  is  an  abutment-pier. 


nn^nnn 


i'lu.  sa^i. 


GRAPHICAL  TREATMENT  OF  ARCH. 

358. — Having  found  the  "  reduced  load-contour,"  as  in 
preceding  paragraphs,  for  a  given  arch  and  load,  we  are 
ready  to  proceed  with  the  graphic  treatment,  i.e.,  the  first 
given,  or  assumed,  form  and  thickness  of  arch -ring  is  to  be 
investigated  with  regard  to  stability.  It  may  be  necessary 
to  treat,  separately,  a  lamina  under  the  spandrel  wall,  and 
one  under  the  interior  loading.  The  constructions  are 
equally  well  adapted  to  arches  of  all  shapes,  to  Gothic  as 
well  as  circular  and  elliptical. 

I 

359.— Case  I.    Symmetrical  Arch  and  Symmetrical  Loading. — 

(The  "  steady  "  (permanent)  or  "  dead  "  load  on  an  arch  is 
usually  symmetrical).  Fig.  393.  From  symmetry  we  need 
o_ 


Fig.  393. 


Fig.  394. 
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deal  with  only  one  half  (say  the  left)  of  the  arch  and  load. 
Divide  this  semi-arch  and  load  into  six  or  ten  divisions 
by  vertical  lines ;  these  divisions  are  considered  as  trape- 
zoids and  should  have  the  same  horizontal  width  —  b  (n, 
convenient  whole  number  of  feet)  except  the  last  one,  LKN, 
next  the  abutment,  and  this  is  a  pentagon  of  a  different 
width  bi,  (the  remnant  of  the  horizontal  distance  LC).  The 
weight  of  masonry  in  each  division  is  equal  to  (the  area 
of  division)  X  (unity  thickness  of  lamina)  X  (weight  of  a  cu- 
bic unit  of  arch-ring).  For  example  for  a  division  having 
an  area  of  20  sq.  feet,  and  composed  of  masonry  weighing 
160  lbs.  per  cubic  foot,  we  have  20x1  X  160=^3,200  lbs., 
applied  through  the  centre  of  gravity  of  the  division. 
The  area  of  a  trapezoid,  Fig.  394,  is  y2b{hi-\-'h^,  audits  cen- 
tre of  gravity  may  be  found.  Fig.  395,  by  the  construction 
of  Prob.  6,  in  §  26 ;  or  by  §  27a.  The  weight  of  the  pen- 
tagon LN,  Fig.  393,  and  its  line  of  application  (through 
centre  of  gravity)  may  be  found  by  combining  results  for 
the  two  trapezoids  into  which  it  is  divided  by  a  vertical 
through  K.   See  §  21. 

Since  the  weights  of  the  respective  trapezoids  [exctpt. 
iruj  LN)  are  proportional  to  their  middle  vertical  in- 
tercepts [such  as  }2{h-hh)  Fig-  394]  these  intercepts  (trans- 
ferred with  the  dividers)  may  be  used  directly  to  form  the 
load-line,  Fig.  396,  or  proportional  parts  of  them  if  more 
convenient.  The  force  scale,  which  this  implies,  is  easily 
computed,  and  a  proper  length  calculated  to  represent  the 
weight  of  the  odd  division  LN ;  i.e.,  1  ...  2  on  the  load- 
line. 

Now  consider  J,  the  middle  point  of  the  abutment  joint, 
Fig.  396,  as  the  starting  point  of  an  equilibrium  polygon 
(or  abutment  of  a  linear  arch)  for  a  given  loading,  and  re- 
quire that  this  equilibrium  polygon  shall  pass  through  p, 
the  middle  of  the  crown  joint,  and  through  the  middle  of 
the  abutment  joint  on  the  right  (not  shown  in  figure). 

Proceed  as  in  §  342,  thus  determining  the  polygon  Ap 
for  the  half-arch.  Draw  joints  in  the  arch-ring  through 
those  points  where  the  extrados  is  intersected  by  the  ver- 
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Jig.  3%. 


Fia.  397. 


tioal  separating  the  divisions  (not  the  gravity  verticals). 
The  points  in  which  these  joints  are  cut  by  the  segments 
of  the  equilibrium  polygon.  Fig.  397,  are  (very  nearly,  if 
the  joint  is  not  more  than  60°  from  p,  the  crown)  the  points 
of  application  in  these  joints,  respectively,  of  the  resultant 
pressures  on  them,  (if  this  is  the  "  true  linear  arch  "  for 
this  arch  and  load)  while  the  amount  and  direction  of  each 
such  pressure  is  given  by  the  proper  ray  in  the  force-dia- 
gram. 

If  at  any  joint  so  drawn  the  linear  arch  (or  equilibrium 
polygon)  passes  outside  the  middle  third  of  the  arch-ring, 
the  point  A,  ox  p,  (or  both)  should  be  judiciously  moved 
(within  the  middle  third)  to  find  if  possible  a  linear  arch 
which  keeps  within  limits  at  all  joints.  If  this  is  found 
impossible,  the  thickness  of  the  arch-ring  may  be  increased 
at  the  abutment  (giving  a  smaller  increase  toward  the 
crown)  and  the  desired  result  obtained  ;  or  a  change  in  the 
distribution  or  amount  of  the  loading,  if  allowable,  may 
gain  this  object.  If  but  one  linear  arch  can  be  drawn 
within  the  middle  third,  it  may  be  considered  the  "  true  " 
one ;  if  several,  the  one  most  nearly  co-inciding  with  the 
middles  of  the  joints  (see  §§  351  and  352)  is  so  considered. 


360.— Case  II.    TInsymmetrical  loading  on  a  Symmetrical  Arch 
(e.gi,  arch  with  live  load  covering  one  half -span  as  in  Figs. 
390  and  391).     Here  we  must  evidently  use  a  full  force 
diagram,  and  the  full  elevation  of  the  arch-ring  and  load 
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See  Fig.  398.      Select  three  points  A,  p,  and  B,  as  follows, 
to  determine  a  trial  equilibrium  polygon : 

Select  A  at  the  lower  limit  of  the  middle  third  of  the 


FlQ.  39S. 

abutment-joint  at  the  end  of  the  span  which  is  the  more 
heavily-loaded  ;  in  the  other  abutment-joint  take  B  at  the 
upper  limit  of  the  middle  third ;  and  take  p  in  the  middle 
of  the  crown-joint.  Then  by  §  341  draw  an  equilibrium 
polygon  (i.e.,  a  linear  arch)  through  these  three  points  for 
the  given  set  of  loads,  and  if  it  does  not  remain  within  the 
middle  third,  try  other  positions  for  A,  p,  and  B,  within 
the  middle  third.  As  to  the  "  true  linear  arch  "  alterations 
of  the  design,  etc.,  the  same  remarks  apply  as  already 
given  in  Case  I.  Yery  frequently  it  is  not  necessary  to 
draw  more  than  one  linear  arch,  for  a  given  loading,  for 
even  if  one  could  be  drawn  nearer  the  middle  of  the  arch- 
riug  than  the  first,  that  fact  is  almost  always  apparent  on 
mere  inspection,  and  the  one  already  drawn  (if  within 
middle  third)  will  furnish  values  sufficiently  accurate  for 
the  pressures  on  the  respective  joints,  and  their  direction 
angles. 

f     360a. — The  design  for  the  arch-ring  and  loading  is  not 
^  to  be  considered  satisfactory  until  it  is  ascertained  that  for 
the  dead  load  and  any  possible  combination  of  live-load 
(in  addition)  the  pressure  at  any  joint  is 
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,1.)     Within  the  middle  third  of  that  joint ; 

^2.)  At  an  angle  of  <  30°  with  the  normal  to  joint- 
Biarface. 

(3.)  Of  a  mean  pressure  per  square  inch  not  >  than  V20 
of  the  ultimate  crushing  resistance.     (See  §  348.) 

§361.  Abutmenta — The  abutment  should  be  compactly 
and  solidly  built,  and  is  then  treated  as  a  single  rigid  mass. 
The  pressure  of  the  lowest  voussoir  upon  it  (considering 
9,  lamina  one  foot  thick)  is  given  by  the  proper  ray  of  the 
force  diagram  (0  ..  l,e.  g.,  in  Fig.  396)  in  amount  and  direc- 
tion. The  stability  of  the  abutment  -sfill  depend  on  the 
amount  and  direction  of  the  resultant  obtained  by  com- 
bining that  pressure  P^  with  the  weight  G  of  the  abutment 
and  its  load,  see  Fig.  399.  Assume  a  probable  width  JRS 
for  the  abutment  and  compute  the  weight  G 
of  the  corresponding  abutment  OBRS  and 
MNBO,  and  find  the  centre  of  gravity  of  the 
7^  whole  mass  G.  Apply  G  in  the  vertical 
through  G,  and  combine  it  with  P^  at  their  in- 
tersection D.  The  resultant  P  should  not  cu.t 
the  base  E8  in  a  point  beyond  the  middle  third 
(or,  if  this  rule  gives  too  massive  a  pier,  take 
/  /'^'  such  a  width  that  the  pressure  per  square 

U-''  inch    at   8  shall  not  exceed  a  safe  value   as 

^  Fig.  399.  Computed  from  §  362.)  After  one  or  two 
trials  a  satisfactory  width  can  be  obtained. 
We  should  also  be  assured  that  the  angle  PD  G  is  less 
than  30°.  The  horizontal  joints  above  RS  should  also  be 
tested  as  if  each  were,  in  turn,  the  lowest  base,  and  if 
necessary  may  be  inclined  (like  mm)  to  prevent  slipping. 
On  no  joint  should  the  maximum  pressure  per  square  inch 
be  >  than  Yip  the  crushing  strength  of  the  cement.  Abut- 
ments of  firm  natural  rock  are  of  course  to  be  preferred 
where  they  can  be  had.  If  water  penetrates  under  an 
abutment  its  buoyant  effort  lessens  the  weight  of  the  lat- 
ter to  a  considerable  extent. 


b 
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362.  Maximum  Pressure  Per  Unit  of  Area  When  the  EesultaiK 
Pressure  Falls  at  Any  Given  Distance  from  the  Middle ;  according 
to  Navier's  theory  of  the  distribution  of  the  pressure  ;  see 
§  346.     Case  I.    Let  the  resultant  pressure  P,  Fig.  400,  (a). 


Fig.  400. 


Fig.  401. 


fall  within  the  middle  third,  a  distance  =  nd{<.  }i  d^, 
from  the  middle  of  joint  (d  =  depth  of  joint.)  Then  we 
have  the  following  relations  : 

p  (the  mean  press,  per.  sq.  in.),p,„  (max.  press,  persq.  in.i, 
and  p^  (least  press,  per  sq.  in.)  are  proportional  to  the  lines 
n  (mid.  width),  a  (max.  base),  and  c  (min.  base)  respectively, 
of  a  trapezoid.  Fig.  400,  (b),  through  whose  centre  of  gravity 
F  acts.     But  (§  26; 


J      d  a—c  ■ 
wa=— -. i.e 


:^.^  oTa=h{6n+l) 


6  'a-\-c      '        ^"     h 
p^—p  (6»+l).     Hence  the  following  table; 

then  the  max. 


If  nd=  %  d 
press.  p^=   2 


times  the  mean  pressuru 


Case  II.  Let  P  fall  outside  the  mid.  third,  a  distance^- 
fid  (^  yi  d)  from  the  middle  of  joint.  Here,  since  the 
joint  is  not  considered  capable  of  withstanding  tension, 
we  have  a  triangle,  instead  of  a  trapezoid.  Fig.  401.  First 
compute  the  mean  press,  per  sq.  in. 


P  (lbs.) 


(1— '2n)  18  rf  inches 
foot  thick). 


or  from   this  table :    (lamina  one 
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For  nd  = 

^d 

■hd 

^d 

T\d 

A^ 

T^'^ 

J9  = 

1      P 

10     d 

1       P 

8       d 

1       P 

6       d 

1       P 

4       <^ 

2  •  ^  rfi°^*y- 

((2  in  inches  and  P  in  lbs. ;  with  arch  lamina  1  ft.  in  thickness.) 

Then  the  maximum  pressure  (at  A,  Fig.  401)  p^,  =  2p, 
becomes  known,  in  lbs.  per  sq.  in. 

362a.  Arch-ring  under  Non- vertical  Forces. — An  example  of 
this  occurs  when  a  vertical  arch-ring  is  to  support  the  pressure 
of  a  liquid  on  its  extrados.  Since  water-pressures  are  always 
at  right  angles  to  the  surface  pressed  on,  these  pressures  on  the 
extradosal  surface  of  the  arch-ring  form  a  system  of  non-paral- 
lel forces  which  are  normal  to  the  curve  of  the  extrados  at 
their  respective  points  of  application  and  lie  in  parallel 
vertical  planes,  parallel  to  the  faces  of  the  lamina.  We  here 
assume  that  the  extradosal  surface  is  a  cylinder  (in  the  most 
general  sense)  whose  rectilinear  elements  are  1  to  the  faces  of 
the  lamina.  If,  then,  we  divide  the  lengtli  of  the  extrados, 
from  crown  to  each  abutment,  into  from  six  to  ten  parts,  the 
respective  pressures  on  the  corresponding  surfaces  are  obtained 
by  multiplying  the  area  of  each  by  the  depth  of  its  centre  of 
gravity  from  the  upper  free  surface  of  the  liquid,  and  this 
product  by  the  weight  of  a  unit  of  volume  of  the  liquid  ;  and 
each  such  pressure  may  be  considered  as  acting  through  the 
centre  of  the  area.  Finally,  if  we  find  tlie  resultant  of  each 
of  these  pressures  and  the  weight  of  the  corresponding  portion 
of  the  arch-ring,  these  resultants  form  a  series  of  non-vertical 
forces  in  a  plane,  for  which  an  equilibrium  polygon  can  then 
be  passed  through  three  assumed  points  by  §378a,  these  three 
points  being  taken  in  the  crown-joint  and  the  two  abutment- 
joints.     As  to  the  "  true  linear  arch"  see  §  359. 

As  an  extreme  theoretic  limit  it  is  worth  noting  that  if  the 
extrados  and  intrados  of  the  arch-ring  are  concentric  circles ;  if 
the  weights  of  the  voussoirs  are  neglected  ;  and  if  the  rise  of 
tb«  arch  is  very  small  compared  with  the  depth  of  the  crown 
^jeJow  the  water  surface,  then  the  circula/roentre-line  of  the 
wrch-ring  is  the  "  true  linear  archP 
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CHAPTER  XI. 


ARCH-RIBS. 

Note.^ — The  methods  used  in  this  chapter  for  the  treatment  of  the 
"elastic  arch''  are  practically  the  equivalent  of  those  based  on  the  theory 
of  "Least  Work." 

364.  Definitions  and  Assumptions. — An  arch-rib  (or  elastic- 
arch,  as  distinguished  from  a  block-work  arch)  is  a  rigid 
curved  beam,  either  solid,  or  built  up  of  pieces  like  a 
truss  (and  then  called  a  braced  arch)  the  stresses  in  which, 
under  a  given  loading  and  with  prescribed  mode  of  sup- 
port it  is  here  proposed  to  determine.  The  rib  is  sup- 
posed symmetrical  about  a  vertical  plane  containing  its 
axis  or  middle  line,  and  the  Moment  of  Inertia  of  any  cross 
section  is  understood  to  be  referred  to  a  gravity  axis  of 
the  section,  which  (the  axis)  is  perpendicular  to  the  said 
vertical  plane.  It  is  assumed  that  in  its  strained  condi- 
tion under  a  load,  the  shape  of  the  rib  differs  so  little 
from  its  form  when  unstrained  that  the  change  in  the  ab- 
scissa or  ordinate  of  any  point  in  the  rib  axis  (a  curve) 
may  be  neglected  when  added  (algebraically)  to  the  co- 
ordinate itself  ;  also  that  the  dimensions  of  a  cross-section 
are  small  compared  with  the  radius  of  curvature  at  any 
part  of  the  curved  axis,  and  with  the  span. 

365.  Mode  of  Support. — Either  extremity  of  the  rib  may  be 
hinged  to  its  pier  (which  gives  freedom  to  the  end-tangent- 
line  to  turn  in  the  vertical  plane  of  the  rib  when  a  load  is 
applied);  or  may  he  fixed,  i.e.,  so  built-in,  or  bolted  rigid- 
ly to  the  pier,  that  the  end-tangent-line  is  incapable  of 
changing  its  direction  when  a  load  is  applied.  A  hinge 
may  be  inserted  anywhere  along  the  rib,  and  of  course 
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destroys  the  rigidity,  or  resistance  to  bending  at  that 
point.  (A  hinge  having  its  pin  horizontal  ~|  to  the  axis  of 
the  rib  is  meant).  Evidently  no  more  than  three  such 
hinges  could  be  introduced  along  an  arch-rib  between  two 
piers  ;  unless  it  is  to  be  a  hanging  structure,  acting  as  a 
suspension-cable. 

366.  Arch  Rib  as  a  Free  Body. — In  considering  the  whole 
rib  free  it  is  convenient,  for  graphical  treatment,  that  no 
section  be  conceived  made  at  its  extremities,  if  fixed ;  hence 
in  dealing  with  that  mode  of  support  the  end  of  the  rib 
will  be  considered  as  having  a  rigid  prolongation  reach- 
ing to  a  point  vertically  above  or  below  the  pier  Junction, 
an  unknown  distance  from  it,  and  there  acted  on  by  a  force 
of  such  unknown  amount  and  direction  as  to  preserve  the 
actual  extremity  of  the  rib  and  its  tangent  line  in  the  same 
position  and  direction  as  they  really  are.  As  an  illustra- 
tion of  this  Fig.  402 
shows  free  an  arch  rib. 
ONB,  with  its  extremi- 
ties 0  and  B  fixed  in  the 
piers,  with  no  hinges,  qV 
and  bearing  two 
loads  Pj  and  Pj.  The 
other  forces  of  the  sys- 
tem holding  it  in  equi-  fiq.  402. 
librium  are  the  horizontal  and  vertical  components,  of  the 
pier  reactions  {H,  V,  H^,  and  V^),  and  in  this  case  of  fixed 
ends  each  of  these  two  reactions  is  a  single  force  not  in- 
tersecting the  end  of  the  rib,  but  cutting  the  vertical 
through  the  end  in  some  point  F  (on  the  left ;  and  in  G  oa 
the  right)  at  some  vertical  distance  c,  (or  d),  from  the  end. 
Hence  the  utility  of  these  imaginary  prolongations  OQF, 
and  BRG,  the  pier  being  supposed  removed.  Compare 
Figs.  348  and  350. 

The  imaginary  points,  or  hinges,  F  and  G,  will  be  called 
ahitments  being  such  for  the  special  equilibrium  polygon 
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(dotted  line),  wliile  0  and  B  are  the  real  enda  of  the  curved 
beam,  or  rib. 

In  this  system  of  forces  there  are  five  unknowns,  viz.:  V, 
F„,  E  =  ifn,  and  the  distances  c  and  d.  Their  determina- 
tion by  analysis,  even  if  the  rib  is  a  circular  arc,  is  ex- 
tremely intricate  and  tedious ;  but  by  graphical  statics 
(Prof.  Eddy's  method ;  see  §  350  for  reference),  it  is  com- 
paratively simple  and  direct  and  applies  to  any  shape  of 
rib,  and  is  sufficiently  accurate  for  practical  purposes. 
This  method  consists  of  constructions  leading  to  the  loca- 
tion of  the  "  special  equilibrium  polygon "  and  its  force 
diagram.  In  case  the  rib  is  hinged  to  the  piers,  the  re- 
actions of  the  latter  act  through  these  hinges.  Fig.  403, 
i  e.,  the  abutments  of  the  special 
equilibrium  polygon  coincide  with 
the  ends  of  the  rib  0  and  B,  and  for 
a  given  rib  and  load  the  unknown 
quantities  are  only  three  V,  V,„  and 
H;  (strictly  there  are  four  ;  but  IX  '^' 
=  0  gives  Ha  —  -ET)'     The  solution  fiq.  403. 

by  analytics  is  possible  only  for  ribs  of  simple  algebraic 
curves  and  is  long  and  cumbrous ;  whereas  Prol  Eddy's 
graphic  method  is  comparatively  brief  and  simple  and  is 
applicable  to  any  shape  of  rib  whatever. 

367.  TItilityofthe  Special  Equilibrium  Polygon  and  its  force 
diagram.  The  use  of  locating  these  will  now  be  illustrated 
[See  §  382].  As  proved  in  §§  332  and  334  the  compres- 
sion in  each  "  rod  "  or  segment  of  the  "  special  equilibrium 
polygon"  is  the  anti-stress  resultant  of  the  cross  sections  in 
the  corresponding  portion  of  the  beam,  rib,  or  other  struc- 
ture, the  value  of  this  compression  (in  lbs.  or  tons)  being 
measured  by  the  length  of  the  parallel  ray  in  the  force 
diagram.  Suppose  that  in  some  way  (to  be  explained  sub- 
sequently) the  special  equilibrium  polygon  and  its  force 
diagram  have  been  drawn  for  the  arch -rib  in  Fig.  404  hav- 
ing fixed  ends,  0  and  B,  and  no  hinges  ;  required  theelastia 
stresses  in  any  cross-section  of  the  rib  as  at  m.     Let  the 
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scale  of  the  force-diagram  on  the  riglit  be  200  lbs.  to  the 
inch,  gay,  and  that  of  the  space -diagram  (on  the  left)  30  ft. 
to  the  inch. 

The  cross  section  m  lies  in  a  portion  TK,  of  the  rib,  cor- 
responding to  the  rod  or  segment  he  of  the  equilibrium 
polygon;  hence  its  anti-stress-resultant  is  a  force  R^  acting 
in  the  line  ha,  and  of  an  amount  given  in  the  force-diagram. 
Now  B2  is  the  resultant  of  V,  H,  and  P„  which  with  the 
elastic' forces  at  m  form  a  system  in  equilibrium,  shown  in 
Fio!,.  405  ;  the  portion  FOTm  being  considered  free.    Hence 


F10.40S. 
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taking  the  tangent  line  and  the  normal  at  m  as  axes  wa 
should  have  2*  (tang,  comps.)  =  0 ;  2"  (norm,  comps.)  =  0  ; 
and  S  (moms,  about  gravity  axis  of  the  section  at  rri)  =  0, 
and  conld  thus  find  the  unknowns  p^,  p^,  and  J,  which  ap- 
pear in  the  expressions  pji^the  thrust,  ^  the  moment  of 
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the  stress-couple,  and  J  the  shear.  These  elastic  stresses 
are  classified  as  in  §  295,  which  see.  pi  and  p2  are  lbs.  per 
square  inch,  J  is  lbs.,  e  is  the  distance  from  the  horizontal 
gravity  axis  of  the  section  to  the  outermost  element  of 
area,  (where  the  compression  or  tension  is^^  lbs.  per  sq. 
in.,  as  due  to  the  stress-couple  alone)  while  I  is  the  "  mo- 
ment of  inertia  "  of  the  section  about  that  gravity  axis. 
[See  §§  247  and  295 ;  also  §  85].  Graphics,  however,  gives 
us  a  more  direct  method,  as  follows :  Since  i?2>  in  the  line 
be,  is  the  equivalent  of  V,  IT,  and  Pj,  the  stresses  at  m  will 
be  just  the  same  as  if  B2  acted  directly  upon  a  lateral  pro- 
longation of  the  rib  at  T  (to  intersect  be  Fig.  405)  as  shown 
in  Fig.  406,  this  prolongation  To  taking  the  place  of  TOF 
in  Fig.  405.  The  force  diagram  is  also  reproduced  here. 
Let  a  denote  the  length  of  the  ~\  from  m's  gravity  axis 
upon  be,  and  z  the  vertical  intercept  between  m  and  be. 
For  this  imaginary  free  body,  we  have, 

from  —  (tang.  compons.)=0,  B^  cos  a=piF 

and  from  2"  (norm.  compons.)=0,.R2  sin  «=J' 

while  from  S  (moms,  about)  ]         x.         -o  P2I 

.1  •;         ■      £     \    (\       t  we  hay©  Ji.M=  •£=- . 

the  gravity  axis  of  »n)=0,      j  ^  e 

But  from  the  two  similar  triangles  (shaded ;  one  of  them 
is  in  force  diagram)  a :3::  S':i?2  •'•  i?2a=^a,  whence  we 
may  rewrite  these  relations  as  follows  (with  a  general  state- 
ment), viz.: 

If  the  Special  Equilibriniu  Polygon  and  Its  Force  Diagram  Have 
jBeen  Drawn  for  a  given  arch-rib,  of  given  mode  of  support, 
and  under  a  given  loading,  then  in  any  cross-section  of  the 
I  ib,  we  have  (F  =  area  of  section): 

The  projection  of  the  proper 

( L)    The  ThruaL  ie.  fhF=  4  *""^  ^°^  *^®  ^^''^^  diagram)  up. 
'  *"^         '  on  the  tangent  line  of  the  rill 

drawn  at  the  given  section. 
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(2.)  The  Shear,  i.e.,  J,  — 
(upon  which  depends  the 
shearing  stress  in  the 
web).  (See  §§  253  and 
256).  [ 


The  projection  of  the  proper 
ray  (of  the  force  diagram)  up- 
on the  normal  to  the  rib  curve 
at  the  given  section. 


(3.)    The  Moment  of   the 
stress  couple,  i.e.,tL  ,  =  ' 


e 


The  product  {Hz)  of  the  fl 
(or  pole-distance)  of  the  force- 
diagram  by  the  vertical  dis- 
tance of  the  gravity  axis  of  the 
section  from  the  spec,  equilib- 
rium polygon. 
By  the  "  proper  ray  "  is  meant  that  ray  which  is  parallel 
to  the  segment  (of  the  equil.  polygon)  immediately  under 
or  above  which  the  given  section  is  situated.  Thus  in 
Fig.  404,  the  proper  ray  for  any  section  on  TK  is  Ri ;  on 
KB,  Bs ;  on  TO,  Bi.  The  projection  of  a  ray  upon  any 
given  tangent  or  normal,  is  easily  found  by  drawing  through 
each  end  of  the  ray  a  line  ~\  to  the  tangent  (or  normal) ; 
the  length  between  these  ~|  's  on  the  tangent  (or  normal)  is 
the  force  required  (by  the  scale  of  the  force  diagram).  We 
may  thus  construct  a  shear  diagram,  and  a  thrust  diagram 
for  a  given  case,  while  the  successive  vertical  intercepts 
between  the  rib  and  special  equilibrium  polygon  form  a 
moment  diagram.  For  example  if  the  a  of  a  point  m  is  j^ 
inch  in  a  space  diagram  drawn  to  a  scale  of  20  feet  to  the 
inch,  while  ^measures  2.1  inches  in  a  force  diagram  con- 
structed on  a  scale  of  ten  tons  to  the  inch,  we  have,  for  the 
moment  of  the  stress-couple  at  m,  il!f=-Ef8=[2.1xlO]  tons 
X[  1^X20]  ft. =210  ft.  tons. 

368. — It  is  thus  seen  how  a  location  of  the  special  equili 
Ibrinm  polygon,  and  the  lines  of  the  corresponding  forci 
diagram,  lead  directly  to  a  knowledge  of  the  stresses  in  ai 
the  cross-sections  of  the  curved  beam  under  consideration 
bearing  a  given  load ;  or,  vice  versa,  leads  to  a  stateme;«t 
of  conditions  to  be  satisfied  by  the  dimensions  of  the  ri» 
for  proper  security. 

It  is  here  supposed  that  the  rib  has  suificient  latei 
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bracing  (with  others  which  lie  parallel  with  it)  to  preveni 
buckling  sideways  in  any  part  like  a  long  column.  Before 
proceeding  to  the  complete  graphical  analysis  of  the  differ- 
ent cases  of  arch-ribs,  it  will  be  necessary  to  devote  the 
next  few  paragraphs  to  developing  a  few  analytical  rela- 
tions in  the  theory  of  flexure  of  a  curved  beam,  and  to 
giving  some  processes  in  "  graphical  arithmetic," 

369.  Change  in  the  Angle  Between  Two  Consecutive  Eib  Tan 
gents  when  the  rib  is  loaded,  as  compared  with  its  value 
before  loading.  Consider  any  small  portion  (of  an  arch 
rib)  included  between  two  consecutive  cross-sections ;  Fig. 
407.  KHG  W  is  its  unstrained  form.  Let  EA,  —  ds,  be 
the  original  length  of  this  portion  of  the  rib  axis.  The 
length  of  all  the  fibres  (|i  to  rib-axis)  was  originally  =cfe 
(nearly)  and  the  two  consecutive  tangent-lines,  at  E  and  A, 
made  an  angle  =  dd  originally,  with  each  other.  While 
under  strain,  however,  all  the  fibres  are  shortened  equally 
an  amount  dXi,  by  the  uniformly  distributed  tangential 
thrust,  but  are  unequally  shortened  (or  lengthened,  accord- 
ing as  they  are  on  one  side  or  the  other  of  the  gravity  axis 
E,  or  A,  of  the  section)  by  the  system  of  forces  making 
what  we  call  the  *'  stress  couple,"  among  which  the  stress 
at  the  distance  e  from  the  gravity  axis  A  of  the  section  is 
called  p-i  per  square  inch  ;  so  that  the  tangent  line  at  A' 
now  takes  the  direction  A'D  ~|  to  H'A'G'  instead  of  A'O 
(we  suppose  the  section  at  E  to  remain  fixed,  for  coiiTaiii* 


jk/^^"'  rip-^ 


Fig.  407, 
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ence,  since  the  change  of  angle  between  the  two  tangents 
depends  on  the  stresses  acting,  and  not  on  the  new  posi- 
tion in  space,  of  this  part  of  the  rib),  and  hence  the  angle 
between  the  tangent-lines  at  E  and  A  (originally  =  dd)  is 
now  increased  by  an  amount  CA'D  =  dcp  (or  G'A'B  =  df); 
G'H'  is  the  new  position  of  GH.  We  obtain  the  value  of 
dip  as  follows :  That  part  {dX^  of  the  shortening  of  the 
fibre  at  G,  at  distance  e  from  A  due  to  the  force  p^dF,  is 

§  201  eq.  (1),  dX^  —  —j-  But,  geometrically,  dk^  also  =ed(p, 


Eedf^p^ds 


(1.) 


But,  letting  ilf  denote  the  moment  of  the  stress-couple 
at  section  A  [M  depends  on  the  loading,  mode  of  support, 
etc.,  in  any  particular  case)  we  know  from  §  295  eq.  (6)  that 

Jf=-^,  and  hence  by  substitution  in  (1)  we  haye 


df- 


Mds 
EI 


(2) 


[If  the  arch-rib  in  question  has  less  than  three  hinges, 
the  equal  shortening  of  the  iibres  due  to  the  thrust  (of 
the  block  in  last  figure)  p^F,  will  have  an  indirect  effect  on 
the  angle  dip.     This  will  be  considered  later.] 

370.  Total  Change    i-e.  Cdtp     in  the  Ai^le  Between  the  End 

Tangents  of  a  Rib,  before  and  after  loading.      Take  the  ex- 
ample in  Fig.  408  of  a  rib  fixed  at  one  end  and  hinged  at 
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the  other.  When  the  rib  is  unstrained  (as  it  is  supposed 
to  be,  on  the  left,  its  own  weight  being  neglected ;  it  is  not 
supposed  sprung  into  place,  but  is  entirely  without  strain) 
then  the  angle  between  the  end-tangents  has  some  value 

B 

d'  =   j    cl6=  the  sum  of  the  successive  small  angles  dd  for 

each  element  ds  of  the  rib  curve  (or  axis).  After  loading, 
[on  the  right,  Fig.  408],  this  angle  has  increased  having 
now  a  value 


d'-{-    r  (if,  i.e.,  a  value  =  d'-\-  C  -== 


(L) 


Fig.  409. 


There  must  oe  no  hinge  between  0 
1  and  £. 

d      §  371.  Example  of  Equation  (I.)  in  Anal- 
d  ysis. — A  straight,  homogeneous,   pris- 
d.  matic  beam.  Fig.  409,  its  own  weight 
^  neglected,  is  fixed  obliquely  in  a  wall. 
After  placing  a  load  P  on  the  free  end, 
required  the  angle  between  the  end- 
tangents.     This  was  zero  before  load- 
ing .*•  its  value  after  loading  is 


=0+,'=0+  -I^/ 


Mds 


By  considering  free  a  portion  between  0  and  any  ds  of  the 
beam,  we  find  that  M—Px=m.om.  of  the  stress  couple. 
The  flexure  is  so  slight  that  the  angle  between  any  ds  and 
its  dx  is  still  practically  —a  (§  364),  and  .•.  ds=dx  sec  a. 
Hence,  by  substitution  in  eq.  (I.)  we  have 

^    EI  Jo  EI  Jo  EI  Lo-; 


Lo2 


^,^P{coaa)P  |-Cojjipaj.e  with  §  237]. 
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It  is  now  apparent  that  if  hoth  ends  of  an  arch  rib  are 
fixed,  when  unstrained,  and  the  rib  be  then  loaded  (within 
elastic  limit,  and  deformation  slight)  we  must  have 

B 

j   {Mds-h-EI)=  zero,  since  ^'=0. 

372.  Projections  of  the  Displacement  of  any  Point  of  a  Loaded 
Eib  Eelatively  to  Another  Point  and  the  Tangent  Line  at  the  Lat- 
ter.— (There  must  be  no  hinge  between  0  and  B).  Let  0 
be  the  point  whose  displacement  is  considered  and  B  the 
other  point.  Eig.  410.  If  ^'s  tangent-line  is  fixed  while 
the  extremity  0  is  not  supported  in  any  way  (Fig.  410) 
then  a  load  P  put  on,  0  is  displaced  to  a  new  position  0^. 


Fig.  410. 


Pie.  411. 


Pis.  412. 


"With  0  as  an  origin  and  OB  as  the  axis  of  X,  the  projec- 
tion of  the  displacement  00^  upon  X,  will  be  called  Jx, 
that  upon  Y,  Ay. 

In  the  case  in  Fig.  410,  O's  displacement  with  respect  to 
B  and  its  tangent-line  BT,  is  also  its  absolute  displacement 
in  space,  since  neither  B  nor  BT  has  moved  as  the  rib 
changes  form  under  the  load.  In  Fig.  411,  however,  the 
extremities  0  and  B  are  both  hinged  to  piers,  or  supports, 
the  dotted  line  showing  its  form  when  deformed  under  a 
load.  The  hinges  are  supposed  immovable,  the  rib  being 
free  to  turn  about  them  without  friction.  Tho  dotted  line 
is  the  changed  form  under  a  load,  8.nd  the  alsolute  dis- 
placement of  0  is  zero  ;  but  not  so  its  displaces  out  rela- 
tively to  B  and  B's  tangent  BT,  for  BT  has  moved  to  a 
new  position  BT'.  To  find  this  relative  displacement  con- 
ceive the  new  curve  of  the  rib  superposed  on  the  o)J  in 
a  way  that  B  and  BT  may  coini2id-9  with  their  original  ft?- 
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sitions,  Fig.  412.  It  is  now  seen  that  O's  displacement 
relatively  to  B  and  BT  is  not  zero  but  =00,,,  and  has  a 
small  Ax  but  a  comparatively  large  Jy.  In  fact  for  this 
case  of  hinged  ends,  piers  immovable,  rib  continuous  be- 
tween them,  and  deformation  slight,  we  shall  write  Jx  = 
zero  as  compared  with  Ay,  the  axis  X passing  through  OB). 

373.  Values  of  the  X  and  Y  Projections  of  O's  Displacement  Rela- 
tively to  Band  B's  Tangent;  the  origin  being  taken  at  0. 
Fig.  413.  Let  the  co- 
ordinates of  the  dif- 
ferent points  E,  D,  C, 
etc.,  of  the  rib,  re- 
ferred to  0  and  an 
arbitrary  X  axis,  be 
X  and  y,  their  radial 
distances  from  0  be- 
ing u  (i.e.,  u  for  G,  u' 
for  D,  etc.;  in  gener- 
al, m).  OEDO  is  the  i_ 
unstrained  form  of  the 
rib,  (e.g.,  the  form  it 
would  assume  if  it  lay  flat  on  its  side  on  a  level  platform, 
under  no  straining  forces),  while  0„E"D'GB  is  its  form 
under  some  loading,  i.e.,  under  strain.  (The  superposi- 
tion above  mentioned  (§  372)  is  supposed  already  made  if 
necessary,  so  that  BT  is  tangent  at  B  to  both  forms). 
Now  conceive  the  rib  OB  t:)  pass  into  its  strained  condi- 
tion by  the  successive  bending  of  each  ds  in  turn.  The 
straining  or  bending  of  the  first  ds,  BC,  through  the  small 
angle  dcp  (dependent  on  the  moment  of  the  stress  couple 
at  G  in  the  strained  condition)  causes  the  whole  finite  piece 
0  G  to  turn  about  (7  as  a  centre  through  the  same  small 
angle  dcp ;  hence  the  point  0  describes  a  small  linear  arc 
00'=dv,  whose  radius  =  u  the  hypothenuse  of  the  .r  and 
y  of  0,  and  whose  value  .•.  is  dv=iidip. 

Next   let  the  section  D,  now  at  D',  turn  through  its 
proper  angle  dif'  (dependent  on  its  stress-couple)  carrying 
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with  it  the  portion  D'O',  into  the  position  D'O",  making 
0'  describe  a  linear  arc  0' 0"  —{dv)'  =u'd(p' ,  in  which  u'  = 
the  hypothenuse  on  the  x'  and  y'  (of  D),  (the  deformation 
is  so  slight  that  the  co-ordinates  of  the  different  points 
referred  to  0  and  X  are  not  appreciably  affected).  Thus, 
each  section  having  been  allowed  to  turn  through  the  an- 
gle proper  to  it,  0  finally  reaches  its  position,  0,„  of  dis- 
placement. Each  successive  dv,  or  linear  arc  described  by 
0,  has  a  shorter  radius.  Let  dx,  (Sx)',  etc.,  represent  the 
projections  of  the  successive  (dvYs  upon  the  axis  X;  and 
similarly  dy,  (dy)'  etc.,  upon  the  axis  Y.  Then  the  total  X 
projection  of  the  curved  line  0  ....  0^  will  be 

Jx=    yfe  and  similarly  J?/ =  /%    •     •    •     (1) 

But  8  V  =  u  d  cp,  and  from  similar  right-triangles, 
S x:  dv  ::  y  :  u  and  dy  :  dv'::  x  :  u  .•.  dx  =  yd<p  and  dy  —xd(p ; 
whence,  (see  (1)  and  (2)  of  §369) 

Jx  =  fdx=fyd.p   =/-^    •    •    •       ^^^^ 

and  dy  =   f  dy  =  C  oodf    =    C  .    .    .    (IIL) 

If  the  rib  is  homogeneous  E  is  constant,  and  if  it  is  of 
constant  cross-section,  all  sections  being  similarly  cut  by 
the  vertical  plane  of  the  rib's  axis  (i.e.,  if  it  is  a  "  curved 
prism  ")  /,  the  moment  of  inertia  is  also  constant. 

374,  Recapitulation  of  Analytical  Relations,  for  referenoe* 
{Not  applicaUe  if  there  is  a  hinge  between  0  and  B) 

Total  Change  in  Angle  between  )  _  p^Mds  .j . 

tangent-lines    0   and   5      )~Jo'M      '     °    '     '     ^^ 

The  X-Projection  of  O's  Displacement  ] 

Relatively  to  B  and  B's  tangent- I        ^^Myds  /tt> 

line ;    (the  origin  being   at    0)1=1   —%rr  *    •    •   '■"-> 
and  the  axes  X  and  F  "1  to  [      ''°     ^^ 
each  other)  ' 
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The  Y-Projection  of  O's  Displacement,  ]^  _   ^^Mosds 
etc.,  as  above.  ~  ' 


h/ 


m 


(HL) 


Hdie  X  an^  y  are  the  co-ordinates  of  points  in  the  rib- 
curve,  ds  an  element  of  that  curve,  M  the  moment  of  the 
stress-couple  in  the  corresponding  section  as  induced  by 
the  loading,  or  constraint,  of  the  rib. 

(The  results  already  derived  for  deflections,  slopes,  etc., 
for  straight  beams,  could  also  be  obtained  from  these 
formulae,  I.,  II.  and  III.  In  these  formulae  also  it  must 
be  remembered  that  no  account  has  been  taken  of  the 
shortening  of  the  rib-axis  by  the  thrust,  nor  of  the  effect 
of  a  change  of  temperature.) 


374a.  B^sum^  of  the  Properties  of  Eq[uilihrium  Polygons  and 
their  Force  Diagrams,  for  Systems  of  Vertical  Loads. — See  §§  335 
to  343.     Given  a  system  of  loads  or  vertical  forces,  Fi,  P2, 

etc..    Fig.   414,    and 
-Ht-^t-'^VHp,  two  abutment  verti- 
cals, F'  and   G' ;   if 
''2,  we  lay  off,  vertically, 
to    form    a    "  load- 
line,"  1 ..  2  =  P„  2. . . 
3=i*2>  etc.,  select  any 
Pole,  0|,  and  join  Oi 
...  1,   Oi  .  .  .  2,  etc. ; 
also,    beginning     at 
^0-  «*•  any  point  Fi  in  the 

vertical  F',  if  we  draw  i^^i . . .  a  ||  to  Oi . .  1  to  intersect  the 
line  of  Pi ;  then  aZ»  II  to  Oi . .  2,  and  so  on  until  finally  a 
point  Gi,  in  G',  is  determined ;  then  the  figure  Fi  .ahc  Gi  is 
an  equilibrium  polygon  for  the  given  loads  and  load  verti- 
cals, and  Oi . . .  1234  is  its  "  force  diagram."  The  former 
is  so  called  because  the  short  segments  P,a  ah,  etc.,  if 
considered  to  be  rigid  and  imponderable  rods,  in  a  vertical 
plane,  hinged  to  each  other  and  the  terminal  ones  to  abut- 
ments P,  and  G-i,  would  be  in  equilibrium  under  the  given 
loads  hung  at  the  joints.     An  infinite  number  of  equilib- 
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rium  polygons  may  be  drawn  for  the  given  loads  and 
abutment-verticals,  by  choosing  different  poles  in  the  force 
diagram.  [One  other  is  shown  in  the  figuie ;  O2  is  its 
pole.  {Fi  Gi  and  F2  <^«  are  abutment  lines.)]  For  all  of 
these  the  following  statements  are  true  : 

(1.)  A  line  through  the  pole,  ||  to  the  abutment  line  cut« 
the  load-line  in  the  same  point  n',  whichever  equilibrium 
polygon  be  used  (  .*.  any  one  will  serve  to  determine  n' 

(2.)  If  a  vertical  CD  he  drawn,  giving  an  intercept  z'  in 
each  of  the  equilibrium  polygons,  the  product  Hz'  is  the 
same  for  all  the  equilibrium  polygons.  That  is,  (see  Fig. 
414)  for  any  two  of  the  polygons  we  have 

H^:  H^::  a/  :  zl' ;  or  H2  z^  =  R^  2/. 

(3.)  The  compression  in  each  rod  is  given  by  that 
"  ray  "  (in  the  force  diagram)  to  which  it  is  parallel. 

(4.)  The  "  pole  distance  "  H,  or  ~|  let  fall  from  the  pole 
upon  the  load-line,  divides  it  into  two  parts  which  are  the 
vertical  components  oi  the  compressions  in  the  abutment- 
rods  resTpectively  ( the  other  component  being  horizontal) ; 
H  is  the  horizontal  component  of  each  (and,  in  fact,  of 
each  of  the  compressions  in  all  the  other  rods).  The 
compressions  in  the  extreme  rods  may  also  be  called  the 
abutment  reactions  (oblique)  and  are  given  by  Ifee  extreme 
rays. 

(5.)  Three  Points  [not  all  in  the  same  segment  (or  rod)] 
determine  an  equilibrium  polygon  for  given  loads.  Hav- 
ing given,  then,  three  points,  we  may  draw  the  equilibrium 
polygon  by  §341. 

375.  Summation  of  Prcducts.  Before  proceeding  to  treat 
graphically  any  case  of  arch-ribs,  a  few  processes  in 
graphical  arithmetic,  as  it  may  be  called,  must  be  pre- 
sented, and  thus  established  for  future  use. 

To  make  a  summation  of  products  of  two  factors  in  each 
by  means  of  an  equilibrium  polygon. 
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Construction.     Suppose  it  required  to  make  'the  sumiaa- 
tion  I  [x  z)  i.  e.,  to  sum  the  series 


a?i  si+  Xj  «2  +  ajj  %  + 


by  graphics. 


Having  ^ 


rst  arranged  the  terms  in  the  order  of  magnf-, 
tude  of  the  x's,  we  proceed  as  follows :  Supposing,  for 
illustration,  that  two  of  the  »'s  (%  and  gj)  are  negative 
(aotted  in  figure)  see  Fig.  415.  These  quantities  x  and  z 
may  be  of  any  nature  whatever,  anything  capable  of  being 
represented  by  a  length,  laid  off  to  scale. 

First,  in  Fig 
416,  lay  off  the 
z'a  in  their 
order,  end  to 
end,  on  a  ver- 
tical load-line 
taking  care  to 
lay  off  %  and 
24  uptcard  ii| 
their  turn. 
Take  any  con- 
FiG.  416.  venient      j-ole 

0 ;  draw  the  rays  0  ...  1,  0  ...  2,  etc.;  then,  having  pre- 
viously drawn  vertical  lines  whose  horizontal  distances 
from  an  extreme  left-hand  vertical  F'  are  made  =  x.,  x., 
Xj,  etc.,  respectively,  we  begin  at  any  point  F,  in  the  verti- 
cal F',  and  draw  a  line  II  to  0  ...  1  to  intersect  the  x,  ver- 
tical in  some  point  ;  then  1'  2'  ||  to  0  .  . .  2,  and  so  on,  fol- 
lowing carefully  the  proper  order.  Produce  the  last  seg- 
ment (6'  ...  (r  in  this  case)  to  intersect  the  vertical  F'  in 
some  point  K.  Let  KF  =k  (measured  on  the  same  scale 
as  the  x'a),  then  the  summation  required  is 

I,'  (xz)  =  m. 

H  is  measured  on  the  scale  of  the  2's,  which  need  not  be 
the  same  as  that  of  the  x's  ;  in  fact  the  z's,  may  not  be  the 
same  kind  of  quantity  as  the  cc's. 

[Peoof. — Prom  similar  triangles  H:  a, ::  Xi :  h^,  .:  XiSi  =  Hki ; 


« 

\ 

c 

/    t 
i 

■1 

t^^ 

2' 

0'  r>\ 

H- 

«8 

/ 

1 

^^ 

1 

f 

'"' 

■ 

G 

<-- X,, 

« -fa^2-* 

« ; — X 

— >■ 

! — 

-^r 

— 

~X\ — 

^ 

Fig. 

415. 

and 


H-.ZoV.Xi-.h,.'.  xs.=EJ; 
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and  so  on.     But  H {k,+k.+ etc.) =BxFK^Hk]. 

376.  Gravity  Vertical. — From  tlie  same  construction  in 
Fig.  415  we  can  determine  the  line  of  action  (or  gravity 
vertical)  of  the  resultant  of  the  parallel  vertical  forces  z^, 
z^,  etc.  (or  loads);  by  prolonging  the  first  and  last  segments 

to  their  intersection  at 
C  The  resultant  of  the 
system  of  forces  or  loads 
acts  through  C  and  is 
vertical  in  this  case  ;  its 
value  being  =  -  (z), 
that  is,  it  =  the  length 
1  ...  7  in  the  force  dia- 
gram, interpreted  by  the 
proper  scale.  It  is  now 
supposed  that  the  zs 
represent  forces,  the  x'b 
being  their  respective 
lever  arms  about  F.  If 
the  ?'s  represent  the 
areas  of  small  finite  por- 
tions of  a  large  plane 
figure,  we  may  find  a 
gravity-line  i( through  C) 
of  that  figure  by  the 
above  construction;  each 
z  being-applied  through 
the  centre  of  gravity  of 
its  own  portion. 

Calling  the  distance 
X  between  the  verticals 
through  G  and  F,  we 
k,  have  also  x  .  ^  (z)  = 
1  (xz)  because  I  {z)  is 
the  resultant  of  the  ||  z's. 
This  is  also  evident  from 
the  proportion  (similar 
triangles) 
jy  :  (1  .  .  7)  ::  >  :  h 
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376a.  Moment  of  Inertia  (of  Plane  Figure)  by  Graphics.* — 

Fig.  4:16a.  7„  =  ?     First,  for  the  portion  on  right.     Divide  OR 
jnto  equal  parts  each  =  /Ix.     Let  a,,  «2>  etc.,  be  the  middle 
ordinates  of  the  strips  thus  obtained,  and  Xj,  etc.  their 
abscissas  (of  middle  points). 
Then  we  have  approximately 


ij;  for  0Ii=/lx.ZiXi'+Jx.Z2X.i^+ 

=Jx[{zj^Xi)xi+{z2X2)x2+  ...]..(!) 

But  by  §375  we  may  construct  the  products  ZiXi,z^2>  etc., 
taking  a  convenient  H',  (see  Fig.  416,  (6)),  and  obtain  &„  fej, 
etc.,  such  that  z^Xi  —  H'ki,  z^X2  =  .ff"^,  etc.  Hence  eq.  (1) 
becomes : 

i,,  for  OB  B,T^-^T:o7i.=H'Ax[k^Xi-\-kfi;2-\-  .  .  .J  .  .  .  (2) 

By  a  second  use  of  §  375  (see  Fig.  416  c)  we  construct  I, 
such  that  k^Xi  +  h^x^  +....=  H"l  [H"  taken  at  con- 
venience].    .•.  from  eq.  (2)  we  have  finally,  (approx.), 

7n  for  OB=H'H"lAx (3) 

For  example  if  OR  =  4  in.,  with  four  strips,  Ax  would  = 
1  in.;  and  if  jy  =  2  in.,  H"  =  2  in.,  and  I  =  5.2  in.,  then 

In  for  OR  =  2x2x5.2x1.0=20.8  biquad.  inches. 

The  In  for  OL,  on  the  left  of  N,  is  found  in  a  similar 
manner  and  added  to  Zu  for  OR  to  obtain  the  total  I^.  The 
position  of  a  gravity  axis  is  easily  found  by  cutting  the 
shape  out  of  sheet  metal  and  balancing  on  a  knife  edge  ;  or 
may  be  obtained  graphically  by  §  336  ;  or  376. 

377.  Construction  for  locating  a  line  vm  (Fig.  417)  at  (a),  in 
the  polygon  FG  in  such  a  position  as  to  satisfy  the  two 
following  conditions  with  reference  to  the  vertical  inter- 
cepts at  1,  2,  8,  4,  and  5,  between  it  and  the  given  points 
1,  2,  3,  etc.,  of  the  perimeter  of  the  polygon. 

*  Another  graphic  method  for  this  purpose  will  be  found  in  §  7G  (p.  80), 
of  the  author's  Notes  and  Examples  in  Mechanics. 
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Condition  L — (Calling  these  intercepts  m„  u^,  etc.,  and  their 
horizontal   distances  from  a  given  vertical  F,  x^,  x^,  etc.) 

-  (m)  is  to  =  0 ;  i.e.,  the  sum  of  the  positive  m's  must  be 
numerically  =•  that  of  the  negative  (which  here  are  at  1 
and  5).  An  infinite  number  of  positions  of  vm  will  satisfy 
condition  I. 


Condition  11. — S 

r 


(ux) 


to  =  0 ;  i.e.,  the  sum  of  the 
moments  of  the  positive  u'b 
about  F  must  =  that  of  the 
J"-*  negative  m's.  i.e.,  the  moment 
of  the  resultant  of  the  posi- 
tive u's  must  =  that  of  the 
resultant  of  the  negative  ; 
and  .•.  (Condit.  I  being 
already  satisfied)  these  two 
resultants  must  be  directly 
opposed  and  equal.  But  the 
ordinates  u  in  («)  are  indi- 
vidually equal  to  the  differ- 
ence of  the  full  and  dotted 
ordinates  in  (6)  with  the 
same  x's  .".  the  conditions 
may  be  rewritten  : 

I.  I  {iull  ords.  in(&))  = 
I  (dotted  ords.  in  (&)) 

II.  2'  [each  full  ord.  in  (b) 
X  its  x]  =  -  [each  dotted 
ord.  in  {b)  X  its  x]  i.e.,  the 
centres  of  gravity  of  the  full 

and  of  the  dotted  in  (b)  must  lie  in  the  same  vertical. 

Again,  by  joining  v  G,  we  may  divide  the  dotted  ordi- 
nates of  (6)  into  two  sets  which  are  dotted,  and  broken,  re- 
spectively, in  (c)     Then,  finally,  drawing  in  {d), 

R,  the  resultant  of  full      ords.  of  (c) 
rp^    «  "  "  broken    "       "    " 

T',  "  "  "  dotted    "       "   " 
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we  are  prepared  to  state  in  still  another  and  final  form  the 
conditions  which  vm  must  fulfil,  viz.  : 

(I.)  T-\-T'  must  =  i?;  and  (II.)  The  resultant  of  T 
and  T'  must  act  in  the  same  vertical  as  R. 

In  short,  the  quantities  T,  T',  and  R  must  form  a  bal- 
anced system,  considered  as  forces.  All  of  which  amounts 
practically  to  this :  that  if  the  verticals  in  which  T  and  T' 
act  are  known  and  R  be  conceived  as  a  load  supported  by 
a  horizontal  beam  (see  foot  of  Fig.  417,  last  figure)  resting 
on  piers  in  those  verticals,  then  T  and  T'  are  the  respec- 
tive reactions  of  those  piers.  It  will  now'  be  shown  that  the 
verticals  of  T  and  T'  are  easily  found,  being  independent  of 
the  position  of  vm ;  and  that  both  the  vertical  and  the  mag- 
nitude of  R,  being  likewise  independent  of  vm,  are  deter- 
mined with  facility  in  advance.  For,  if  v  be  shifted  up 
or  down,  all  the  broken  ordinates  in  (c)  or  (d)  will  change 
in  the  same  proportion  (viz.  as  vF  changes),  while  the 
dotted  ordinates,  though  shifted  along  their  verticals,  do 
not  change  in  value  ;  hence  the  shifting  of  v  affects  neither 
the  vertical  nor  the  value  of  T',  nor  the  vertical  of  T. 
The  value  of  T,  however,  is  proportional  to  vF.  Similar- 
ly, if  m  be  shifted,  up  or  down,  T'  will  vary  proportionally 
to  mG,  but  its  vertical,  or  line  of  action,  remains  the  same. 
T  is  unaffected  in  any  way  by  the  shifting  of  vi.  R,  de- 
pending for  its  value  and  position  on  the  full  ordinates  of 
(c)  Fig.  417,  is  independent  of  the  location  of  vm.  We 
may  .•.  proceed  as  follows  : 

1st.  Determine  R  graphically,  in  amount  and  position, 
by  means  of  §  376. 

2ndly.  Determine  the  verticals  of  T  and  T'  by  any  trial 
position  of  vm  (call  it  Virih),  and  the  corresponding  trial 
values  of  T  and  T'  (call  them  T^  and  T'^). 

3rdly.  By  the  fiction  of  the  horizontal  beam,  construct 
(§  329)  or  compute  the  true  values  of  T  and  T',  and  then 
determine  the  true  distances  vF  and  mC  by  the  propor- 
tious 

vF  :  ViF  :  :  T  :  T^  and  mG  :  m^G  ::  T'  -.T,. 
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Example  of  this.     Fig.  418.      (See  Fig.  417  for  s  and  t.) 

From  A  toward  B  in  (e)  Fig.  418,  lay  off  the  lengths  (or 
lines  proportional 
to  them)  of  the  full 
ordinates  1,  2,  etc., 
of  (/).  Take  any 
pole  0],  and  draw  the 
equilibrium  poly- 
gon (/)'  and  pro- 
long its  extreme  seg- 
ments to  find  C  and 
thus  determine  -R's 
vertical.  H  is  repre- 
sented by  AB.  In 
(g)  [same  as  (/)  but 
shifted  to  avoid 
complexity  of  lines] 
draw  a  trial  v.^m.^  and 
join  V2G2.  Deter- 
mine the  sum  T2  of  ]  ^  P 
the  broken  ordi-  Efm.  418. 
nates  (between  V2G2  ana  F2G2)  and  its  vertical  line  of  ap- 
plication, precisely  as  in  dealing  with  B ;  also  T'^  that  of 
the  dotted  ordinates  (five)  and  its  vertical.  Now  the  true 
T=Btjj^s+t)  and  the  true  T^Bs-^(s+t).  Hence 
pute  vF={T-^T2)v,F2  and  mQ  ={T'-^T':^  m^Q. 
laying  them  off  vertically  upward  from  F  and  0  respec- 
tively we  determine  v  and  m,  i.e.,  the  line  vm  to  fulfil  the 
conditions  imposed  at  the  beginning  of  this  article,  rela- 
ting to  the  vertical  ordinates  intercepted  between  vm  and 
given  points  on  the  perimeter  of  a  polygon  or  curve. 

Hote  (a\  If  the  verticals  in  which  the  intercepts  lie  are 
equidistant  and  quite  numerous,  then  the  lines  of  action 
of  T2  and  T'2  will  divide  the  horizontal  distance  between 
F  and  G  into  three  equal  parts.  This  will  be  exactly  true 
in  the  application  of  this  construction  to  §  390. 

Note  (b)-  Also,  if  the  verticals  are  symmetrically  placed 
about  a  vertical  line,  (as  will  usually  be   the  case)  v-trth  is 


com- 
and  by 
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best  drawn  parallel  to  FG,  for  then  T^  and  T'2  will  be 
equal  and  equi-distant  from  said  vertical  line. 

378.  Classification  of  Arch-Eibs,  or  Elastic  Arches,  according 
to  continuity  and  modes  of  support.  In  the  accompany-, 
ing  figures  ih^full  curves  show  the  unstrained  form  of  the 
rib  (before  any  load,  even  its  own  weight,  is  permitted  to 
come  upon  it)  ;the  dotted  curve  shows  its  shape  (much  ex- 
aggerated) when  bearing  a  load.  For  a  given  loading 
Three  Conditions  must  be  given  to  determine  the  special 
equilibrium  polygon  (§§  366  and  367). 

Class  A. — Continuous  rib,  free  to  slip  laterally  on  the 
piers,  which  have  smooth  horizontal  surfaces,  Fig.  420. 

This  is  chiefly  of  theoretic  interest,  its  consideration 
being  therefore  omitted.  The  pier  reactions  are  neces- 
sarily vertical,  just  as  if  it  were  a  straight  horizontal 
beam. 

Class  B.  Eib  of  Three  Hinges,  two  at  the  piers  and  one 
intermediate  (usually  at  the  crown)  Fig.  421.  Fig.  36  also 
is  an  example  of  this.  That  is,  the  rib  is  discontinuous 
and  of  two  segments.  Since  at  each  hinge  the  moment  of 
the  stress  couple  must  be  zero,  the  special  equilibrium 
polygon  must  pass  through  the  hinges.  Hence  as  three 
points  fully  determine  an  equilibrium  polygon  for  given 
load,  the  special  equilibrium  is  drawn  by  §  341. 


Pig.  420. 


Fio,  421. 


[§  378a  will  contain  a  construction  for  arch-ribs  of  three 
hinges,  when  the  forces  are  not  all  vertical.] 

Class  C.  Rib  of  Two  Hinges,  these  being  at  the  piers,  the 
rib  continuous  between.  The  piers  are  considered  im- 
movable, i.e.,  the  span  cannot  change  as  a  consequence  of 
loading.     It  is  also  considered  that  the  rib  is  fitted  to  its 
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hinges  at  a  definite  temperature,  and  is  then  under  no  con- 
straint from  the  piers  (as  if  it  lay  flat  on  the  ground),  not 
even  its  own  weight  being  permitted  to  act  when  it  is  fi- 
nally put  into  position.  When  the  "false  works" 
or  temporary  supports  are  removed,  stresses  are  in- 
duced in  the  rib  both  by  its  loading,  including  its 
own  weight,  and  by  a  change  of  temperature.  Stresses 
due  to  temperature  may  be  ascertained  separately  and 
then  combined  with  those  duo  to  the  loading.  [Classes 
A  and  B  are  not  subject  to  temperature  stresses.]     Fig. 

422  shows  a  rib  of  two  hinges, 
at  ends.  Conceive  the  dotted 
curve  (form  and  position  un- 
der strain)  to  be  superposed 
on  the  continuous  curve 
(form  before  strain)  in  such 
a  way  that  B  and  its  tangent 
line  (which  has  been  dis- 
placed from  its  original  position)  may  occupy  their  pre- 
vious position.  This  gives  us  the  broken  curve  O^B.  0  0^ 
is  .•.  O's  displacement  relatively  to  JB  and  ^'s  tangent. 
Now  the  piers  being  immovable  O^S  (right  line)=05  ;  i.e., 
the  X  projection  (or  Jx)  of  00^  upon  OB  (taken  as  an  axis 
of  X)  is  zero  compared  with  its  Jy.  Hence  as  one  condi- 
tion to  fix  the  special  equilibrium  polygon  for  a  given  load- 
ing we  have  (from  §  373) 


FIG.   422. 


r^[Myds-i-EI]-- 


■■0 


(1) 


The  other  two  are  that  the  )  must  pass  through  0 


]■ 


(2) 
special  equilibrium  polygon )      "         "  "         B   .  (3) 

Class  D.  Eib  with  Fixed  Ends  and  no  hinges,  i.e.,  continu- 
ous. Piers  immovable.  The  ends  may  be  Jioced  by  being 
inserted,  or  built,  in  the  masonry,  or  by  being  fastened  to 
large  plates  which  are  bolted  to  the  piers.  [The  St.  Louis 
Bridge  and  that  at  Coblenz  over  the  Rhine  are  of  this 
class.]     Fig.  423.     In  this  class  there  being  no  hinges  we 
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have  no  point  given  in  advance  through  which  the  special 
equilibrium  polygon  must  pass.  However,  since  O'a  dis- 
placement relatively  (and  absolutely)  to  B  and  B'a  tangent 
is  zero,  both  jdx  and  Jy  [see  §  373]  =  zero.  Also  the  tan- 
gent-lines both  at  0  and  B  being 
fixed  in  direction,  the  angle  be- 
tween them  is  the  same  under 
loading,  or  change  of  temperature, 
as  when  the  rib  was  first  placed 
in  position  under  no  strain  and  at 
a  definite  temperature. 
Hence  the  conditions  for  locating  the  special  equilibrium 
polygon  are 

'  Mds  _  A  .      /»  Myds  _  «  .     n^Mxds 


Fig.  423. 


I 


=  0: 


I 


0 


I 


=  0. 


EI  Jo    El  do    EI 

In  the  figure  the  imaginary  rigid  prolongations  at   the 
ends  are  shown  [see  §  366]. 

Other  designs  than  those  mentioned  are  practicable 
(such  as :  one  end  fixed,  t"he  other  hinged ;  both  ends  fixed 
and  one  hinge  between,  etc.),  but  are  of  unusual  occur- 
rence. 


378a.  Rib  of  Three  Hinges,  Forces  not  all  Vertical.*  If  the 
given  rib  of  three  hinges  upholds  a  roof,  the  wind-press- 
ure on  which  is  to  be  considered  as  well  as  the  weights  of 
the  materials  composing  the  roof-covering,  the  forces  will 
not  all  be  vertical.  '  To  draw  the  special  equil.  polygon  in 

such  a  case  the  following 
construction  holds  :  Re- 
quired to  draw  an  equilib- 
rium polygon,  for  any 
plane  system  of  forces, 
through  three  arbitrary 
points.  A,  p  and  B  ;  Fig. 
B423a.  Find  the  line  of 
action  of  R^,  the  resultant 
of  all  the  forces  oconrring 
between  A  and  p;    also, 


Fio.  428a. 


*  See  p.  117  of  the  author's  "Notes  and  Examples  in  Mechanics' 
detailed  example  ot  tlie  following  construction. 


for  » 
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that  of  Bi,  the  resultant  of  all  forces  between  ,p  and  B  ; 
also  the  line  of  action  of  R,  the  resultant  of  R^  and  R^,  [see 
§  328.]  Join  any  point  M  io.  E  with  A  and  also  with  B, 
and  join  the  intersections  i\/'and  0.  Then  ^  iV  will  be  the 
direction  of  the  first  segment,  0  B  that  of  the  last,  and 
N  0  itself  is  the  segment  corresponding  to  p  (in  the  de- 
sired polygon)  of  an  equilibrium  polygon  for  the  given 
forces.  See  §  328.  If  A  N'p  0'  B  are  the  corresponding 
segments  (as  yet  unknown)  of  the  desired  equil.  polygon, 
we  note  that  the  two  triangles  MNO  and  M'JSFO',  having 
their  vertices  on  three  lines  which  meet  in  a  point  [i.e.,  R 
meets  R^  and  R..  in  C],  are  homological  [see  Prop.  VII.  of 
Introduc.  to  Modern  Geometry,  in  Chauvenet's  Geometry,] 
and  that  .  • .  the  three  intersections  of  their  corresponding 
sides  must  lie  on  the  same  straight  line.  Of  those  inter- 
sections we  already  have  A  and  B,  while  the  third  must  be 
at  C,  found  at  the  intersection  of  AB  and  NO.  Hence  by 
connecting  C  and  p,  we  determine  N'  and  0'.  Joiuiug 
N'A  and  O'B,  the  first  ray  of  the  required  force  diagram  will 
be  II  to  JSP  A,  while  the  last  ray  will  be  ||  to  O'B,  and  thus 
the  pole  of  that  diagram  can  easily  be  found  and  the  cor- 
responding equilibrium  polygon,  beginning  at  A,  will  pass 
through  p  and  B. 
(This  general  case  includes  those  of  §§  341  and  342.) 
379.  Arch-Rib  of  two  Hinges;  by  Prof.  Eddy's  Method.* 
[It  is  understood  that  the  hinges  are  at  the  ends.]  Ke- 
quired  the  location  of  the  special  equilibrium  polygon.  We 
here  suppose  the  rib  homogeneous  (i.e.,  the  modulus  of 
Elasticity  U  is  the  same  throughout),  that  it  is  a  "  curved 
prism  "  (i.e.,  that  the  moment  of  inertia  I  of  the  cross- 
section  is  constant),  that  the  piers  are  on  a  level,  and  that 
the  rib-curve  is  symmetrical  about  a  vertical  line.     Fig. 

424.  For  each  point  m  of  the  rib 
curve  we  have  an  x  and  y  (both 
known,  being  the  co-ordinates  of 
the  point),  and  also  a  z  (intercept 
■'^between  rib  and  special  equilib- 
FiQ.  424.  rium  polygon)  and  a  z'  (intercept 

*  p.  25  of  Prof.  Eddy's  book  ;  see  reference  in  preface  of  this  work. 
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between  the  spec.  eq.  pol.  and  the  axis  X  (which  is  OB). 
The  first  condition  given  in  §  378  for  Class  C  may  be 
transformed  as  follows,  remembering  [§  367  eq.  (3)]  that 
M  —  Hz  at  any  point  m  of  the  rib  (and  that  EI  is  con- 
stant). 

A  J^  Myds  =  0,  i.e.,  -g  f^'^V'^^  =  0  • '  -  J^V<^«  =  ^ 


but 
e=y  -z' 


■  ■  r  (y-  «')yds^O;  i.e.,  f  yyds  =  C  yz'ds  .  (1) 

t/o  «/o  t/o 


In  practical  graphics  we  can  not  deal  with  infinitesimals ; 
hence  we  must  substitute  /Is  a  small  finite  portion  of  the 
rib-curve  for  ds;  eq.  (1)  now  reads  2^  yy  As  =  £^  yz'  As. 
But  if  we  take  all  the  z/s's  equal.  As  is  a  common  factor 
and  cancels  out,  leaving  as  a  final  form  for  eq.  (1) 

SJ^{yy)=IJ^{yz')     .     .         .     (1)' 

The  other  two  conditions  are  that  the  special  equilibrium 
polygon  begins  at  0  and  ends  at  £.  (The  subdivision  of 
the  rib-curve  into  an  even  number  of  eqiial  As's  will  be  ob- 
served in  all  problems  henceforth.) 

379a.  Detail  of  the  Construction.     Given  the  arch-rib  0  B, 
Fig.  425,  with  specified  loading.     Divide  the  curve  into 


Fia.  426. 
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eiglit  equal  ^s's  and  draw  a  vertical  through  the  middle 
of  each.  Let  the  loads  borne  by  the  respective  //s's  be 
P„  Pi,  etc.,  and  with  them  form  a  vertical  load-line  ^  C  to 
some  convenient  scale.  With  any  convenient  pole  0" 
draw  a  trial  force  diagram  0"  AC,  and  a  corresponding 
trial  equilibrium  polygon  F  G,  beginning  at  any  point  in 
the  vertical  F.  Its  ordinates  «,",  Z2",  etc.,  are  propor- 
tional to  those  of  the  special  equil.  pol.  sought  (whose 
abutment  line  is  OB)  [§  374:a  (2)].  We  next  use  it  to  de- 
termine n'  [see  §  374a].  We  know  that  OB  is  the  "  abut- 
ment-line "  of  the  required  special  polygon,  and  that  .  ■ . 
its  pole  must  lie  on  a  horizontal  through  n'.  It  remains 
to  determine  its  S,  or  pole  distance,  by  equation  (1)'  just 
given,  viz. :  ^i  yy  —  -\yz'.  First  by  §  375  find  the  value 
of  the  summation  -i(yy),  which,  from  symmetry,  we  may 
write  =  21\Xyy)=2[y,yi+yiy2+yiy3+y,y^'} 


Hence,  Fig.  426,  we  obtain 
J?  (y2/)=2  \_HJi\ 


Next,  also  by  §  375,  see  Fig. 
427,  using  the  same  pole  dis- 
tance Ha  as  in  Fig.  426,  we 
find 


i.e., 


+2/2%"  +  2/3«3"  +  2/ a"  = 


Again,  since  I\  {yz")  =  2/8%" 
+  Vih"  +  2/6«6"  +  ys^s"  which 
from    symmetry  (of  rib) 

=yx<'+y-^'+yz<'-Vy><', 


,we  obtain.  Fig.  428, 
I\  {yz")  =  HX",  (same 
and  .■. 


jr.); 


J?  {yz")=ff„  (4,"+ V).     If  now  we  find  that  A^"+A;/'=2A;. 
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the  condition  21  (yy)  =  II  {yz")  is  satisfied,  and  the  pole 
distance  of  our  trial  polygon  in  Fig.  425,  is  also  that  of 
the  special  polygon  sought;  i.e.,  the  z"  's.are  identical  in 
value  with  the  z"s  of  Fig.  424.  In  general,  of  course,  we 
do  not  find  that  k/'+k/'  =  2k.  Hence  the  z"  's  must  all 
be  increased  in  the  ratio  2k:  {ki"+k/')  to  become  equal  to 
the  a"8.  That  is,  the  pole  distance  H  of  the  spec,  equil- 
polygon  must  be 

„_  ki"+lc"  Tif,  (in  which  H"  =  the  pole  distance  of  the 
2'c  trial  polygon)  since  from  §339  the   ordi- 

aates  of  two  equilibrium  polygons  (for  the  same  loads) 
are  inversely  as  their  pole  distances.  Having  thus  found 
the  H  of  the  special  polygon,  knowing  that  the  pole  must 
lie  on  the  horizontal  through  n',  Fig.  425,  it  is  easily 
drawn,  beginning  at  0.  As  a  check,  it  should  pass  through 
B. 

For  its  utility  see  §  367,  but  it  is  to^be  remembered  that 
the  stresses  as  thus  found  in  the  different  parts  of  the 
rib  under  a  given  loading,  must  afterwards  be  combined 
with  those  resulting  from  change  of  temperature  and  the 
shortening  of  the  rib  axis  due  to  the  tangential  thrusts, 
before  the  actual  stress  can  be  declared  in  any  part. 

Note. — Variable  Moment  of  Inertia.  If  the  /  of  the  rib  section  is  dif- 
ferent at  different  sections  we  may  proceed  as  follows:    For  eq.  (1),  we 

J"iJ    ds        I'B     ds  . 

yy  -r=   I     2/z't--     Taking  the  /  of  the  crown  section  (say) 
0        '      Jo        / 
as  a  standard  of  reference,  denoting  it  by  /',  we  may  write  for  any  other 
section  I=nl',  where  w  is  a  variable  ratio,  or  abstract  number;    whence 

1  ^T^  ^      At      1  N"^  ^      Js 

eq.  (1)    becomes,   after  putting   Js  for  ds,  y>    7      yy — =-77    7      y^ — 

'  ^-^0  n  I  ^.^0  n 
If  now  the  length  of  each  successive  Js,  from  the  crown  down,  be  made 
directly  proportional  to  the  number  n  at  that  part  of  the  rib,  the  quantity 
Js^n  will  have  the  same  value  in  all  the  terms  of  each  summation  and 
may  be  factored  out ;  and  we  then  have  a  relation  identical  in  form  with 
eq.  (1)',  but  with  the  understanding  that  the  i/'s  and  ''"s  concerned  are 
those  in  the  successive  verticals  drawn  through  the  mid-points  of  the 
unegnal  Js's,  or  subdivisions  along  the  rib,  obtained  by  foUoiring  the 
above  plan  that  each  ds  is  proportional  to  the  value  of  the  moment  of 
inertia  at  that  part  of  the  rib.  For  instance,  if  the  /  of  a  section  near 
the  hinge  0,  or  B,  is  three  times  that  (/')  at  the  crown,  then  the  length 
of  the  Js  at  the  former  point  must  be  made  three  times  the  length  of 
the  Js  first  assumed  at  the  crown  when  the  subdivision  is  begun.  By 
a  little  preliminary  investigation,  a  proper  value  for  this  crown  Js  may 
be  decided  upon  such  that  the  total  number  of  Js's  shall  be  sufficient 
for  accuracy  (sixteen  or  twenty  in  all) 
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d80.  Arch  Eib  of  Fixed  Ends  and  no  Hinges,— Example  of 
Class  D.  Prof.  Eddy's  Method.*  As  before,  E  and  I  are 
constant  along  the  rib  Piers  immovable.  Eib  curve 
syra metrical  about  a  vertical  line.  Fig.  429  shows  such  a 
rib  under  any  loading.  Its  span  is  OB,  which  is  taken  as 
'an  axis  X  The  co-ordinates  of  any  point  m'  of  the  rib 
curve  are  x  and  y,  and  z  is  the  vertical  intercept  between 
m'  and  the  special  equilibrium  polygon  (as  yet  unknown, 
but  to  be  constructed).     Prof.  Eddy's  method  will  now  be 

given  for  finding  thj  spe- 
v»  cial  equil.  polygon.  The 
three  conditions  it 
m  must  satisfy  (see  §  378, 
Class  D,  remembering 
that  £'and  J  are  constant 
and  that  if  =  Ih  hoxa 
§  367)  are 


H   <     ^y 


Fio.  429. 


rzds=  0  ;  rx'zds=  ;  0  smd     Cy^jis—O      .     .      (1} 

Now  suppose  the  auxiliary  reference  line  (straight)  vm 
to  have  been  drawn  satisfying  the  requirements,  with 
respect  to  the  rib  curve  that 


rz'ds=0  ;a.nd  fxz'ds^O 
e/o  t/o 


(2) 


in  which  g'  is  the  vertical  distance  of  any  point  m'  from 
vm  and  x  the  abscissa  of  m'  from  0. 

From  Fig.  429,  letting  2"  denote  the  vertical  intercept 
(corresponding  to  any  m')  between  the  spec,  polygon  and 
the  auxiliary  line  vm,  we  have  z=^—i^',  hence  the  three 
conditions  in  (1.)  ^become 

fl^-gf')ds=0;  i.e.,  see  eqs.  (2)  'C:  z"ds=0.    .  .  (3) 

e/o  c/o 


*  P.  14  of  Prof  Eddy's  book  ;  see  reference  in  preface  of  thiB  work 


4G6  MECHANICS    OF   ENGINEERING. 

Cx  (z'-a")cfe=0 ;  i.e.,  see  eqs.  (2)    T  xz"d8=o       (4j 

-^J>'-0^-;«---p'osS"X^^'^-J:^^'''^     .    (5) 

provided  vm  has  been  located  as  prescribed. 

For  graphical  purposes,  havingsubdivided  the  rib  curve 
into  an  even  number  of  small  equal  Js's,  and  drawn  a  verti- 
cal through  the  middle  of  each,  we  first,  by  §  377,  locate 
vm  to  satisfy  the  conditions 

2?(3')=0  and  ll{xz')=0  .        .         (6) 

(see  eq.  (2) ;  the  Js  cancels  out) ;  and  then  locate  the 
special  equilibrium  polygon,  with  vm  as  a  reference-line, 
by  making  it  satisfy  the  conditions. 

2-,':(/')=0  ,  (7);    J:(x2")=0  .  (8);    I^{yz")  =  I^{yz')  .    (9) 

(obtained  from  eqs.  (3),  (4),  (5)  by  putting  ds—As,  and  can- 
celling). 

Conditions  (7)  and  (8)  may  be  satisfied  by  an  infinite 
number  of  polygons  drawn  to  the  given  loading.  Any  one 
of  these  being  drawn,  as  a  trial  polygon,  we  determine  for  it 
the  value  of  the  sum  -'^{yz")  by  §  375,  and  compare  it  with 
the  value  of  the  sum  -l{yz')  which  is  independent  of  the 
special  polygon  and  is  obtained  by  §  375.  [N.B.  It  must 
be  understood  that  the  quantities  (lengths)  x,  y,  z,  z',  and  z", 
here  dealt  with  are  those  pertainiug  to  the  verticals  drawn 
through  the  middles  of  the  respective  ^s's,  which  must  be 
suj&ciently  numerous  to  obtain  a  close  result,  and  not  to 
the  verticals  in  which  the  loads  act,  necessarily,  since  these 
latter  may  be  few  or  many  according  to  circumstances,  see 
Fig.  429].  If  these  sums  are  not  equal,  the  pole  distance 
of  the  trial  equil.  polygon  must  be  altered  in  the  proper 
ratio  (and  thus  change  the  a"'s  in  the  inverse  ratio)  neces- 
sary to  make  these  sums  equal  and  thus  satisfy  condition 
'9).     The  alteration  of  the  a"'s,  all  in  the  same  ratio,  will 
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not  interfere  with  conditions  (7)  and  (8)  which  are  already 
satisfied. 


381.  Detail  of  Construction  of  Last  Problem.  Symmetrical  Arch- 
Rib  of  Fixed  Ends. — ^As  an  example  take  a  span  of  the  St, 
Louis  Bridge  (assuming  /constant)  with  "  live  load"  cov- 
ering the  half  span  on  the  left,  Fig.  430,  where  the  vertical 


tM=^^ 


-i H 


Fio.  430. 


scale  is  much  exaggerated  for  the  sake  of  distinctness*. 
Divide  into  eight  equal  Js's.  (In  an  actual  example  sixteen 
or  twenty  should  be  taken. )     Draw  a  vert  ical  through  the 


*  Each  arch-rib  of  the  St.  Louis  bridge  is  a  built  up  or  trussed  rib  of  steel  about  53i 
ft.  span  and  52  ft.  rise,  in  the  form  of  a  segment  of  a  circle  .  Its  moment  of  inertia, 
however,  is  not  strictly  constant,  the  portions  near  each  pier,  of  a  length  equal  to  one 
twelfth  of  the  span,  baring  a  value  of  /  one-half  greater  than  that  of  the  remainder  at 
the  arc. 
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middle  of  eacli  /Js.     P,,  etc.,  are  the  loads  coming  upon 
tbe  respective  zJs's. 

First,  to  locate  vm,  by  eq.  (6) ;  from  symmetry  it  must 
be  horizontal.  Draw  a  trial  vm  (not  rhown  in  the  figure), 
and  if  the  (+  z')'s  exceed  the  (—  »')'s  by  an  amount  Zq',  the 

true  vm  will  lie  a  height  —zj  above  the  trial  vm  (or  below, 

if  vice  versa) ;  n  =  the  number  of  Js^s. 

Now  lay  off  the  load-line  on  the  right  (to  scale), 
take  any  convenient  trial  pole  0'"  and  draw  a  correspond- 
ing trial  equil.  polygon  F"'G"'.  In  F"'Q"',  by  §377, 
locate  a  straight  line  v'"m"'  so  as  to  make  2^{z"')  =  0  and 
2l(xz"')  =  0  (see  Note  (6)  of  §  377). 

[We  might  now  redraw  F'"  G'"  in  such  a  way  as  to  bring 
v"'m"'  into  a  horizontal  position,  thus :  first  determine  a 
point  n'"  on  the  load-line  by  drawing  0"'n"'  ||  to  v"'m"', 
take  a  new  pole  on  a  horizontal  through  n'",  with  the  same 
//'",  and  draw  a  corresponding  equil.  polygon  ;  in  the  lat- 
ter v"'m"'  would  be  horizontal.  We  might  also  shift  this 
new  trial  polygon  upward  so  as  to  make  v"'m"'  and  vm 
coincide.  It  would  satisfy  conditions  (7)  and  (8),  having 
the  same  «""s  as  the  first  trial  polygon ;  but  to  satisfy  con- 
dition (9)  it  must  have  its  2""s  altered  in  a  certain  ratio, 
which  we  must  now  find.  But  we  can  deal  with  the  individ- 
ual z""s  just  as  well  in  their  present  positions  in  Fig.  430.] 
The  points  ^and  L  in  vm,  vertically  over  E'"  and  L'"  in 
v"'m"',  are  now  fixed  ;  they  are  the  intersections  of  the  special 
polygon  required,  with  vm. 

The  ordinates  between  v"'m"'  and  the  trial  equilibrium 
polygon  have  been  called  z'"  instead  of  z" ;  they  are  pro- 
portional to  the  respective  z"'s  of  the  required  special 
polygon. 

The  next  step  is  to  find  in  what  ratio  the  (2"')'s  need  to 
be  altered  (or  H'"  altered  in  inverse  ratio)  in  order  to  be- 
come the  (z")'a ;  i.e.,  in  order  to  fulfil  condition  (9),  viz. : 
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^( 


(2/«")=J1(t/2')     .    (9) 

This  may  be  done  pre- 
cisely as  for  the  rib  with 
two  hinges,  but  the  nega- 
tive (a'")'s  must  be  prop- 
erly considered  (§  375j 
See  Fig.  431  for  the  de- 
tail. Negative  z"s  or  z""s 
point  upward. 

Prom  Fig.  431a 

.'.  from  symmetry 

IXyz')=2HJc. 
Prom  Fig.  431i  we  have 


^t(; 


Fig.  481. 

and  from  Fig.  431c 

[The  same  pole  distance  H„  is  taken  in  all  these  construc- 
tions] .-.  l\yz")=H..{k+k,). 

If,  then,  //„  (*i-|-^,.)  —  2HJc  condition  (9)  is  satisfied  by  the 
z""s.  If  not,  the  true  pole  dist«ince  for  the  special  equil. 
Dolygon  of  Fig.  430  will  be 


H= 


_  h-^-k. 


2k 


E" 


With  this  pole  distance  and  a  pole  in  the  horizontal  through, 
n'"  (Fig.  480)  the  force  diagram  may  be  completed  for  the 
required  special  polygon ;  and  this  latter  may  be  con- 
structed as  follows  :  Beginning  at  the  point  E,  in  vm, 
through  it  draw  a  segment  ||  to  the  proper  ray  of  the  force 
diagram.  In  our  present  figure  (430)  this  "  proper  ray  " 
would  be  the  ray  joining  the  pole  with  the  point  of  meet- 
ing of  Pj  aid  Fj  on  the  load-line.     Having  this  one  seg- 
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ment  of  the  special  polygon  the  others  are  added  in  an 
obvious  manner,  and  thus  the  whole  polygon  completed. 
It  should  pass  through  L,  but  not  0  and  B. 

For  another  loading  a  different  special  equil.  polygon 
•would  result,  and  in  each  case  we  may  obtain  the  thrust, 
shear,  and  moment  of  stress  couple  for  any  cross-section  of 
the  rib,  by  §  367.  To  the  stresses  computed  from  these, 
should  be  added  (algebraically)  those  occasioned  by  change 
of  temperature  and  by  shortening  of  the  rib  as  occasioned 
by  the  thrusts  along  the  rib.  These  "  temperature 
stresses,"  and  stresses  due  to  rib -shortening,  will  be  con- 
sidered in  a  subsequent  paragraph.  They  have  no  exist- 
ence for  an  arch-rib  of  three  hinges. 

Note. — If  the  moment  of  inertia  of  the  rib  section  is 
variable,  instead  of  dividing  the  rib  axis  into  equal  Js's, 
we  should  make  them  unequal,  following  the  plan  indicated 
in  the  note  on  p.  464,  the  As  being  made  proportional  to 
the  values  of  the  moment  of  inertia  along  the  rib.  After  such 
subdivision  is  made,  and  a  vertical  drawn  through  the  mid- 
point of  each  Js,  the  various  y's,  z"s,  etc.,  in  these  verticals 
are  dealt  with  in  the  same  manner  as  just  shown  for  the 
case  of  constant  moment  of  inertia. 

381a.  Exaggeration  of  Vertical  Dimensions  of  Both  Space  and 
Force  Diagrams. — In  case,  as  often  happens,  the  axis  of  the 
given  rib  is  quite  a  flat  curve,  it  is  more  accurate  (for  find- 
ing M)  to  proceed  as  follows  : 

After  drawing  the  curve  in  its  true  proportions  and  pass- 
ng  a  vertical  through  the  middle  of  each  of  the  equal 
As's,  compute  the  ordinate  (y)  of  each  of  these  middle  points 
from  the  equation  of  the  curve,  and  multiply  each  y  by 
four  (say).  These  quadruple  ordinates  are  then  laid  off 
from  the  span  upward,  each  in  its  proper  vertical.  Also 
multiply  each  load,  of  the  given  loading,  by  four,  and  then 
with  these  quadruple  loads  and  quadruple  ordinates,  and 
the  upper  extremities  of  the  latter  as  points  in  an  exagge-  ' 
rated  rib-curve,  proceed  to  construct  a  special  equilibrium 
polygon,  and  the  corresponding  force  diagram  by  the 
proper  method  (  for  Class  B,  0,  or  D,  as  the  case  may  be) 
for  this  exaggerated  rib -curve. 

The  moment,  Hz,  thus  found  for  any  section  of  the  ex. 


Aucn-iiiBS.  471 

aggerated  rib-curve,  is  to  be  divided  by  four  to  obtain  the 
moment  in  the  real  rib,  iu  the  same  vertical  line.  To  find 
the  thrust  and  shear,  however,  for  sections  of  the  real  rib, 
besides  employing  tangents  and  normals  of  the  real  rib  we 
must  draw,  and  use,  another  force  diagram,  obtained  from 
the  one  already  drawn  (for  the  exaggerated  rib)  by  re- 
ducing its  vertical  dimensions  (only),  in  the  ratio  of  four 
to  one.  [Of  course,  any  other  convenient  number  besides 
four,  may  be  adopted  throughout.] 

382.  Stress  Diagrams. — Take  an  arch-rib  of  Class  D,  §  378, 
i.e.,  of  fixed  ends,  and  suppose  that  for  a  given  loading  (in- 
cluding its  own  weight)  the  special  ^^^^  jhrust 
equil.  polygon  and  its  force  diagram 
have  been  drawn  [§  381].  It  is  re- "^^^^  _  "  — couple 
quired  to  indicate  graphically  the 
variation  of  the  three  stress-elements 
for  any  section  of  the  rib,  viz.,  the 
thrust,  shear,  and  mom.  of  stress- 
couple.  /  is  constant.  If  at  any  no.  432. 
point  m  of  the  rib  a  section  is  made,  then  the  stresses  in 
that  section  are  classified  into  three  sets  (Fig.  432).  (See 
§§  295  and  867)  and  from  §  367  eq.  (3)  we  see  that  the  ver- 
tical intercepts  between  the  rib  and  the  special  equil. 
polygon  being  proportional  to  the  products  Hz  or 
moments  of  the  stress-couples  in  the  corresponding  sec- 
tions form  a  moment  diagram,  on  inspection  of  which  we 

can  trace  the  change    in  this  moment,     Hz  =  ^  ,      and 

e 

hence  the  variation  of,  the  stress  per  square  inch,  p^,  (as 
due  to  stress  couple  alone)  in  the  outermost  fibre  of  any 
section  (tension  or  compression)  at  distance  e  from  the 
gravity  axis  of  the  section),  from  section  to  section  along 
the  rib. 

By  drawing  through  0  lines  On'  and  Of  parallel  re- 
spectively to  the  tangent  and  normal  at  any  point  m  of  the 
rib  axis  [see  Fig.  433]  and  projecting  upon  them,  in  turn, 
the  proper  ray  (B^  in  Fig.  433)  (see  eqs.  1.  and  2  of  §  367) 


J 
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we  obtain  the  values  of  the  thrust  and  shear  for  the  sec 
tion  at  m.  When  found  in  this  way  for  a  number  of  points 
along  the  rib  their  values  may  be  laid  off  as  vertical  lines 
from  a  horizontal  axis,  in  the  verticals  containing  the  re- 
spective points,  and  thus  a  thrust  diagram  and  a  shear  dia- 
gram may  be  formed,  as  constructed  in  Fig.  433.  Notice 
that  where  the  moment  is  a  maximum  or  minimum  the 
shear  changes  sign  (compare  §  240),  either  gradually  or 
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suddenly,  according  as  the  max.  or  min.  occurs  between 

two  loads  or  in  passing  a  load  ;  see  m',  e.  g. 

Also  it  is  evident,  from  the  geometrical  relations  involv- 
ed, that  at  those  points  of  the  rib  where  the  tangent-line 
is  parallel  to  the  "  proper  ray  "  of  the  force  diagram,  the 
thrust  is  a  maxinnira  (a  local  maximum)   the   moment  (of 
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stress  couple)  is  either  a  maximum  or  a  minimum  and  the 
shear  is  zero. 

From  the  moment,  Hz  =&I,p2z=  E^ 

e  1 

may  be  computed.    From  the  thrust  =  Fp^,  p^  = — L"^,  (iF 

=  area  of  cross-section)  may  be  computed.  Hence  the 
greatest  compression  per  sq.  inch  (jOi+Pa)  may  be  found  in 
each  section.  A  separate  stress-diagram  might  be  con- 
structed for  this  quantity  (pi+p-i).  Its  max.  value  (after 
adding  the  stress  due  to  change  of  temperature,  or  to  rib- 
shortening,  for  ribs  of  less  than  three  hinges),  wherever  it 
occurs  in  the  rib,  must  be  made  safe  by  proper  designing 
of  the  rib.  The  maximum  shear  J^  can  be  used  as  in  §256 
to  determine  thickness  of  web,  if  the  section  is*  I-shaped, 
or  box-shaped.     See  §  295. 


383.  Temperature  Stresses. — In  an  ordinary  bridge  truss 
and  straight  horizontal  girders,  free  to  expand  or  contract 
longitudinally,  and  in  Classes  A  and  B  of  §  378  of  arch- 
ribs,  there  are  no  stresses  induced  by  change  of  tempera- 
ture ;  for  the  form  of  the  beam  or  truss  is  under  no 
constraint  from  the  manner  of  support ;  but  with  the  arch- 
rib  of  two  hinges  (hinged  ends.  Class  C)  and  of  fixed  ends 
(Class  D)  having  immovable  piers  which  constrain  the  dis- 
tance between  the  two  ends  to  remain  the  same  at  all  tem- 
peratures, stresses  called  "  temperature  stresses  "  are  in- 
duced in  the  rib  whenever  the  temperature,  t,  is  not  the 
same  as  that,  <„,  when  the  rib  was  put  in  place.  These 
may  be  determined,  as  follows,  as  if  they  were  the  only 
ones,  and  then  combined,  algebraically,  with  those  due  to 
the  loading. 

384.  Temperature  Stresses  in  the  Arch-Eib  of  Hinged  Ends,— . 
(Class  C,  §  378.)     Pig.  434.     Let  E  and  /be  constant,  with 
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FIG.  434. 


other  postulates  as  in  §  379. 
Let  t^  =  temperature  of 
erection,  and  i  =  any  other 
temperature ;  also  let  I  — 
length  of  span  =  OB  (in- 
variable) and  )j=co-efficieni 
of  linear  expansion  of  the 
material  of  the  curved  beam  or  rib  (see  §  199).  At  tempera- 
ture  t  there  must  be  a  horizontal  reaction  H  at  each  hinge 
to  prevent  expansion  into  the  form  O'B  (dotted  curve), 
which  is  the  form  natural  to  the  rib  for  temperature  t  and 
without  constraint.  We  may  .-.  consider  the  actual  form 
OB  as  having  resulted  from  the  unstrained  form  O'B  by 
displacing  0'  to  0,  i.e.,  producing  a  horizontal  displace- 
ment O'O  =1  {t-Qfj. 

But  O'O  =  Jx  (see  §§  373  and  374) ;  (N.B.  ^'s  tangent 
has  moved,  but  this  does  not  affect  Jx,  if  the  axis  X  is 
horizontal,  as  here,  coinciding  with  the  span ;)  and  the 
ordinate  y  of  any  point  m  of  the  rib  is  identical  with  its 
e  or  intercept  between  it  and  the  spec,  equil.  polygon, 
which  here  consists  of  one  segment  only,  viz. :  OB.  Its 
force  diagram  consists  of  a  single  ray  Oi  n'  \  see  Eig.  434. 
Now  (§  373) 

Ja?  =  -i  CMyds  ;  and  M=Hz  =  in  this  case,  Hy 


.'.l{t-Qyi=^f/ds 


\  hence  for  graphics,  and 
I     equal  Js's,  we  have 


(1) 


Ell{t-t,)yi=H  Js  i:;  y'     .      .     . 

From  eq.  (1)  we  determine  H,  having  divided  the  rib-curve 
into  from  twelve  to  twenty  equal  parts  each  called  Js . 

For  instance,  for  wrought  iron,  t  and  i,„  being  expressed 
in  Fahrenheit  degrees,  yj  =  0.0000066.  If  E  is  expressed 
in  lbs.  per  square  inch,  all  linear  quantities  should  be  in 
inches  and  H  will  be  obtained  in  pounds. 

2'"2/^  may  be  obtained  by  §  375,  or  may  be  computed.  M 
being  known,  we  find  the  moment  of  stress-couple  =  Hy, 


ABOH-KIBS. 


476 


FlO.  435. 


at  any  section,  while  the  thrust  and  shear  at  that  section 
are  the  projections  of  H,  i.e.,  of  OiU'  upon  the  tangent  and 
normaL  The  stresses  due  to  these  may  then  be  determined 
in  any  section,  as  already  so  frequently  explained,  and 
then  combined  with  those  due  to  loading. 

385.  Temperature  Stresses  in  the  Arch-Ribs  with  Fixed  Ends.— 
See  Fig.  435.  (Same  postulates  as  to  symmetry,  E  and  1 
constant,  etc.,  as  in  §  380.)  t  and  t^  have  the  same  meaning 
as  in  §  384. 

Here,  as  before,  we 
consider  the  rib  to 
have  reached  its  ac- 
tual form  under  tem- 
perature t  by  having 
had  its  span  forcibly 
shortened  from  the 
length  natural  to 
temp,  t,  viz. :  O'B', 
to  the  actual  length  OB,  which  the  immovable  piers  compel 
it  to  assume.  But  here,  since  the  tangents  at  0  and  B  art 
to  he  the  same  in  direction  under  constraint  as  before,  the  two 
forces  H,  representing  the  action  of  the  piers  on  the  rib, 
must  be  considered  as  acting  on  imaginary  rigid  prolonga- 
tions at  an  unknown  distance  d  above  the  span.  To  find 
H  and  d  we  need  two  equations. 

From  §  373  we  have,  since  M=Ez=H{y—d), 

Ax,i.e.,'W0-\-BW,i.e.,l{t-t,)fj,=^j{y-^yd8    .  (2) 

or,  graphically,  with  equal  /Js's 

En{t-t:)r]=HAs\lly''-dSly'\    ...     (3) 

Also,  since  there  has  been  no  change  in  the  angle  between 
end-tangents,  we  must  have,  from  §  374, 

^rMds=0;    i.e.,  ^^  rlds=0  lie.,     rly-d)ds=0 
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or   for  graphics,  with  equal  /U 's,  Jl^^y  =  nd     .     .  •     (4^ 

in  which  n  denotes  the  number  of  Js's.  From  (4)  wg 
determine  d,  and  then  from  (3)  can  compnte  H.  Drawing 
the  horizontal  F  G,  it  is  the  special  equilibrium  polygon 
(of  but  one  segment)  and  the  moment  of  the  stress-couple 
at  any  section  =  Hz,  while  the  thrust  and  shear  are  the 
projections  of  H=  0,fli'  on  the  tangent  and  normal  respect- 
ively of  any  point  m  of  rib. 

For  example,  in  one  span,  of  550  feet,  of  the  St.  Louis 
Bridge,  having  a  rise  of  55  feet  and  fixed  at  the  ends,  the 
force  H  of  Fig.  435  is  =  108  tons,  when  the  temperature  is 
80°  Fahr.  higher  than  the  temp,  of  erection,  and  the  en- 
forced span  is  3^  inches  shorter  than  the  span  natural  to 
ihat  higher  temperature.  Evidently,  if  the  actual  temp- 
■irature  t  is  lower  than  that  t„,  of  erection,  ZTmust  act  in  a 
direction  opposite  to  that  of  Figs.  435  and  434,  and  the 
*"  thrust  "  in  any  section  will  be  negative,  i.e.,  a  pull. 

386.  Stresses  Due  to  Rib-Shortening  — In  §  369,  Fig.  407,  the 
shortening  of  the  element  AE  to  a  length  A'E,  due  to  the 
uniformly  distributed  thrust,  PiF,  was  neglected  as  pro- 
ducing indirectly  a  change  of  curvature  and  form  in  the 
rib  axis  ;  but  such  will  be  the  case  if  the  rib  has  less  than 
three  hinges.  This  change  in  the  length  of  the  different 
portions  of  the  rib  curve,  may  be  treated  as  if  it  were  due 
to  a  change  of  temperature.  For  example,  from  §  199  we 
see  that  a  thrust  of  50  tons  coming  upon  a  sectional  area 
of  i^  =  10  sq.  inches  in  an  iron  rib,  whose  material  has  a 
modulus  of  elasticity  =  E  =  30,000,000  lbs.  per  sq.  inch, 
and  a  coefficient  of  expansion  tj  =  .0000066  per  degree 
Fahrenheit,  produces  a  shortening  equal  to  that  due  to  a 
fall  of  temperature  {t^—t)  derived  as  follows :  (See  §  199) 
(units,  inch  and  pound) 

(t  -t)=  -i-  = 100,000 _fiAo 

FEr^    10  X  30,000,000  x .  0000066" 
Fahrenheit. 

Practically,  then,  since  most  metal  arch  bridges  o! 
(slasses  G  and  D  are  rather  flat  in  curvature,  and  the  thrusts 
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due  to  ordinary  modes  of  loading  do  not  vary  more  than  20 
or  30  per  cent,  from  each  other  along  the  rib,  an  imagin- 
ary fall  of  temperature  corresponding  to  an  average  thrust 
in  any  case  of  loading  may  be  made  the  basis  of  a  con- 
struction similar  to  that  in  §  384  or  §  385  (according  as  the 
ends  are  hinged,  on  fixed)  from  which  new  thrusts,  shears, 
and  stress-couple  moments,  may  be  derived  to  be  combin- 
ed with  those  previously  obtained  for  loading  and  for 
change  of  temperature. 

387,  Resume  — It  is  now  seen  how  the  stresses  per  square 
inch,  both  shearing  and  compression  (or  tension)  may  be 
obtained  in  all  parts  of  any  section  of  a  solid  arch-rib  or 
curved  beam  of  the  kinds  described,  by  combining  the  re- 
sults due  to  the  three  separate  causes,  viz.:  the  load, 
change  of  temperature,  and  rib-shortening  caused  by  the 
thrusts  due  to  the  load  (the  latter  agencies,  However,  com- 
ing into  consideration  only  in  classes  G  and  T),  see  §  378). 
That  is,  in  any  cross-section,  the  stress  in  the  outer  fibre 
is,  [letting  T,/,  7^'',  T^,'",  denote  the  thrusts  due  to  the 
three  causes,  respectively,  above  mentioned ;  {Hz)',  {Hz)", 
{Hs)'",  the  moments] 

_  r,:  ±  r,,"-  r/"  .  e 


F 


±tUHz)'±{Hz)"±{Hz)"''\     .     .     .     (1) 

Le.,  lbs.  per  sq.  inch  compression  (if  those  units  are  used). 
The  double  signs  provide  for  the  cases 
where  the  stresses  in  the  outer  fibre,  due 
to  a  single  agency,  may  be  tensile.  Fig. 
436  shows  the  meaning  of  e  (the  same 
used  heretofore)  /  is  the  moment  of  in- 
ertia of  the  section  about  the  gravity 
axis  (horizontal)  C.  F  =  area  of  cross- 
section.  [Ci  =  e;  cross  section  symmet- 
FiG~43e.  rical  about  0].     For  a  given  loading  we 

may  find  the  maximum  stress  in  a  given  rib,  or  design  the 
rib  so  that  this  maximum  stress  shall  be  safe  for  the  ma- 
terial employed.     Similarly,  the  resultant  shear  (total,  not 
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per  sq.  inch)  =  J'  ±  J"  ±  J'"  is  obtained  for  any  section 
to  compute  a  proper  thickness  of  wob,  spacing  of  rivets, 
etc. 

388     The  Arch-Truss,    or   braced   arch.      An   open-work 

truss,  if  of  homogeneous  design  from  end  to  end,  may  be 
treated  as  a  beam  of  constant  section  and  constant  moment 
of  inertia,  and  if  curved,  like  the  St.  Louis  Bridge  and  the 
Coblenz  Bridge  (see  §  378,  Class  D),  may  be  treated  as  an 
arch -rib  *     The  moment  of  inerti*  may  be  taken  as 

A' 


where  F^  is  the  sectional  area  of  one  of  the  pieces  1  to  the 
curved  axis  midway  between  them,  Fig.  437,  and  h  =  dis- 
tance between  them. 


\\^l^ 


FlQ.  438. 
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Treating  this  curved  axis  as  an  arch-rib,  in  the  usual 
way  (see  preceding  articles),  we  obtain  the  spec,  equil.  pol. 
and  its  force  diagram  for  given  loading.  Any  plane  ~\  to 
the  rib-axis,  where  it  crosses  the  middle  m  of  a  "  web- 
member,"  cuts  three  pieces,  A,  B  and  C,  the  total  com- 


*The  St  I^iouis  Bridge  13  not  stnoUy  of  constant  moment  of  Inertia,  bein;;  somewaa.* 
strengthened  near  each  pier 
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pressioas  (or  tensions)  in  which  are  thus  found  :  For  the 
point  m,  of  rib-axis,  there  is  a  certain  moment  —  Hz,  a 
thrust  =  Th,  and  a  shear  =  J,  obtained  as  previously  ex- 
plained. We  may  then  write  Psin/3  —  J  .  .  .  •  (1) 
and  thus  determine  whether  P  is  a  tension  or  compres- 
sion ;  then  putting  P'+P"  ±  P  cos  /3  =  T„  .  ....  2 
(in  which  P  is  taken  with  a  plus  sign  if  a  compression,  and 
miaus  if  tension);  and 


(P'. 


-P")^=Hz 

2k 


(3) 


we  compute  P*  and  P",  which  are  assumed  to  be  hoih  com,' 
pressions  here.  ^  is  the  angle  between  the  web  member 
and  the  tangent  to  rib-axis  at  m,  the  middle  of  the  piece. 
See  Fig.  406,  as  an  explanation  of  the  method  just 
adopted. 


CiECTJLAE  Ribs  and  Hoops. 

389.  Deflections  and  Changes  of  Slope  of  Curved  Beams.  Analyt* 
ical  Method.  For  finding  these  quantities  we  may  use  eqs.  (I.), 
(II.)  and  (III.)  of  §  374.  For  example,  we  have  in  Fig.  439, 
a  curved  beam  of  the  form  of  the 
quadrant  of  a  circle,  fixed  vertically 
at  lower  extremity  B,  and  carrying 
a  single  concentrated  load,  P,  at 
the  free  end  0-  [Its  own  weight 
neglected.] 

As  a  consequence  of  the  load- 
ing, the  extremity  0  is  displaced  to 
some  position,  f)^,  but  the  bending 
is  slight.  Required,  the  projections 
Ax  and  Ay  of  this  displacement  and  also  the  angle  0K0„  or  ^, 
which  the  tangent-line  at  0„  makes  with  its  former  (horizon- 
tal) position  OX.  The  beam  is  homogeneous  and  of  constant 
cross-section ;  i.e.,  E  and  I  are  constants. 

To  use  the  equations  for  Ax  and  Ay  we  must  take  0  as  an 
origin  (since  0  is  the  point  whose  displacement  is  under  con- 
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sideration).  Hence  the  co-ordinates  x  and  y  of  any  point,  m,  of 
tlie  axis  of  the  beam  are  as  shown  in  the  figure.  Taking  now 
polar  co-ordinates,  as  shown,  we  note  that  x  =  r  cos  d% 
J/  =  r  (1  —  sin  ^) ;  and  ds  =  rdB.  We  must  also  put  down 
the  following  integral  forms  for  reference ;  viz. :  — 

fsin  e .  ds  =  —  cos  9 ;  j  9 .  cos  fl .  dS  =  9 .  sin  fl  +  cos  # ; 

1*008  9.(i«  =  +  sin  B;  Tsin'  ff.dS  =  J  S  -  }8in  2  fl; 

Tsin  «.cos  S.d9=  i  sin'tf ;  rcos'fl.dfl  =  J^H-  Jsin  2  9. 

Taking  the  portion  O^m  (m  being  any  point  on  curved  axis 
of  beam)  as  a  free  body,  we  have,  for  the  moment  of  the  stress 
couple  at  m,  M  =  Px,  =  Pr  cos  0,  and  hence  derive,  for  the 
angle  <f>, 


1     r^  Pr''  r'>  Pr'  ~l '       Pr'' 

Also  ^ 

1     r®  ,,     .7         Pr'  r^        ,  „    ^„       P^  r*  .  sin  29T  2       r   PH  ,„, 


and 
Ax,  = 


_/^Jf.2,d3,=^[j^   cos(..<Z.-J;   cos<^.sm<..<«<»]  =  ^^.   (3) 

It  must  be  understood  that  the  elastic  limit  is  not  passed  in 
any  fiber  and  that  the  bending  is  very  slight.  A  simple  curved 
crane  and  a  ship's  davit  are  instances  of  this  problem,  provided 
the  cross-section  has  the  same  moment  of  inertia,  /,  about  a 
gravity  axis  perpendicular  to  the  plane  of  the  paper  in  Fig. 
439,  at  all  parts  of  the  beam. 

390.  Semi-Circular  Aroh-Rib.  Hinged  at  the  Two  Piers  or  Sup- 
ports, and  Continuous  Between.  Fig.  440.  The  supports  are  at  the 
same  level.  The  arch-rib,  or  curved  beam,  is  homogeneous 
and  has  a  constant  7  at  all  sections.  (It  is  a  "  curved  prism".) 
It  is  stipulated  that  no  constraint  is  necessary  in  fitting  the  rib 
upon  the  hinges  at  the  piers  before  any  load  is  placed  on  the 
tib ;  that  is,  that  the  distance  apart  of  the  piers  (which  are 
unyielding)  is  just  equal  to  the  distance  between  the  ends  of 
the  rib  when  entirely  free  from  strain.  In  other  words,  after 
the  rib  is  in  position  it  is  under  no  stress  until  a  load  is  put 
upon  it.  Its  own  weight  is  neglected  and  the  load  is  a  concen- 
trated one  of  2  P  lbs.  placed  at  the  "  crown  ",  B.     As  a  conse- 
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quence  of  the  gradual  placing  of  the  load  the  crown  B  settles 
slightly,  but  on  account  of  symmetry  the  tangeut-iine  to  the 
curved  axis  at  B  remains  horizontal.  Also  the  extremities  0 
and  A  tend  to  spread  further  apart,  but  this  is  prevented  by 
the  fact  that  the  piers  are  immovable  (or  we  may  express  it 
"  the  span  is  invariable  ").  Hence  the  reaction  at  each  hinge 
support  will  have  a  horizontal  component  H  as  well  as  a  ver 
tical  component,  7,  lbs.  Fig.  4 10  shows  the  axis  of  the  rib. 
Taking  the  whole  rib  as  a 
free  body  we  easily  find  (by 
putting  %  vert,  comps.  =  zero, 
and  from  symmetry)  that 
each  V=P;  the  whole  load 
being  called  2  P ;  but  for  de- 
termining the  value  of  JI 
(same  at  each  hinge ;  from 
S  (horiz.  comps.)  =zero)  we 
must  have  recourse  to  the 
theory  of  elasticity;  i.e.,  must  depend  on  the  following  fact, 
viz. :  —  that  in  the  gradual  settling  of  point  B  under  the  load, 
B  remains  in  the  same  vertical,  and  the  tang,  line  at  B  remains 
horizontal,  and  hence  (since  0  moves  neither  horizontally  nor 
vertically  in  actual  space)  the  horizontal  projection  of  O's  dis- 
placement relatively  to  B  and  ^'s  tangent  is  zero  (or  Ax  =  0), 
while  the  vertical  projection  of  O's  displacement  relatively  to 
B  and  ^'s  tangent  (Ay)  equals  the  distance  3  has  settled  in 
actual  space.  Here  we  must  take  0  as  origin  for  x  and  y  (as 
in  figure)  for  any  point  m  between  0  and  B;  and  note  that 
the  a;  =  r  (1  —  cos  6),  and  y  ==  r  sin  0;  while  ds  =  r.  d9. 

With  Om  as  a  free  body  (m  being  any  point  between  0  and 
5)  we  have  for  the  moment  of  the  stress  couple  at  m, 
M,  =  Vx-  Hy,  =  Px-  Hy. 

IT 

^.  =  -^T  f^  Myds,=0  ;  .-.  C  [P(r'-  rcos  S)  -  Sr  sin  »]r'  sin  M9  =.  0 ; 

Ml  Jo  •'0 
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sme.d0  —  Pl      smecosed0—H\      sin'9.d9  =  0; 
0  -"o  Jq 

and  hence,  (see  integrals  in  §  389), 
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Inserting  the  limits,  we  have 

pr-0  +  l-i  +  0]-H[|-0-0-(-0)]=0; 
.  77  _  2  P      load_ 

IT  IT 

Also  we  may  obtain,  for  the  settlement  of  the  crown,  at  B 

1   r^  Pr^  r3  TT     1      1 

Ay  of  0  relatively  to  5,  =  ^  J^   Ifxds  =  ^[4-  "  "  "  ^J 

while  the  tangent-line  at  0,  originally  vertical,  now  makes  with 
the  vertical  (on  the  outside) 

anangle=i^JJ  Mds  =^[|+1-|} 

This  is  a  "  statieally  indeterminate  structure  "  ;  that  is,  one  in 
which  a  solution  is  impossible  by  ordinary  statics  but  must 
depend  on  the  theory  of  the  elastic  change  of  form  of  the  beam 
or  body  in  question. 

If  the  load  were  not  placed  at  the  crown,  or  highest  point, 
we  should  be  obliged  to  put 

for  the  Ax  of  0  relatively  to  A  (instead  of  to  5). 

391.  Cylindrical  Pipe  Loaded  on  Side.  A  cylindrical  pipe  of  homogeneous 
material  and  small  uniform  thickness  of  pipe-wall,  t,  and  length  I,  (so  that 
the  moment  of  inertia  of  the  cross-section  of  wall  is  for  present  purposes 
I  =W  ^  12)  rests  in  a  horizontal  position  on  a  firm  horizontal  floor  and  bears 
a  concentrated  load  of  2P  at  the  highest  point,  or  crown,  B.  See  Fig.  441. 
It  is  to  be  considered  as  a  continuous  curved  beam  or  "  hoop  ",  without  hinges. 
We  neglect  the  weight  of  the  pipe  itself.  The  dotted  circle  shows  the  original 
unstrained  form  of  the  pipe-wall,  or  hoop,  while  the  full  line  is  its  (slightly 
deformed)  shape  when  it  bears  the  load.  The  elastic  limit  is  of  course  not  to 
be  passed.  The  upward  force  2  P  at  JT  is  the  reaction  of  the  floor.  Required, 
the  maximum  moment  of  stress-couple  ;  and  also  the  increase  in  the  length  of 
ihe  horizontal  diameter,  and  the  decrease  in  that  of  the  vertical  diameter. 

Consider  as  a  free  body  the  upper  left-hand  quadrant  of  the  hoop,  viz., 
OB,  in  Fig.  442,  cutting  just  on  the  left  of  the  load  at  B,  a  horizontal  section 
being  made  at  0.  At  each  end  of  this  body  we  must  indicate  a  stress-couple, 
a  shear,  and  a  thrust.  But  at  O  it  is  evident,  after  a  little  consideration,  that 
the  shear  (which  would  be  horizontal)  must  be  zero;  there  being  at  0,  .-.  only 
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a  thrust  r„  and  a  stress-couple  of  unknown  moment  M^.  At  the  other  section 
the  shear  must  be  equal  to  one  half  of  the  load  2P  (from  considerations  of 
symmetry)  ,i-e.,  J  at  B  =  P ;  while  the  thrust  at  B  is  soon  shown  to  be  zero 
(since  2  (horiz.  oompons.)  must  =  zero,  and  this  thrust  if  it  existed  would  ha 


Fig.  441, 


Fig    442. 


Fig.  443. 


the  only  horiz.  force  besides  those  forming  the  stress-couple  at  B).  At  B, 
therefore,  we  find  only  a  stress-couple,  of  an  unknown  moment  Mb,  and  a 
shear  Jb  of  direction  shown  in  Pig.  442.  By  writing  S  (vert,  compons.) 
=  zero  for  this  free  body  we  find  that  the  thrust,  Tj,  at  0,  must  have  a  value  P. 
To  determine  Jf„  we  make  use  of  the  fact  (evident  from  Fig.  441)  that  in 
the  deformed  condition  of  the  "hoop  "  the  tangent-lines  at  points  O  and  B  are 
still  vertical  and  horizontal,  respectively ;  in  other  words  that  the  angle  be- 
tween them  has  not  changed,  i.e.,  is  still  90°.  Hence  the  value  of  0,  or  change 
of  angle  between  tangents  at  O  and  B  is  zero.  Apply  this  fact  to  Fig.  442.  Take 
0  as  origin  for  the  x  and  y  of  any  point  m  on  OB  (using  B  later).  From  a 
consideration  of  the  free  body  Om  shown  in  Fig.  443  we  have  for  the  stress- 
couple-moment  M  at  any  section  m  the  value  Jf  =  Pa;  —  M^.  "We  have  also 
a  =  r  (1  —  cos  6) ;  y  =  r  sin  d;  and  ds  =  rdd. 

Since  1     /*B  /»B 

0,  =  =2  J     Mds,  =  0,  .-.  J     [Pj-2  -  Pr'  cos  6  -  Jf„r]  dfl  =  0 ; 

i.e.,     {Fr^  {e  -  sin  ff\  -  M^rff)  ^  =  0 ;  or,  PrM  |   -  1       -  Jf„r^  =  0 ; 

whence,  finally,  we  have  Jf^  =  Pr  I    1 I (1) 

Now  that  Jf„  is  known,  we  may  find  Mb  by  taking  moments  about  the 
lower  section,  0,  in  Fig.  442,  with  OB  as  free  body  whence  Mb  =  (2  -t-  tt)  Pr, 
which  is  greater  than  Jf„.  Hence  the  equation  for  safe  loading  is  (B'l  -i-  e) 
=  2  Pr  4-  TT,  where  B'  is  the  maximum  safe  unit-stress  for  the  material,  and  e 
the  distance  of  the  extreme  fiber  from  the  gravity  axis  of  a  section.  (If,  how- 
ever, the  radius,  r,  of  the  cylinder  is  not  large  compared  with  the  radial  thick- 
ness of  the  section,  see  §§  298  and  299.) 

Evidently  the  horizontal  diameter  has  been  lengthened  by  an  amount  2  Jx, 
if  Jx  denote  the  horiz.  proj.  of  O's  displacement  relatively  to  B  and  B's  tan- 
gent ;  and  similarly,  the  shortening  of  the  vertical  diameter  is  2  Jy,  if  Jy  denote 
the  vert.  proj.  of  O's  displacement  with  regard  to  B  and  B's  tangent-line. 
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Hence  5 

^x  =.  —   C^  Myds=  -==  ClPr' sme.de -Ft' coaeeia  eM -Mjfltaa  edtfli 
EI  Jo  EI  J^ 

from  which  we  have,  with  Jf„  =  Pr  [1  —  (2  -4-  «■)], 

Pr»      4-«-      ... 

IT 

j„  „  4r  r"-M«*».-  4?  r '  \.p^  (1  -  °°s  *)'  ^  -  ■*'>*  (<w  -COS  edff)], 

El  Jo  JLIJ^ 

Pr*       ir'-8 

i.e.,     Jy-^  ■  -j^r  • 

It  will  be  noted  that  the  results  obtained  in  this  problem  apply  also  to  the 
case  where  the  hoop  is  a  circular  link  of  a  chain  under  a  tension  2  P,  except 
that  the  moments  will  be  of  opposite  character  and  shears  and  thrusts  of  oppo- 
site direction.  Also,  the  change  of  length  2  Ax  of  the  horiz.  diameter  will  be  a 
shortening,  that  of  the  vertical  diameter,  a  lengthening.  (See  Prof.  FiUdns' 
article  on  p.  99  of  Vol.  IV  of  the  Transac.  of  Assoc.  C.  E.  of  Cornell  Univ. 
and  Engineering  News,  Dec.  1904,  p.  547.)* 

Numerical  Example.  Fig.  441.  The  length  of  a  cast  iron  pipe  is  10  ft.,  the 
thicltness  of  wall  i  inch,  and  the  radius  of  the  pipe  (measured  to  the  middle 
of  the  thickness)  is  6  inches.  Required,  the  value  of  the  safe  load  at  crown,  2  P 
when  the  pipe  is  supported  horizontally  on  a  firm  smooth  bed  or  floor;  the 
max.  safe  unit-stress  being  taken  at  the  low  figure  2000  lbs.  per  sq.  inch. 

Solution.     We  have  only  to  substitute  these  values  in  Ms  =  B'l  -r-  e  and 

obtain  (since  I  =J.  «'  4- 12),  ?5?2iL^2_^^  =  (0.6366 P  x  6) ;  hence  safehad 

=  2  P,  =  5236.  lbs.  ;  that  is,  43.63  lbs.  per  running  inch  of  pipe  length. 

If  now  the  thickness  be  doubled,  i.e.,  (  =  1",  with  other  data  unchanged, 
we  find  the  safe  load  to  be  four  times  as  great,  i.e.,  2  P  =  20,944  lbs.  ;  or  174.5 
lbs.  per  iTinning  inch  of  pipe-length. 

Although  the  load  is  called  "concentrated"  as  regards  the  end-view  of  the 
pipe,  it  must  be  understood  to  be  uniformly  distributed  along  the  length. 

*  Experiments  on  chain  links  and  circular  rings  have  been  made  at  the 
Engineering  Experiment  Station  of  the  University  of  Illinois.  (See  bulletins 
of  1907.)     The  results  show  a  remarkable  agreement  with  theory. 
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CHAPTER   XII. 

Flexure  of  Beams  ;  both  Simple  and  Continuous. 
Geometrical  Treatment. 

392.  By  Geometrical  Treatment  is  meant  making  use  of  the 
properties  of  geometrical  figures  to  deduce  algebraic  relations. 
This  does  not  necessitate  the  use  of  drafting  instruments  ;  but  the 
graphic  ideas  involved  greatly  simplify  the  algebraic  detail  of 
finding  deflections,  angles,  moments,  shears,  etc.,  in  the  case  of 
horizontal  beams  originally  straight  and  slightly  bent  under 
vertical  loads  and  reactions.  In  the  case  of  "  continuous 
beams  ",  or  "  girders  ",  (p.  320),  this  mode  of  treatment  leads  to 
conceptions  and  methods  which  are  remarkably  clear  and  simple. 

393.  Angle  Between  End-Tangents  of  a  Portion  of  a  Bent  Beam. 
If  the  cantilever  beam  of  Fig.  443a  (slender  and   originally 


Al 


-«~1 


fs^ 


Fig.  443a.  Fig.  4435. 

straight)  be  loaded  as  shown,  and  the  beam  thus  slightly  bent, 
the  two  cross-sections,  AH  and  OD,  at  the  two  ends  of  any  dx 
of  the  axis  of  beam,  are  no  longer  parallel  but  become  in- 
clined at  a  small  angle  d<f>  which  is  also  the  angle  between  the 
normals  to  these  sections,  in  their  new  (relative)  position  (see 
now  Fig.  4436).  A  H  now  occupies  the  position  A'H'  (relatively 
to  CD).  The  outer  fiber  AC  (originally  of  length  =  dx)  is 
longer  by  some  amount  dX ;  and  evidently  the  value  of  angle 
d<j)  may  be  written  =  d\  -i-  e.  But,  by  the  definition  of  the 
modulus  of  elasticity  of  the  material,  E,  we  have  also 


^  =  p  -4-  ^,  (p.  209)  ;  whence  d<li  =  ^ 
ax  J^e 


(1) 
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Now  if  M  denote  the  moment  of  the  stress-couple  to  which 
the  tensions  and  compressions  on  the  ends  of  the  fibers  in  the 
section  A'  H'  are  equivalent  (M  would  equal  Px  in  this  simple 
case)  we  may  combine  the  relation,  (§  229),  M  =  pi  -i-  e  with 
eq.  (1)  and  thus  derive,  as 

a  f  Aidamental  relation :    .     .     .     d<f>  =  - (2) 

EI 

for  the  angle  between  two  tangents  to  the  elastic  curve, 
one  at  each  end  of  the  elementary  length,  dx,  of  the  curve; 
since  the  two  normals  to  the  sections  A'H'  and  C  Din  Fig. 
4436  are  tangents  to  the  ends  of  the  short  length  dx  of  the 
elastic  curve.  (This  value  of  the  angle  d<f>  is  in  7r-measure ; 
i.e.,  radians.) 

It  follows,  therefore,  that  when  the  cantilever  of  Fig.  443a 
is  gradually  bent  from  its  original  condition  (in  which  the 
tangent  lines  at  the  two  extremities  0  and  B  were  coincident, 
i.e.,  made  with  each  other  an  angle  of 
zero)  into  its  final  form,  by  the  gradual 
application  of  the  load  P  at  0,  the 
angle  between  the  tangent  to  elastic 
curve  at  0„  (the  final  position  of  0) 
and  that  at  B  (which  tangent,  in  this 
Fig.  444  ^*®^'  ^^^  ^°*  moved)  will  have  a  value 

obtained  by  summing  up  all  the  small 
values  of  d^,  one  for  each  of  the  dx's  between  0  and  B  (these 
dx's  making  up  the  length  of  curve  between  those  points). 

Or,  in  general,  if  0„  and  B  are  any  two  points  of  an  elastic 
curve  (of  axis  of  bent  beam,  originally  straight  and  now  only 
slightly  bent,  x  being  measured  along  the  beam)  we  have  for  the 
angle      between     the )  T^  Mdx 

tangents  at  0„  and  b\^^^Jo    ~Er ^^^ 

(See  Fig.  444  for  case  of  cantilever.)  This  may  be  called 
the  angle  between  end-tangents  of  any  portion  of  such  elastic 
curve.  The  beam  must  be  continuous  between  these  two 
points  and  only  slightly  bent.  Usually  the  beam  in  question 
is  homogeneous  and  then  E  may  be  taken  outside  of  the  integral 
sign.  Also,  if  the  beam  be  prismatic  in  form  (i.e.,  sides  par- 
allel to  a  central  axis,  originally  straight)  the  moment  of  inertia, 
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I,  of  the  cross-section  is  the  same  for  each  dx,  and  may  be 

placed  outside  of  the    /   sign. 

394.  (Relative)  Displacement  of  any  Point,  0,  of  Elastic  Curve 
of  a  Bent  Beam.  In  the  case  of  the  simple  cantilever  of 
Fig.  443a  let  us  consider  that  the  axis  of  the  beam,  originally 
straight  and  in  position  OB,  passes  gradually  into  its  final  foi'm 
or  elastic  curve  0„  A'"  A"  ...  5  by  the  successive  change  of 
form  of  each  small  block,  or  elementary  length  dx ;  beginning 


Siiccessive  bending  of  each 
dx  of  Cantilever. 


Fig.  iUa. 


at  the  end  B.  When  the  section  at  A'  turns  through  its  angle 
d(/)j,  as  due  to  the  lengthening  and  shortening  of  the  fibers 
forming  the  block  (i.e.,  to  the  stress-couple  in  section  A',  of 
moment  M')  it  carries  with  it  all  the  portion  OA'  (still  straight) 
into  position  O^A'  so  that  the  extremity  0  describes  a  small 
distance  (practically  vertical)  00^  =  OA'  .  d^^.  Similarly 
when,  next  in  order,  the  section  at  A"  turns  through  its  small 
angle  d<f>2,  the  left-hand  end  of  the  beam  describes  a  further 
small  distance  Ofi^  =  OA"  .  d<i>^ ;  and  so  on ;  until  finally  the 
extremity  0  has  arrived  at  its  final  position  0„,  having  executed 
a  total  (vertical)  displacement  00^,  which  will  be  called  Ay. 

If,  now,  any  one  of  the  elementary  vertical  displacements 
(like  0~fl^,  as  typical)  be  called  Sy,  we  note  that  Ay  is  the  sum 
of  ail  these  small  Sy's,  each  of  which  is  practically  a  small  cir- 
cular arc  described  with  a  radius  x  swinging  through  a  small 
angle  d<f),  (the  successive  x's  being  successively  smaller  for  the 
S^/'s  lower  in  the  series),  so  that  Sy  =  xd<j> ;  hence 

Ay,  =    fSy,  =     Cxd^.    But,  from  eq.  (2),  #  =  Mdx  -*-  HI; 


Displacement  of  point  0 
relatively  to  5's  tangent 


^  Mxdx 
EI 


(4) 
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(N.B.  In  the  use  of  this  relation  the  x  of  each  dx  must  le 
measured  from  the  point  0  whose  displacement  is  desired.) 

Although  the  special  case  of  the  cantilever  has  been  in  mind 
in  the  figure  used  in  this  connection,  this  result  in  eq.  (4)  may- 
be generalized  by  stating  that  it  gives  the  displacement  Ay  of 
any  point  0  fiom  the  tangent-line  drawn  at  any  other  point,  B, 
of  the  elastic  curve  formed  by  the  axis  of  a  beam  originally 
straight  and  slightly  bent  under  the  action  of  vertical  forces 
and  reactions.  In  order  to  use  it,  the  value  of  the  moment  M 
of  the  stress-couple  in  each  successive  dx  must  be  expressed  as 
a  function  of  x-  If,  in  addition,  the  beam  has  a  constant  moment 
of  inertia,  7,  of  the  cross-sections,  the  "  I "  may  be  taken  outside 
of  the  sign  of  integration.  An  integration  is  then  generally 
possible.  (For  example,  in  the  above  cantilever,  for  M  we 
should  write  Px.) 

395.  Deflections  and  Slopes  of  Straight  Homogeneous  Prismatic 
Beams  Slightly  Bent  under  Vertical  Loads  and  Reactions.  (Beam 
Horizontal.) 

If  the  beam  is  a  prism  and  homogeneous,  both  H  and  /  are 

constant  along  its  length  and  may  be  taken  outside  of  the  in- 

A  I    ,  D,  tegral   sign  in  eqs.     (3) 

**^'  and  (4),  and  these  two 
equations  may  now  be 
applied  to  a  portion  of  a 
beam  situated  between 
any  two  points  0  and  B 
F'o-m^-  of  the  elastic   curve   as- 

sumed by  the  (originally  straight)  axis  of  the  beam  (Fig.  444&) 
under  some  load.  The  tangent-lines  at  0„  and  B  were  origi- 
nally coincident,  and  hence  the  angle  between  these  tangents 
when  the  beam  is  bent  is  the  toted  change  in  angle  between  the 

1    r^ 

tangents,  and  consequently  may  be  written  (^  =  —    /      Mdx  and 

EI  Jo 

is  0„  00  in  the  figure.  Again,  if  a  vertical  be  drawn  through 
the  point  0„  to  5's  tangentline  OB,  the  length  OOn  is  evi- 
dently O's  displacement  relatively  to  B's  tangentrline,  since 
originally  the  point  0„  waS  situated  in  B's  tangent  itself. 

, 1     /'« 

That  is,  00„,  or  Aj/,  = —I-  /    Mxdx,m  which  M  is  the  mo- 

Jil    I/O 
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ment  of  the  stress-couple  in  the  cross-section  at  any  distance,  x, 
from  0.  Note  that  in  general  Mis  a,  variable ;  also  that  the  x 
must  be  measured  from  the  point  0  whose  displacement  is 
under  consideration. 

Example  I.  Simple  cantilever  (Fig.  444j),  built  in 'horizontally  at  B  and  bear- 
ing a  concentrated  load  =  P  lbs.  at  the  free  extremity.  Both  E  and  I  are  con- 
stant (homogeneous  prism) .    Find  the  defleotiou  OOn  and  the  slope  0. 

Solution.  From  the  free  body  0„m  (m  being  any  point  between  0  and  B) 
we  have  M  =  Px  as  mom.  of  stress-couple  at  m. 

PP 
2EI 

\l,  =  OOn,    = 


*  =  i  //  ^'^  =  miy^=  ^^r  =  tl^e  "  slope 


we  have 


El 


at  On-     For  Sy 
r^  ,,   ,        P    rl   , .         PP 

\  ,  I 


Pig.  444i.  Fig.  4442. 

Example  II.  Prismatic  beam  on  two  end^supports.  Concentrated  load  P, 
lbs.,  in  middle,  Fig.  4442-  The  two  supports  being  at  same  level  we  note  that 
from  symmetry  the  tangent  at  the  middle  point  B  of  the  elastic  curve  is  hori- 
zontal. Hence  the  displacement  OOn  of  the  extremity  0  from  this  tangent  is 
equal  to  the  deflection  of  B  itself  below  the  horizontal  line  OnC  To  find  00a 
or  Jy, 

_2   "J  'iEIJx=o  48  £/ 

Example  III.  Prismatic  beam  on  two  end-supports  at  same  level,  the  load 
being  uniformly  distributed  over  the  whole  span,  I.     Fig.  4443.     That  is,  W  —  wl, 


^y  =  wSo  ^"  '*^=  wSo  [f  ^  ]  ^  ''^  =  25l  X17  ""'^^  =  4?M 


iiiiliiUiUUi 


Fig.  4443.  Fig.  444,. 

w  being  the  load  per  running  inch.  As  before,  the  tangent-line  at  middle 
point  B  of  the  elastic  curve  must  be  horizontal,  so  that  the  displacement  of 
extremity  On  from  this  tangent  will  also  give  the  deflection  of  B  from  the 
horizontal  OnG.     Measuring  x  from  0  (as  must  always  be  done  in  these  cases) 


we  note  that  M  at  any  point  m  — 


W 


wx' 


1    c^rWx^  ^        i>y^  ^  '\       1    V^^      ioa;*-|j        5     WT 
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Example  IV.  Prismatic  beam  on  end-supports,  bearing  two  equal  loads,  each 
=  P,  symmMrically  placed  on  the  span.  Pig.  444^.  Required,  the  deflection 
of  the  middle  point,  B,  of  the  elastic  curve,  below  the  horizontal  0„C. 
Length  ==  4a. 

Solution.  In  previous  problems  of  this  article  the  expression  for  M,  the 
mom.  of  stress-couple  for  any  point  m  between  the  points  0  and  B,  has  been  a 
single  function  of  x,  applying  to  all  such  points  m.  But  in  the  present  problem, 
having  found  the  reaction  at  O  to  be  =  P  lbs.,  we  note  by  considering  a  free 
body  Onm  (where  m  is  any  point  between  0«  and  D)  that  the  value  of  ^  is 
M=  Px ;  whereas  if  the  free  body  extends  into  the  portion  DB  the  expression 
for  M  (the  free  body  being  now  Onm')  is  M=Px  —P{x  —  a)  which  reduces  to 
M=Pa,  a  different  function  of  x ;  (in  fact  a  constant).    Therefore,  in  making 

the  summation  00»=(l-j-^-Z)   \  Mx  dx  for  all  the  da's  between  0  and  B,  this 

summation  must  be  divided  into  two  parts,  viz. :  one  from  O  to  D,  involving  for 
X  the  limits  x=0  and  x=a;  and  the  other  from  X)  to  B,  for  which  the  limits  for 
X  are  x=a  and  a; =2  a.     Hence 

(The  student  should  verify  all  details  of  this  operation,  noting  that  each  sum. 
mation  or  integral  contains  the  proper  value  of  M,  as  a  function  of  x,  for  the 
proper  portion  of  the  elastic  curve.  As  before,  it  should  be  said  that  on  ac- 
count of  symmetry  the  tangent-line  at  the  middle  point  B  is  horizontal,  and 
parallel  to  OnC.     Otherwise  O^O  would  not  be  equal  to  the  deflection  ofB.) 

396.  Non-prismatic  Beam.  Variable  Moment  of  Inertia,  I,  If  the  J  is  Tari- 
able,  (e.g.,  i£  the  beam  tapers)  it  must  be  retained  on  the  right  of  the  integral 
sign  in  the  expressions  for  ^  and  Jy  and  then  expressed  as  a  function  of  x  be- 
fore the  integration  can  be  proceeded  with.  In  some  cases  I  may  be  constant 
within  the  limits  of  definite  portions  of  the  beam  and  then  the  procedure  is 
simple.     For  instance,  if  the  beam  in  Fig.  444,  has  a  constant  value,  =  7j,  for 

the  portions  OD  and  FC,  and  a  larger  (but  constant)  value,  of  Z,,  =  ^  J„ 

for  all  the  sections  from  I)  to  F,  the  following  takes  the  place  of  eq.  (1)  above : 

p      ra  Pa     />2<»  4    PgS 

397.  Properties  of  Moment  Diagrams  (Moment-Areas  and  Cen* 
ters  of  Gravity).  Prismatic  Beams  in  Horizontal  Position.  Vertical 
Loads  and  Reactions.  In  Fig.  445  let  AB  be  the  bent  conditioii 
(i.e.,  elastic  curve)  of  the  axis  of  a  straight  prismatic  homo- 
geneous beam  supported  on  supports  at,  or  nearly  at,  the 
same  level  (so  that  all  tangent  lines  to  the  elastic  curve  deviate 
but  slightly  from  the  horizontal.  That  is,  the  bending  is  slight). 
Also,  let  A"iy'B"'  0'"  be  the  corresponding  moment  diagram  (as 
defined  and  illustrated  on  pp.  265  to  309).  For  instance,  for 
any  point  m  of  the  elastic  curve  the  moment  of  stress-couple  (or 
«« bending  moment")  in  that  section  of  the  bent  beam  is  repre< 
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^t)>it.ted  (to  scale)  by  the  ordinate  m"m"'  or  M,  in  the  same 
vertical  as  m. 

If  now  a  small  horiz.  distance  dxt  or  m"r,  be  laid  off 
from  m"  and  a  vertical  r .  .s 
be  drawn  through  r,  the  pro- 
duct M  .  dx  would  be  propor- 
tional to,  and  may  be  repre- 
sented by,  the  area  of  the 
vertical  strip  m"rsm"'.  Now 
dx  being  inches  (say)  and  M 
being  inch-lbs.,  this  product 
might  be  called  so  many  "sq. 
inch-lbs."  of  moment-area  (as 
it  will  be,  called).  But  the 
angle  <j>  between  the  tangent- 
lines  drawn  at  any  two  points  On  and  B  of  the  elastic  curve  is 

equal  to  —   /      Mdx ;  and  hence  we  may  write 


Fia.  445. 


<^  = 


rtotal  "  moment-area  "' 


] 


El 


(lo) 
(1) 


Lbetween  0  and  B 
or,  for  brevity,  ^  =  (^^  )  t-  £"/ 

This  "moment-area,"  then,  between  0  and  B  is  the  pro- 
duct of  the  base  CfB"  (inches)  by  the  average  moment  be- 
tween 0  and  B  regarded  as  the  average  altitude  of  the  figure, 
0"B"B"'0"',  this  altitude  being  inch-lbs. 

Again,  if  the  elementary  "  moment-area  "  Mdx  be  multiplied 
by  x,  its  horizontal  distance  from  0"  (i.e.  from  0  and  0„),  and 
these  products  summed  up  for  all  the  dx's  between  0  and  B, 

there  results  the  expression  /      (Mo  dx)  .  x   which    may    be 

written  {A"^).x,  where  x  denotes  the  horiz.  distance  of  the 
center  of  gravity  of  the  moment-area  0"B"'  from  0"0"'  (since, 
from  the  theory  of  the  center  of  gravity,  the  sum  of  the  pro- 
ducts of  each  strip  of  an  area  by  its  x  co-ordinate  is  equal  to 
the  product  of  the  whole  area  by  the  distance  of  its  center  of 
gravity  from  the  same  axis).  In  the  figure  the  center  of  grav- 
ity of  the  moment-area  0"B"'  is  shown  at  C",  and  the  cor- 
responding  x  is  marked. 
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But  we  have 
Ay,  or  00,,,  =  r  I   Mxdx  "[-i-  EI  =\  \     Mdx ,  x  1  -»-  M  j 

and  hence  we  may  write 

00,,,  or  At/,  =  i{Al).x-\  ^EI  .  .  .  .  (2) 
which  furnishes  us  with  a  simple  means  of  determining  the  dis- 
placement of  any  point  0„  in  the  elastic  curve  of  the  bent  beam 
from  the  tangent-line  at  any  other  point  B  in  that  elastic  curve. 
Evidently,  from  equations  (1)  and  (2)  we  have  Ay,  =  00„, 
=  (px ;  and  can  therefore  state  that  the  intersection  of  the  two 
tangent-lines,  one  draivn  at  0,  the  other  at  B,  lies  in  the  same 
vertical  as  the  center  of  gravity  of  the  intervening  moment-area. 

(N.B.  Instead  of  the  product  {Ao)-x,  we  may,  of  course, 
use  the  algebraic  sum  of  similar  products  for  any  component 
parts  into  which  it  may  be  convenient  to  subdivide  the  total 
moment-area.) 

898.     Examples  of  TTse  of  Eqs.  (1)  and  (2)  of  Preceding  Faragraph. 
Example  I.     Simple  Cantilever.     Concentrated  load  at  free  end.    Fig.  444,. 
Constant  £!  and  I.     [Prism.)     Here  the  moment-diagram  for  whole  length  is  a 

triangle  (§  249)  whose  base  is  I  inches  and  whoso 
altitude  is  PI  inch-lbs. 

Hence,  with   O  and  B  taken  as  in  Fig. 


445,,  we  note  that 


^'o- 


-      2 
and  that  x  =  5  i. 
o 


r     Pin  PP 

•  4—  [}•  yJ  -f- .»./.=  5-^;  for  the  slope 

at  0„;  while  'ob„  =  J^  (x").  x, 

F.a.445..  '■'■'''°"=£lL'-2j-3'=3-ll- 

Example  II.  Prismatic  Beam  on  Two  End-Supports.  Load  Uniformly  dis- 
tributed over  the  whole  span  or  length,  I;  W  =  wl.  From  p.  268  we  know  that 
the  moment-diagram  (Fig.  4462)  is  a  symmetrical  segment  of  a  parabola  with 
axis  vertical,  and  that  the  moment  at  the  middle  section  is  Wl  -=-  8.  Also, 
from  p.  12  of  Notes,  etc.,  in  Mechanics,  we  find  the  x  of  the  left-hand  half  of  this 
moment-figure,  measured  from  the  left-hand  extremity  On,  is  J  Z  —  §  of  J  J;  i.e., 
S  =  S  of  Ji. 

TAe  area  of  this  semi-paraboUc-segment  is  two-thirds  that  of  the  circum- 
scribing rectangle.  From  symmetry,  the  tangeut-line  drawn  at  B,  the  middle 
point  of  the  elastic  curve,  is  parallel  to  0„  D,  so  that  the  displacement  0„0  of  0 
from  that  tangent  is  equal  to  the  deflection  of  B  from  0„D.     Hence 

{A^).x    _    p    I    Wl 
El    '         L 3 • 2 ' 


0„0, 


L3-2'    8  ■8'2j  ■ 


EI  = 


384 


WP 
W 
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Example  III.    Prismatic  Beam.   Ends  Supported.    Two  Concentrated  Loads 
Equidistant  from  Supports.     Fig.  4463. 

Here,  as  before,  from  symmetry  the  tangent  at  B  is  horizontal,  parallel  to 


1  t^vyv'l*vvy^yi'l>tvvi* 
On.  C .  D. 


U-«-. 


FiQ.  4452, 


Fig.  4453. 


OnD;  so  that  OnO  equals  the  deflection  of  B  from  C  (its  position  before  load* 
ing  of  beam) .  Each  load  P  is  in  middle  of  a  half-span.  Required  0^0 ;  i.e., 
(7B=? 

In  this  case  the  moment-diagram  is  easily  shown  to  consist  of  a  triangle  at 
each  end  with  a  central  rectangle  of  altitude  =  Pa  (inch-lbs.).  To  find  OnO 
we  need  the  product  {A^}  .x.  But  this  A^  consists  of  the  triangle  0"A"N 
with  its  center  of  gravity  distant  f  of  a  from  0  and  of  the  rectangle  A"B"KN 
whose  center  of  gravity  is  at  a  distance  of  f  of  a  from  0.  Utilizing,  therefore 
the  principle  stated  in  the  N.B.  of  §  397,  we  write 

7^-7;        (A)l.'z        1  r       Pa    2  a  r,  3 «!      n   Pa" 

Example  IV.  Prismatic  Beam  on  End  Supports.  Single  Eccentric  Load,  P. 
Kg.  445^.  Here  a  tangent  drawn  to  the  elastic  curve  at  the  load-point  B,  not 
being  horizontal,  is  not  par- 
allel to  0„Cn,  and  hence  OnO 
does  not  =  the  deflection,  S, 
of  B. 

However,  the  displace- 
ments (=d,  anddj),  of  Ofrom 
B's  tangent  and  of  C  from 
B's  tangent,  are  easily  found, 
the  moment-diagram  0"NC" 
having  been  drawn,  in  which 
B"N  =  {Pa,a,  ~  I)  inch-lbs. 
(§  260).  Call  the  "  moment- 
area"  of  triangle  0"B"N,  ^1' ;  and  that  on  right  of  load,  viz.  of  C"B"N,  A". 

Then,  from  eq.  (2)  of  §  397,  we  may  write 

Eld,  =  A'x,;  and  Eld.^  =  A"x^. 
If  now  we  draw  a  horizontal  line,  HD,  through  the  point  B  of  the  elastic 
curve,  we  note,  from  the  similar  triangles  thus  formed,  the  proportion 

■^ — -V  =  —  .     From  these  three  equations  dj  and  d^  may  be  eliminated  and  J 
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Obtained;   (since  A  =  ^  Pa^'a^  h-  I,  and  A"  =  I  Fa^a^  -=-  I;  while  »,=  §o„ 

and  Xj  =  §  Oj .) 


We  thus  obtain  3  =  (J  Pa^\')  -h  {HI. I) 


(3) 


This  is  for  the  load-point.     Tor  the  maximum  deflection  see  next  example. 

Example  V.  Maximum  Deflection  of  Prismatic  Beam.  End  Supports. 
Single  Eccentric  Load.     Tig.  ii&^.     To  locate  the  lowest  point  D  of  elastic 

curve  and  determine  its  deflection, 
d,  below  the  horizontal  0„B. 

Draw  a  tangent  at  D,  also  at 
B  whose  distance  n  from  D  is,  as 
yet,  unknown.  Note  that  the  tan- 
gent at  D  is  horizontal. 

The  moment-diagram  is  a  tri- 
angle of  altitude-M';  (M'=Pab~t)\ 
denote  the  moment  at  2)  by  m'. 
We  have  m'  =  (n  -4-  6) .  Jf '.  Now 
the  angle  tl>  —d'  -i- 1,  and 

d' ^  (aI)  .X -h  EI  = 
i  M'l  (a-l-J  [i  (a+6)  -  a])-=-£7. 
(A^) ^EI,  =n. m'  -^  2EI,  and ^  =  ^, ; 
.-.,  finally,  we  have  n  —  v'J6(2a-|- 6),  which  locates  the  point  R. 

Now  note  that  the  intersection  C  lies  in  the  vertical  through  the  center  of 
gravity  of  the  shaded  triangle  (§  397).  Hence  CD  =  Jn  and  therefore  from 
similar  triangles  Ss  =  iSs.  But  RD,  =  d,  =.  ES-  SS,  and  SS  =  <t>,.CD  = 
<j) .  \n.  Hence  d  =  |0n  and  finally  by  substitution,  and  with  li'  placed  = 
Fob  -7- 1,  we  have  (with  6  >  o) 


FlQ.  445=. 


&EI<^  =  if'  (2  a  4-  6).  But0|  ■■ 


^^  ^•^[2a+6]Vj6(2a  +  6) 


{same  as     i 
on  page  258  j 


399.  The  "  Normal  Moment  Diagram."  If  a  portion,  OB,  o^  a 
horizontal  beam  carrying  loads,  be  conceived  separated  from 
the  remainder  of  beam  and  placed  on  two  supports  at  its 
extremities  0  and  B,  while  carrying  the  loads  [say  P^  and  P,] 
originally  lying  between  0  and  B,  the  corresponding  moment- 
diagram,  0"'TB"'  of  Fig.  446  may  be  called  the  "normal-moment 
diagram"  for  portion  OB  (of  original  beam)  and  its  load.  If 
Vo  is  the  pier  reaction  at  left,  we  have  for  any  section  t  (say 
between  P^  and  P^)  x  ft.  from  0,  the  moment  of  stress-couple 
[call  it  Mn  or  «  normal  moment "] 


M^  =  VoX  —  P,{x  —  o) 


(1) 


Now  consider  OB  in  its  original  condition  (see  lower  part 
of  Fig.  446)  when  forming  part  of  a  much  longer  beam   sup- 
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ported  ill  any  manner.  If  we  consider  OB,  now,  as  a  "  free 
body,"  we  must  jiut  in,  besides  the  loads  P^  and  P.,,  a  shear  /„ 
and  a  stress-couple  of  moment  M^  in  section  at  0,  and  J^  and 
couple  of  moment  Mb  at  B.  The  moment  in  any  section  t  of 
OB  is  now  M  =  Ma+  J^x—  P^  {x  —  a).  Let  V  =  difference 
between  J^  and  T;,, 


I.e., 
then 


M  =  M,  +  Vx  +  [V^-P,{x-a)']  .     (2) 


i.e.  [see  (1)], 


M  =  M^  +  Vx+M„ 


(3) 


Hence  the  moment  M  {=kwm  Fig.  446)  of  any  section  of  OB 
is  made  up  of  a  constant 
part  Mq,  a  part  proportional 
to  x,  and  a  third  part  equal 
to  the  "  normal  moment "  of 
that  section.  Therefore,  if, 
in  the  moment-diagram 
0'B'B"wO"  for  OB  we  join 
0"  and  B"  by  a  straight 
line,  and  also  draw  a  hori- 
zontal through  0",  the  ver- 
tical intercepts  [such  as 
iiw']  between  the  line  0"B" 
[or  "chord"]  and  the  broken 
line  0"wB"  are  the  normal 
moments  for  OB  and  its 
load,  and  the  area  (mom.- 
area)  of  the  figure  formed  by 
these  intercepts  is  equal  to 
that  of  the  normal  moment 
diagram. 

It  is  also  evident  that  the  center  of  gravity  of  the  figure 
0"B"w  lies  in  the  same  vertical  as  that  of  the  normal  moment 
diagram. 

(In  the  next  paragraph  the  trapezoid  0'B'B"0"  will  be 
divided  into  two  triangles,  instead  of  into  a  triangle  and  a 
rectangle.) 


Fig.  446. 
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1       aT^ 

iMimppr*^ 

K— Ici— >j 

T,     ■     ■■■'b"     'tj      |<— Xj 

Fig.  446a. 

400.  The  Theorem  of  Three  Moments.  Let  0,  B,  and  C, 
tig.   446a,   be  any   three    points   in   the    elastic   curve    of   a 

homogeneous,  continuous, 
and  prismatic  beam,  origi- 
nally straight  and  hori- 
zontal but  now  slightly 
bent  under  vertical  forces 
(some  of  which  are  reac- 
tions of  supports;  no  loads 
or  forces  are  shown  in  the 
figure). 

Let  M„,  M^,  and  M^  be 
the  moments  of  the  couples 
in  sections  0,  B,  and  C- 
The  moment-diagram  for 
portion  OBC  is  O'C'C'T^W'Tfi"-  Join  0"B'  and  C"B' ;  also 
0"B"  and  C"B".  At  the  point  B  of  elastic  curve  draw  a  tan- 
gent m^m^  and  join  OC  Then  Omo,  or  d^,  is  the  displacement 
of  point  0  from  B's  tangent,  and  d^  =  Cm^,  is  the  displacement 
of  C  from  the  same  tangent ;  while  S  is  the  deflection  of  B  from 
the  straight  line  joining  0  and  C. 

Now  the  vertical  displacement  d„  =  [mom  .-area  O'B'T^  X 
distance  of  its  cent.  grav.  from  OO''^  -^  EI.  But  the  moment- 
figure  O'B'T^,  under  OB,  is  composed  of  the  two  triangles  shown 
and  the  "normal  moment-diagram  "for  OB,  viz. :  0"B"T^,  whose 
niom.-area  may  be  called  A^  and  whose  center  of  gravity  is  x,  ft. 
from  00",  while  the  corresponding  distances  for  the  triangles 
are  \  a^  and  f  a^. 

Hence,  from  eq.  (2),  §  397,  we  have: 


Eld^  =  h  M,a^  .ia^  +  i  M,a, .  §  fli  +  A^x, ; 


(1) 


and  similarly,  with  corresponding  notation,  for  the  right-hand 
portion,  or  segment,  BC,  of  OBC  (denoting  the  "  normal  mom.- 
area"  C"B"T^  by  A^  and  reckoning  x^,  etc.,  from  CC"), 


Eld^  =  i  M^a^ -^  a^  +  i  M^a^ .^a^  +  A^x^ 


(2) 


If  now  a  straight  line  be  conceived  to  be  drawn  through  B 
parallel  to  OC,  we  have,  from  the  similar  triangles  so  formed, 
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(as  in  Fig.   4454),   (4  —  ^)  ^  a^  =  (8  —  d^)  -f-  a^.     Combining 
this  with  eqs.  (1)  and  (2)  we  have  finally 

M„a,    ^  M,(a,  +  a,)   ^  M.,a,,  ^  A,x,    ^  A^^  _  ^^^Sl   _^ll 
6  3  6  a,  a^  Lai      oj 

which  is  the  "  Theorem  of  Three  Moments." 

E  is  the  modulus  of  elasticity  of  material  of  beam,  /  the 
"moment  of  inertia"  of  its  cross-section;  M„,  M^,  M^,  the 
moments  of  stress-couples  ("bending-moments")  at  0,  B,  and 
G,  respectively.  Distances  a^  and  a^  are  shown  in  Fig.  446a, 
while  A^,  A^,  x^,  and  x^  are  as  above ;  B  being  the  deflection  of 
point  B  from  the  straight  line  joining  0  and  C. 

N.B.  It  should  be  carefully  noted  that  eq.  (4)  does  not 
apply  unless  the  part  of  beam  from  0  to  C  is  continuous  and  pris- 
matic ;  also  that  in  its  derivation,  the  elastic  curve  is  considered 
concave  upward  throughout ;  hence  if  a  negative  number  is  ob- 
tained for  M„,  M^,  or  M^^  in  any  example  by  the  use  of  eq. 
(4),  it  implies  that  at  that  section  the  beam  is  convex  upward, 
instead  of  concave  ;  in  other  words  that  the  upper  fibers  are  in 
tension  and  the  lower  in  compression  (instead  of  the  reverse, 
as  in  Fig.  446a). 

401.  Values  of  AiXi  and  ^2X2  ™  Special  Cases.  The  Theorem  of  Three 
Moments  involves  the  use  of  the  (imaginary)  normal  mom.-area  of  each  of  the 
two  portions  (left  and  right  "spans",  or  "panels"),  OB  and  BC  ;  i.e.  of  the 
products  AjXi  and  A^c^,  where  a;,  is  measured  from  the  left  end  of  the  left  panel, 
and  X,  from  the  right  end  of  the  rigM  panel.  We  are  now  to  determine  values 
of  j1]J,  and  A^r,  for  several  ordinary  cases  of  loading. 

Case    I.    Single  Cen-  i  ,         L e *l 

tral  Concentrated  Load,        j< — l/- — J  j<ri->r  ; 

P,  Fig.  446,.     Here,  for       ! \p  ',        ip 1 

a  left-hand  panel,  1  1.  1  1 1  .  .  i,  ^ — .  J—i 

=  -jg ;  and  for  a  right-        !  ^I|l  I IP^  I  |  ^^^^^--^ 

hand  panel,  j       _    >l)l'  |  I       \j^^^  j 

A2X2  =  -jg-  •  Fig.  446,.  Fig.  4462. 

Case  II.  Single  Non-ceniraX  Concentrated  Load,  P.  Eig.  4463.  For  thl.s 
case  as  a  left-hand  panel,  ' 

^-        rPbc    l-\rl       1/1       .\-\       Pbc(l+b)       ...  •  vn,     , 

^'^.  =    L"r  ■  2  J  L2  ~  3  (2   -^)]^  6~  '■  ^^'^^'  "^  *  right-hanc 

,    ^  -       Pbc(l  +  c) 
panel,  A ^2= e 
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Caie  ni.    Two  (or  more)  ConcerUrated  Loads.     Pig.  446a. 

■^i^i  =  -  [P'b'c'  (I  +  6')  +  P"b"c"  {I  +  6")] ;   and  for  each  load  more  than 

two  add  a  proper  term  in  the  bracket. 

For  .4j^2  interchange  b'  and  c',  h"  and  c",  etc. 


OrJ- 


bi— 6'->j  « — «" — >•  ^  ^  < — 'a!-4— > 


.0,1 »J 


Fig.  446,. 


Fio.  446i. 


Case  IV.  Any  Continuous  Load  over  a  Part  or  the  Whole  of  the  Span;  of  w 
lbs.  per  linear  foot,  w  being  variable  or  constant.  Fig.  446^.  The  load  on  a 
length  da;  (of  loaded  part)  is  wdz  lbs. ;  comparing  which  with  the  P  of  Case  II, 
(or  one  of  the  P's  of  Case  III),  we  note  that  x  corresponds  to  6,  and  l—x  to  c ; 

hence  A^x^  —  ^  I  wdx  (l  —  x)x{l  +  x)  =w  I      wx  (P  —  x^  dx. 

If  10  is  variable  it  must  first  be  expressed  in  terms  of  x.  (For  A^,  we 
measure  x  from  the  right-hand  end,  B.) 

Case  V.  Uniformly  Distributed  Load  over  Whole  Span ;  (i.  e. ,  to  is  con^ani). 
Let  W,  =^  wl,  =  whole  load,  lbs.     Fig.  4465. 


W=io!  W,=t«6 

lUlUillUUUBoUiiUIIUl 


A^^  =  AJ, 

*•'•   8   -2 

WP 
°   24" 


Case  VI.    Uniformly 
Distributed   Load   Ad- 
joining   one    End    of 
Span;     (left    end    for 
example).     Fig.    4465. 
Total  load  =  Tr=  w5.    Applying  method  of  Case  IV,  withe,  =  6,  and  6,  =0, 
we  have  AiX^  =  y\  Wb  (P  —  J  P).     Also  from  Case  IV,  now  measuring  x  from 
B,A.x,  =  ^:,WiP-c')  (l  +  c). 


FiQ.  4466. 
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Case  VII.     Uniformly  Distributed  Load  Not  Adjoining  either  End  of  the 
Span.    Pig.  446,.     Whole  load  =W  =  w(.e-b).    By  Case  IV,  we  find 


A..>^^n-!l+A^- 


12 


x^..l<iiO[<.-51+£] 


■]'    .  Mmliiiii 


It  is  now  seen  how  A^Xi  and  A^^  mS'y 
be  obtained  for  any  loading. 

402.  Continuous  Girders  Treated 
by  the  Theorem  of  Three  Moments. 
This  theorem  is  of  special  advan- 
tage in  solving  continuous  beams     !         |    ^""T^ — ke^ A 

(p.  271);  and  examples  will  now  I*  1 

be  given.  ^■°-  **«'• 

Example  I.  Fig.  447^.  A  straight,  homogeneous,  prismatic 
beam  or  girder,  35  feet  long,  is  placed  upon  three  supports  at 
the  same  level,  forming  two  spans  of  15'  and  20';  two  concen- 
trated loads  in  the  left  span,  a  uniformly  distributed  load  on  part 
of  right  span.  Required  the  maximum  moment,  and  maximum 
shear.     (Neglect  weight  of  beam.) 

Take  0,  B,  and  C,  as  the  three  sections  where  the  three 
moments  Mo,  M^,  and  Mj  are  situated  [respectively]  used  in  the 
theorem  of  §  400.  But  both  Mo  and  M^  are  zero  in  this  case, 
and  S  (deflection  of  point  £  from  line  joining  0  and  C)  is  also 
zero  (since  the  supports  are  on  the  same  level).  Hence  M^  (i.e., 
at  B)  is  the  only  unknown  quantity  in  applying  the  theorem  of 
§  400  (eq.   (4)  )  to  this  problem. 

Taking  the  A^x^  from  Case  III,  and  A^x^  from  Case  VII  (with 
/=  0),  of  §  398,  we  obtain  (using  the  foot  and  ton  as  units), 

Q_^  M,iW  + 20)  ^  Q  ^  -JL._r6x4xllxl9+8xl0x5x25] 
3  6  X  15 '-  -^ 

The  negative  sign  shows  that  at  section  £  the  elastic  curve 
is  convex  on  its  upper  side  (see  N.  B.  in  §  400).  To  follow  up 
the  solution  from  this  point,  let  us  draw  the  actual  moment- 
diagram  somewhat  differently  from  that  in  Fig.  446a,  (which 
see),  where  the  actual  moment  for  any  section  is  measured  from 
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a  continuous    horizontal    line, 
«  chords  "  0"B"  and  B"0"  of 


AVo 


Vb 


O'C,  as  an  axis.  Let  the 
the  two  normal  moment  fig- 
ures,    0"B"T^ 


„iu!iiiunm 


Vb 


Fia.  447,. 


andC"£"r„be 
made  a  contin- 
uous horizontal 
line  by  an  up- 
ward shifting 
{each  in  its  own 
vertical)  of  the 
intercepts  of 
those  figures. 
The  intercepts 
0"0',  B"B\ 
and  0"C',  and 
the  four  tri- 
angles involved 
with  them,  now 
extend  upward 
from  that  hori- 
M,  and  M^  are 


zontal  line.  But  in  our  present  problem  both 
zero;  hence  the  two  upper  triangles  disappear  and  the  two  inner 
triangles  project  above  the  horizontal  line,  with  M,  as  a  com- 
mon base.  The  actual  moments  of  the  points  of  the  elastic 
curve  are  now  measured  (in  general)  by  the  vertical  intercepts 
between  the  lower  boundary  of  the  normal  moment  figures  and 
the  upper  edges  of  the  two  triangles ;  but  since  in  the  present 
case  Af  J  is  negative,  M^  must  be  laid  off  below  the  (new)  hori- 
zontal line  so  that  the  lines  0"B'  and  C"B'  will  cross  the 
lower  boundaries  of  the  normal  figures ;  the  actual  moments  being 
now  measured  by  the  vertical  intercepts  between  these  two  oblique 
lines  and  the  curved  (^or  broken')  boundaries  of  the  normal  figures. 

This  re-arrangement  has  been  observed  in  the  moment-diagram 
0"B"0"  of  Fig.  44  7  J,  where  line-shaded  areas  correspond  to  the 
parts  of  the  elastic  curve  which  are  concave  upward;  and  the  dot- 
shaded  areas,  to  parts  convex  upward  (or  upper  fibers  in  tension). 

Before  determining  the  shears,  J,  along  the  beam,  we  must 
first  determine  the  reactions  at  the  support,  viz.  Vg,  V^,  and  Vg. 
Consider  the  .portion  OS  as  a  "  free  body",  cutting  just  on  left 
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of  support  B,  and   put  ^j  (moments)  =  0  {ibout  the   neutral 

axis  of   section  at  B;  deriving 

6x11  +  8x6-  39.2  -  F^  X  15  =  0;  and  .-.  V  o=  4.5  tons. 

Similarly,  with  EC  as  free  body,  taking  moments  about  B, 
16  X  12  -  39.2  -  7c  X  20  =  0;  and  .-.  Vc  =  7.6  tons;  and 
hence,  since  Vo+  Yb  +  y  c  =  30  tons,  Vb  =  17.9  tons.  The 
shear-diagram  is  now  easily  formed  (see  Fig.  447j) ;  the  max- 
imum shear  being  evidently  9.55  tons,  occurring  in  the  section 
just  on  the  left  of  support  B- 

We  note  that  the  shear  changes  sign  three  times,  corre- 
sponding to  the  three  (local)  maximum  moments  (at  Ei  B,  and 
K).  To  locate,  and  determine,  M^,  note  that  the  change  of  sign 
of  the  shear  at  Ko  is  gradual  and  that  hence  the  shear  is  exactly 
zero  at  K;  which  requires  that  the  load  between  K  and  the 
support  0  be  equal  to  the  reaction  at  C,  (from  the  free  body 
concerned).  Since  w  along  HC  is  one  ton  per  foot,  the  dis- 
tance KOmnst  be  7.64  tons  -h  1.00,  =  7.6  ft.  From  this  free 
body,  KC,  we  now  find,  by  moments,  that  M^  =  29.2  ft.-tons. 

As  to  the  other  maximum  moment,  i.e.,  at  E,  we  note  that 
the  moment  at  E  in  the  normal  moment-figure  would  be  E'"  E" 
=  28.2;  from  which  by  deducting-^  of  Mb  (i.e.,  of  39.2)  we 
obtain  M^,  =  17.7  ft. -tons.  Hence,  the  greatest  moment  to  be 
found  in  the  beam  is  that  at  B,  viz.  39.2  ft.-tons,  and  upon 
this  depends  the  choice  of  a  safe  and  economical  beam. 


Example  II.  Fig.  4472,  Con- 
tinuous prismatic  beam  OC. 
Three  supports  at  same  level. 
Find  maximum  moment,  etc 
under  given  loading,  the  12  tons 
being  uniformly  distributed  over 
whole  of  right-hand  span.  Neg. 
leot  weight  of  beam. 
Jf  max.  =Jkf„=  16.6ft. -tons.  Aus. 


-'"■--iiiMiiim 


r    \ni 


'S'- 


\* zo'- 


-d- 


■40'- 


-s^ 


■■10    ii  10 


T 

'  tonfi 
Fig.  447s- 


^—16'-- 


•ifie  tons 


--12' '■ 


Fig.  447^. 

Example  III.  Continuous 
prismatic  beam  on  three  supports 
O,  B,  C,  at  same  level.  Three 
concentrated  loads.  Neglect 
vreight  of  beam.  Find  Mb  and 
maximum  moment,  etc. 

Mb=  -  92.6  ft.-tons.      Max. 
Jf  =  116  ft.-tons,  at  D.    Ans. 
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Example  IT.   Continuous  prismatic  beam,  40  ft.  long  and  extending  ovef 
fonxr  supports  at  the  same  level.    The  loading  is  symmetrical,  as  shown  (Fig. 


oiiniuiHui 


L 


^~n  25  tow  fhJ al J  '      rn  20  tons 

^- U! -^         >-^% ^- 

^^  110  terns  ^^ 


Fig.  447,. 

447,).  Here  we  note  that  from  symmetry  Jfs  must  =  Mc;  also  Mo  and  Mj) 
each  =  0.  Applying  the  Three-Moment  Theorem  to  0,  B,  and  C,  (with  8=0) 
we  find 


0  +  ljf,x26+^Jf^Xl2+^^.?«XlT+;-2.^i^Xl2' 


=  0: 


and  . •.  Mb  =  —  23.7  ft. -tons,  ( =  Mc,  also). 

Completing  the  mom. -diagram  we  find  that  Mb{=  Mc),  or  23.7,  is  greater 
than  any  other  moment  along  the  beam;  .  .  M  max.  =  23.7  ft.-tons.  The 
reactions  of  the  supports  are  found  to  be  :  Vo  (and  Vd)  =8.3  tons  ;  and  Vs 
2s  tons  (^""^    ^<^)  =  ^^-^    '""^^      ^'''^' 

5    UUlUi 


'  10  tons 

oiUUiU 


!<— r^-^ 


-S' ■>! 


Fig.  4475. 


dently  the  elastic  curve  is  con- 
vex up,  over  both  B  and  C 
The  maximum  shear  is  11.8 
tons,  close  on  the  left  of  sup- 
port B,  (or  close  on  right  of  C). 
Example  V.  Continuous 
prismatic  beam,  38ft.  long,  on 
three  supports  at  the  same  teed. 


Fig.  4475.     Uniformly  distributed  loads  over  portions  of  the  length.     Find  the 
maximum  moment  and  maximum  shear,  {J), 


Max.  Jf  =  —  39.6  ft.-tons  (at  B)  ; 
Max.   J  =  10.2  tons  (close  at  right  of  JB) 


Ans. 


Example  VI.  Fig.  447„.  Continuous  prismatic  beam,  50  ft.  long,  on  four 
supports  at  same  level ;  but  the  arrangement  of  loading  and  span-lengths  is  jion- 
symmetrical.  Fig.  447,;.  Find  the  max.  M  and  max.  J.  In  this  case  Mo  and 
Md  are  each  =  0,  but  Mb  is  not  =  Mc.  We  are  therefore  compelled  to  apply 
the  Theorem  of  Three  Moments  twice,  viz.  :  first  to  the  three  points  0,  B,  and 
C;  and  then  to  the  three  points  B,  C,  and  D  ;  whence  we  have 


^      Mb  (14  +  20)      If  c  X  20      16  x  6  x  8  (14  -f  6) 


MbX20      Jfc(20-H6) 


+  0  + 


20  X  ^0' 
24  X  20 


20  X  20'   ,   IS  X  7  X  9  (16  -f  7) 


6x  14 


24  X  20 


-1- 


6X16 


0; 


0: 


TLEXtrBB  OF   BEAMS  ;  GEOMBTBICAL  TREATMENT. 


503 


(1) 

(2) 


or,  eSJtf^  +  20  Jtfc+ 1097.1  +  2000  =  0;      .     .     . 

and  20  Jfs  +  72  Mo  +  2000  +  1358.3  =  0  ;      ... 

two  simultaneous  equations,  for  determining  Ms  and  Mc- 

Solving,  we  find  Mb  =  —  34.6,  and  Mo  =  —  37.0,  ft. -tons. 

The  three  "normal  mom. -diagrams  "  having  been  drawn  to  the  common 
base  0"B"C"J)"  in  the  figure,  we  lay  off  B"B'  downward  from  B"  and 


BiumuiUiUii 


FlQ.  4476. 


=  34.6  ft. -tons;  and  G"C',  also  downward,  =  37.0;  and  draw  the  straight 
lines  0"B',  B'C,  and  CD"  ;  thus  completing  the  mom. -diagram,  in  which, 
as  before,  the  differently  shaded  portions  show  whether  the  elastic  curve  is  con- 
cave up  (line-shading),  or  convex  up  (dot-shading),  in  the  corresponding  part  of 
beam. 

The  four  reactions  of  supports  are  then  found,  viz.  :  Vo,  Vb,  Vc,  and  Vd, 
—  6.7,  19.2,  19,0,  and  6.1  tons,  respectively.  Shears  are  now  easily  found  and 
are  shown  in  the  shear  diagram,  the  max.  J  being  9.8  tons,  occurring  just  on 
the  right  of  support  B.  The  max.  M  is  found  to  occur  at  E,  and  to  have  a  value 
of  42.7  ft. -tons. 

402a.  Continuous  Beam  with  One  Span  Unloaded.  In  Fig.  448 
we  have  a  continuous  prismatic  beam  supported  at  three  points 
0,  B,  and  C  at  the  same  level ;  but  the  support  at  0  is  above 
the  beam,  instead  of  below;  since  that  end  tends  to  rise,  there 
being  no  load  in  the  left-hand  span.  (Case  of  a  drawbridge  with 
the  left-end  "  latched  down  ").  Neglect  weight  of  beam.  By 
the  Theorem  of  Three  Moments  applied  to  0,  B,  and  C,  with 
Mo  and  Mc  =  0,  and  Mb  unknown,  we  find  Mb  =  —  4.9  ft.-tons. 
In  forming  the  moment-diagram  here,  we  note  that  since  there  is 
no  load  from  0  to  5  the  lower  edge  of  the  "normal  mom.-diagram" 
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Z.4  tons 


Fig.  448. 


for  OB  coincides  with  its  upper  edge,  i.e.,  with  the  axis  itself, 
viz.  0"B".  The  "  normal  mom.-diagram  "  for  BC  is,  a,  triangle, 
with  B"Q"  as  base.     Laying  off  B"B'  =  4.9    downward  from 

B',  and  joining  0"B'  and 
B'G'\  we  complete  the 
actual  (shaded)  mom.- 
diagram,  as  shown. 
Max.  moment  is  found 
under  the  load  and  =  + 
9.55  ft.-tons. 

To  find  the  reaction 
at  0,  take  OB  as  "  free 
body",  cutting  close  on 
left  of  B.  (See  (F)  in 
the  figure.  Note  the 
position  of  stress-coiiple 
at  right-hand  end  of  this 
body.)  By  moments  about  B  we  have  Vq  X  10  —  4.9  =  0, 
whence  Vo  =  (say)  0.5  tons.  The  other  reactions  and  the  shear 
diagram  are  now  easily  determined. 

403.  Supports  out  of  Level.  In  the  foregoing  examples  the 
quantity  S  has  been  zero  in  each  instance  of  the  application  of 
the  Theorem  of  Three  Moments  ;  but  when  such  is  not  the 
case  the  quantities  E  and  I  are  brought  into  play.  In  this  con- 
nection it  must  be  remembered  that  any  unequal  settling  of  the 
supports  (originally  at  same  level)  after  the  beam  has  been  put 
in  place,  may  cause  considerable  changes  in  the  values  of  the 
various  moments  and  shears,  and  consequent  stresses  in  the 
material.     (See  lower  half  of  p.   323.) 

404.  Continuous  Beam  with  "  Built-in"  Ends.  Fig.  449.  As 
a  case  for  illustration  take  the  prismatic  beam  in  Fig.  449, 
"  built-in "  or  clamped,  horizontally,  at  B  and  at  C ;  at  the 
same  level.  A  load  P  is  placed  as 
shown.  On  account  of  the  mode  of 
support  the  tangents  to  the  elastic 
curve  at  B  and  C  will  be  horizontal 
and  are  coincident;  so  that  portions  '  tP 
of  the  curve  near  the  ends  are  convex  Fra-  4*9. 

up.     Now  conceive  the  beam  to  be  sustained  at  i?  by  a  simple 


a-> 


~ea- 
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support  underneath  and  to  extend  toward  the  left  a  length  Oo 
at  the  end  of  which  a  support,  0,  is  placed  above  the  beam,  and 
at  same  Uvel  as  B  and  C  (allowing  for  thickness  of  beam). 
This  makes  an  additional  span  (with  M  o  =  zero) ;  and  the  tan- 
gent to  elastic  curve  at  B  will  no  longer  be  horizontal.  But  it 
may  he  made  as  nearly  horizontal  as  we  please,  hy  taking  a„  small 
enough  (supposing  no  limit  to  strength  of  beam).  When  a„  = 
zero  the  tangent  at  B  will  be  in  its  actual  position  (horizontal). 
We  may  therefore  apply  the  Theorem  of  Three  Moments  ( §  400) 
to  0,  B,  and  C,  [noting  that  there  is  no  load  on  0  5],  if  we 
write  both  Mo,  and  a„,  =  0?  whence  (see  also  Case  II  of  §  401), 


0  + 


Mb  (0  +  3a)       MpSa 


+  0  + 


P2a  .  a(3a  +  2a) 


=  0. 


3  6  6  X  3a 

Similarly,  by  conceiving  the  beam  extended  to  the  right,  a  dis- 
tance a'  to  a  point  D,  for  another  support,  etc.,  we  may  apply 
the  theorem  to  the  three  points,  B,  C,  and  D  in  hke  fashion, 
with  Mo  and  a'  =  0,  obtaining 


MflSg      M^(3a  +  0) 
6  3 


+  0  + 


P2a.a  (3a +a) 
6  X  3a 


+  0  =  0. 

2 


Elimination  gives  Mb  =  —  q  Pa,  and  M^  =  —  -  Pa, ft.-tons. 

405.  Deflections  found  by  the  Theorem  of  Three  Moments  for 
Prismatic  Beams.  Since  this  theorem  contains  S  (see  Fig.  446a) 
the  deflection  of  the  point  B 
■  of  the  elastic  curve  of  a  con- 
tinuous ■prismatic  beam  from 
the  line  joining  the  two 
others,  0  and  C,  we  may 
use  the  theorem  in  many 
cases  for  determining  deflec- 
tions when  the  three  moments  are  known. 

Example  I.  Fig. .  450.  Case  of  two  end-supports  and  a 
single  non-central  load,  P  ;  (with  weight  of  beam  neglected). 
Taking  0,  B,  C,  as  the  three  points  (i.e.,  OB  is  the  left-band, 
and  BC  the  right-hand,  span :  with  no  load  on  eitlier  span)  we 
have,  with  Mq  and  Mj?  =  0,  and  Mb  =  Paiflj  -^  U 

0+^|  +  0+0  +  0  =  ^/s[i  +  i];.-..=^^. 


Fig.  4S0 
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Example  11.  If  n  is  any  point  between  0  and  B,  at  x-  ft. 
from  0,  and  0,  n,  and  C  are  taken  as  tiie  three  points  for  the 
theorem,  we  may  find  S„,  the  deflection  of  n  below  OC  That 
is,  with  Mo  and  Me  =  0  and  Mn  =  P{a^  -^  I)  x, 

.  ,  Pa.,x .  I    ,  n   ,   n   .    P"''>(^'  -^)r(^  -  ^)  + '^^'^ 
Bl  o(i  —X) 

or,  after  reduction, 

8.=  g|f^  [Z^-«/-^n^ (4) 

Now  if  a,  >  Oj,  we  may  find  the  distance  x',  from  0,  of  the 
point  of  maximum  deflection,  by  putting         "  -  =  0  ;  whence  is 

obtained  x'  =  V  J  (P  -  a/) (5) 

and  this  substituted  in  (4)  gives 

max.'  deflection,  =  -^^.  (P  -  a^)  V^  {P  -  o,')  ...     (6) 
(Compare  with  pp.  258  and  494.) 


(The  following  example  is  the  one  referred  to  at  the  loot  of  page  514.) 

Example. — A  hollow  sphere  of  mild  steel,  of  thickness  2  in:  and  internal 
radius  of  r„=4  in.,  contains  fluid  at  a  pressure  of  2  tons/in.'  Find  max. 
stress  and  max.  strain;  with  £=15,000  tons/in?^  and  fc  =  0.30.  Here 
?i=1.5;  and  by  substitution  in  eq.  (30)  we  obtain  max.  hoop  stress  to  be 
5,,=  — 2.26  tons/in.'  (tension),  while  from  eqs.  (22)  and  (23)  the  tangential, 
or  hoop  strain,  at  inner  surface  is  found  to  be  £2=  — 0.000145  (elongation), 
and  the  radial  strain  to  be  ei=  +0.000224  (shortening). 

The  latter  strain,  £„  is  seen  to  be  the  greater  and  the  ideal  "equivaUnt 
simple  stress"  (see  §  4056)  is  E£^=+3.35  tons/in.^  compression,  i.e.,  mxich 
larger  than  the  actual  max.  stress  (2.26)  in  this  case.  On  the  "elongation 
theory"  (see  §  405b),  the  3.36,  and  not  the  2.26,  tons/in.',  is  the  figure  that, 
for  safety,  should  not  pass  a  prescribed  unit  stress  aa  liferred  from  com- 
pressive tests  with  an  ordinary  testing  machine. 
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CHAPTER  XIII. 
THICK  HOLLOW  CYLINDERS  AND  SPHERES. 

405a.  General  Relations  between  Stress  and  Strain. — {Elas^ 
tic  limit  not  passed.)  If  a  small  cube  of  homogeneous  and 
isotropic  material,  dx  inches  long  on  each  edge,  is  subjected 
to  a  compressive  stress  of  pi  Ibs./in.^  on  two  opposite  faces, 
not  only  is  its  length  in  direction  of  the  stress  diminished, 
and  by  an  amount  dX,  but  its  lateral  dimensions  are  increased 
by  an  amount  dk"  which  is  a  certain  fraction  (from  0.20  to 
0.35  for  metals)  of  dl  This  ratio,  or  fraction,  is  called  Paisson's 
Ratio,  and  will  be  denoted  by  k.  Thus,  in  Fig.  450a  we  have 
such  a  cube,  AD  being  its  unstrained 
form.  Axes  1  and  2  are  in  the  plane  of 
the  paper  while  axis  3  is  1  to  the  paper. 
On  the  left  and  right  faces  is  shown  acting 
the  compressive  unit-stress  pi  Ibs./in.^, 
A'D  being  the  form  of  the  cube  under 
this  stress.  If  now  E  represent  the 
modulus  of  elasticity  (Young's)  of  the 
material,  we  have  (see  p.  203)  denoting 
the  ratio  dk-^dx,  or  relative  decrease  in  length,  by  n,  si=pi  -^E; 
so  that  if  dk"  is  the  increase  in  length  of  the  vertical  edges  we 
ha,vedX" -i-dx  (call  this  ratio  ^2)  =  —kpi-^E;  while  the  relative 
increase  of  length  in  the  horizontal  edges  T  to  paper  will 
be  an  equal  amount,  viz.,  £3=  —kpi-^-E.  These  ratios  ei,  £2, 
and  £3  are  called  the  strains  along  the  three  axes  1,  2,  and 
3,  respectively,  and  are  abstract  numbers.  Hence  the  three 
strains  produced  by  the  stress  pi  acting  alone  are 

Now  if  while  pi  is  still  in  action  a  compressive  stress  of 
P2  lbs./in.2  acts  on  the  two  horizontal  faces,  and  also  a  com- 
pressive stress  of  pi  on  the  two  vertical  faces  which  are  parallel 
to  the  paper,  the  total  strain  in  the  direction  of  axis  1  (that  is, 
the  relative  shortening  of  the  cube  in  that  direction)  will  be, 
Pi_  k{p2+p3) 
"E 


da; 

Fig.  4S0o. 


by   superposition. 


E 


and   similarly,    in   the 


directions  of  the  other  two  axes,  we  have 


P2_k(pi+p3)_ 
'E  E 


f2  =  %r '   p  '   •  ;     and     e3=%r- 


Pzjk{pi+V2) 
E  E       • 


(2) 
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(This  form  of  stress-strain  relation  is  due  to  Grashof.) 
Note  that  if  either  pi,  p2,  or  ps  is  a  tensile  stress,  a  negative 
number  must  be  substituted  for  it;  and  that  if  a  negative  num- 
ber is  obtained  for  £i,  «2,  or  S3,  in  any  problem,  it  indicates  a 
lengthening  instead  of  a  shortening.  Similarly,  if  the  con- 
dition is  imposed'  that  the  strain  £2  (say)  shall  be  a  relative 
elongation  of  0.00020,  —0.00020  must  be  substituted  for  it  in 
above  relation. 

405b.  "Elongation  Theory"  of  Safety. — In  all  preceding 
chapters  the  criterion  of  safety  has  been  that  the  unit-stress 
in  the  element  of  the  elastic  body  where  the  stress  is  highest, 
regardless  of  stress  on  the  side  faces,  should  not  exceed  a  cer- 
tain value,  or  working  stress,  =R'  Ibs./in.^,  as  determined 
upon  by  a  consideration  of  the  stress  at  "elastic  limit;  "  this 
"elastic  limit  "  being  itself  determined  by  the  ordinary  ex- 
periments on  "simple  "  tension  or  compression  of  rods  of  the 
material  in  question,  there  being  no  stress  on  the  sides  of  the 
rod.  In  such  experiments,  however,  an  element  with  four 
faces  parallel  to  the  axis  is  subjected  to  stress,  say  p,  on  two 
(end)  faces  only;  and  the  question  naturally  arises  whether 
the  elastic  limit  would  be  reached  for  the  same  value  of  p  as 
before,  in  case  there  were  also  present  tensile  or  compressive 
stress  acting  on  the  side  faces  of  the  element.  Experiments 
which  would  throw  much  light  on  this  point  are  unfortunately 
wanting,  and  some  authorities,  notably  on  the  continent  of 
Europe,  contend  that  the  extreme  limit  of  safety,  as  regards 
state  of  stress  in  isotropic  materials,  is  when  the  greatest  rela- 
tive strain  (elongation  or  shortening),  say  £1,  is  as  great  as 
would  be  produced  at  the  elastic  limit  in  an  experiment  involving 
only  "simple  "  tension,  or  compression  (as  above  described), 
in  an  ordinary  testing  machine.  This  view  would  make  the 
greatest  "strain,"  or  deformation  (change  of  form),  the  cri- 
terion of  safety  instead  of  the  greatest  stress.  Now  if  a  stress 
of  "simple  "  tension,  =p',  (no  side  stresses)  acts  on  an  element, 
the  highest  strain  produced  is  in  the  direction  of  this  stress 
and  has  a  value  s'  =  p'  ^  E,  since  Young's  modulus,  E,  is  deter- 
mined by  experiments  of  this  very  nature;  that  is,  p'=Ee'. 
Hence  if  the  greatest  strain  in  an  clement  in  some  compound 
state  of  stress,  as  in  §  405a,  is  £1,  and  it  is  desired  to  place  it 
equal  to  f  (say)  of  the  £1  in  simple  tension  at  elastic  limit, 
we  may  write  £i  =  |£'  =  J(p'--£');    or  E£i  =  lp'.    If  now  we 
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denote  |p'  by  p"  we  may  write  Esi  =  p"  and  describe  p",  or  Eei, 
as  the  ideal  tensile  stress  which  would  produce  a  strain,  or  relative 
elongation,  equal  to  ei  in  case  there  were  no  side  stresses;  Cotterill 
calls  this  ideal  stress  (Eei)  the  "equivalent  simple  stress." 

For  instance,  if  on  an  element  of  the  shell  of  a  cylindrical 
steam-boiler  of  soft  steel  the  "hoop  stress"  (p.  537)  is  pi  on 
two  end  faces  and  the  stress  on  two  of  the  other  faces  is  p2, 
=  ipi,  (the  stress  on  the  remaining  two  opposite  faces  being 
ps  =  practically  zero  in  this  connection)  we  have  for  the  strain 
in  direction  1,  by  eq.  (2),      Eei  =  pi-k{ipi  +  0).   .     .     .     (2') 

Let  p",  =  —  15,000  lbs. /in.^,  tension,  be  the  safe  working 
stress  for  the  metal  in  simple  tension;  with  ^  =  30,000,000 
lbs./in.2,  and  Poisson's  ratio  =  A;  =  0.30.  Then  according  to 
the  view  of  preceding  chapters  the  greatest  safe  value  for  the 
stress  pi  would  be  —15,000  Ibs./in.^  But  according  to  the 
new  view  now  being  illustrated  the  safe  value  of  pi  must  be 
determined  by  limiting  the  strain  £i  to  a  value  which  would 
be  produced  by  15,000  Ibs./in.^  in  simple  tension,  i.e.,  —0.00050, 
(which  =p"^E);  which  amounts  to  the  same  thing  as  re- 
quiring that  the  "equivalent  simple  stress"  shall  =15,000 
lbs./in.2    Hence,  substituting  in  eq.  (2'),  we  have 

-15,000=pi(l-i.  (0.30));  i.e.,  pi  = -17,600  lbs. /in.2 
tension;  which  is  considerably  greater  than  the  15,000  allowed 
by  the  older  theory.  The  relation  thus  brought  out  in  this 
case  that  the  tenacity  of  a  material  is  increased  by  the  presence 
of  lateral  tension  "can  hardly  be  considered  as  intrinsically 
probable,  and  such  direct  experimental  evidence  as  exists  is 
against  the  supposition  "  (Cotterill). 

But  in  many  cases  the  results  of  this  "elongation  theory  " 
are  more  probable  than  those  based  on  the  older  theory;  hence 
the  former  is  much  favored  by  continental  writers. 

405c.  Thick  Hollow  Cylinder.  Stresses  and  Strains. — Fig. 
4506  shows  a  longitudinal  section  of  a  thick  hoUow  cylin- 
der    of      homoge- 


neous and  isotropic 
material  (say  steel 
or  iron)  provided 
with  end  stoppers 
(no  friction  nor 
leakage);   and  Fig. 


Fig.  4506. 
450c  a  transverse  section,  giving  dimensions. 


Fig.  450c. 

To  is  the  inner 
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radius  and  nro  the  outer  radius  (n  is  a  ratio).     Fig.  450c  also 

shows   (dotted  lines)   an  elementary  hoop,  or  shell,  of  inner 

radius  r  and  outer  radius  r+dr.    The  interior  of  the  cylinder 

is  filled  with  fluid  under  a  high  pressure,  po  Ibs./in.^;    and  it 

is  required  to  determine  the  stresses  and  strains  in  a  cubic 

element  in  any  elementary  hoop  or  ring  such  as  ABC,  Fig.  450c, 

Let  the  half  hoop  ABC  of  Fig.  450c  be  considered  as  a  "free 

body  "  in  Fig.  450d,  showing  also  at  3  a  small  cubic  element, 

as  mentioned  above.    The  compressive  stress 

p->-dp'K     \   1t-,a       on  the  inner  surface  of  the  hoop  is  p  (radial), 

\l  N^^^^jT        exerted  on  it  by  the  adjacent  inner  hoop; 

while  on  the  outer  surface  of  the  elementary 

\  I         hoop,  and   exerted   on   it  by  the  adjacent 

.-l_j|— «>-  outer  hoop,  is  the  compressive  stress  p+dp. 

The  thickness  of  the  hoop  is  dr.    The  stress 

on  the  edges,  A  and  C,  of  this  free  body 

(half  hoop),  will  be  taken  as   compressive 

/[    /"^^-j.,!" at  first,   of  intensity   q   lbs./in.2    Let   the 

2!  /     /    I  ^   *"  hoop   or  thin  shell  have  a  length =Z,  l  to 
Fig.  iSOd.  ■  ,        -j.    j-      ,,       /  >,•        ^r^l^ 

paper  i.e.,  longitudinally  (see    Fig.    450&). 

Now  for  this  free  body  put  IX =0  and  we  have  (see  pp.  525 
and  526)  {p-{-dp)i2r+2dr)l-2ql .  dr-p{2rl)=0     .     .(3) 

i.e.,  pr+r  .dp+p  .dr+dp  .dr—q  .  dr—pr=0  .     .     (4) 

and  hence,  omitting  the  term  dp  .  dr  of  the  second  order, 

r  .dp  +  p  .dr  =  q  .dr (5) 

which  is  a  differential  equation  of  stress.  Next  consider  the 
relations  of  stress  and  strain  to  be  found  in  the  small  cube  at 
3,  Fig.  450(i.  It  is  subjected  to  a  compressive  stress  p  along 
the  radial  axis  1 ;  to  a  compressive  stress  q  a  long  the  tangential 
axis  2;  while  on  the  front  and  back  faces  the  stress  is  p3  =  zero, 
parallel  to  axis  3  (i  to  paper).  Let  now  ei  denote  the  radial 
strain,  cg  the  tangential,  and  £3  the  axial  strain,  this  latter 
being  parallel  to  the  axis  of  the  cylinder.  All  of  these  strains 
are  supposed  to  be  shortenings  for  the  present;  and  from  the 
circumstances  of  the  case  the  third  strain  £3  (axial)  is  con- 
sidered constant  (i.e.,  the  same  for  all  values  of  the  variable 
r),  since  the  cylinder  is  under  no  constraint  as  to  longitudinal 
change  of  form. 

We  may  therefore  write  the  relations  (see  §  405a) 
Eei  =  p-k.q,    (6);    Ee2  =  q~k.p,    (7);    E£s  =  Q-k(p  +  q),  (8) 
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From  (8)  we  have  q=—p—{Ee3-i-k),  which  in  (5)  gives 

r.dp+2p.dr=-{E£3^k)dr    ....     (9) 

Now  multiply  by  r  (integrating  factor)  and  denote  Ee^-i-k 

by  A,  an  unknown  constant,  (unknown  since  it  contains  the 

strain  £3)  and  we  have 

r'^.dp  +  2pr  .dr=^-Ar  .dr;  .     .     .     (10) 

that  is  to  say,  d[r^p]=—Ar.dr;  .     .     .     (11) 

which  may  be  integrated,  giving,    r^p=—^Ar^+C;    .     .     (12) 

where  C  is  a  constant  of  integration.    The  two  constants  A 

and  C  may  now  be  determined  by  substituting  in  (11)  the 

values  To  and  po  which  the  two  variables  r  and  p  assume  at 

the  inside  surface  of  the  cylinder.     Similarly,  at  the  outside 

surface  r  and  p  have  the  values  nro  and  0  (atmospheric  pressure 

relatively  small  and  hence  neglected);   which  being  placed  in 

(11)  give  rise  to  a  second  equation,  which  like  the  first  contains 

constants  only.     From  these  two  equations  we  easily  find 

.       2po  ,     ^    nWpo 

A=  „       •     and    C=— 5 — t-; 
n^  —  L  n^  —  1 

and  hence  finally,  from  equations  (12)  and  (8), 

P'Jh[^-^\     a3);a„d,^-^,['5^Vl].     (14) 

From  (13)  and  (14)  we  may  find  the  stresses  p  and  q  for 
any  value  of  the  variable  distance,  r,  from  the  axis.  The 
negative  sign  for  q  shows  that  it  is  in  reality  a  tensile  stress, 
the  reverse  of  the  character  assigned  to  it  at  first;  i.e.,  it  is 
a  "negative  compressive  "  stress  for  this  case  of  fluid  pressure 
acting  inside  the  cylinder.  Both  p  and  q  have  maximum  values 
at  the  inner  surface  and  diminish  toward  the  outside. 

Example. — With  inner  radius  r^  =  i  in.;  and  outer,  =5  in.  (hence  n  =  5/4 
or  1.25);  and  P(,  =  800  lbs. /in.';  we  find  q  max.  (or  ?„),  at  inner  surface, 
to  be  3644  lbs. /in. ^;  while  at  outer  surface  5=— 2844  lbs. /in. ^,  tension. 
If  the  metal  is  cast  iron  we  may  put  k  =  0.23  (see  p.  230)  and  £?=  15,000,000 
Ibs./in.',  and  thus  obtain  for  the  radial  strain  at  the  inner  surface,  £,= 
+  0.000109,  indicating  a  shortening;  and  for  the  "hoop"  strain  (or  tan- 
gential strain)  at  the  same  place,  £2= —  0.000255,  i.e.,  a  relative  elongation 
of  about  2|  parts  in  10,000.  (The  student  should  verify  all  the  details  of 
this  example,  carefully  noting  the  proper  signs  to  be  used). 

405d.  Thick  Hollow  Cylinder  under  External  Fluid  Pressure. — If  the  cylinder  is 
surrounded  by  fluid  under  high  pressure,  pn  lbs. /in.',  the  internal  pressure 
Po  being  practically  zero  (atmosphere)  in  comparison,  we  must  determine 
the  constants  A  and  C  of  eq.  (12)  on  the  basis  that  p  =  0  for  r^r^  and 
that  p  =  Pji  for  r  =  nr^;  whence,  finally,  we  obtain 

^  =  Sl(-¥)^     •     •     •     (^^>  ^=+n^(^4")-     •     •     •     C^«) 

for  the  stresses  at  any  distance  r  from  the  axis.     Here  both  p  and  q  are  com- 
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pressive  stresses;  the  latter  increasing,  and  the  former  diminishing,  toward 
the  center.  Evidently  if  the  cylinder  were  not  hollow,  but  solid,  r,,  would  =  0, 
And  ™  =  oo  ;  and  both  p  and  q  would  be  constant,  =pn,  at  all  points. 

405e.  Approximate  eqxialization  of  the  tensile  hoop  stress  in 
successive  rings  of  a  thick  hollow  cylinder  under  internal 
fluid  pressure  may  be  brought  about  by  using  two  or  more 
separate  cylinders  of  which  the  outer  ones  are  successively 
"shrunk  on"  before  the  fluid  is  introduced.  For  instance, 
with  only  two  cyUnders,  the  outer  one  is  first  heated  to  such 
an  extent  that  it  barely  fits  over  the  inner  one,  the  latter  being 
cold.  When  the  compound  cylinder  has  cooled  the  outer  one 
has  shrunk  and  is  in  a  state  of  hoop  tension,  while  the  inner 
one  is  in  a  state  of  hoop  compression.  The  radial  pressure 
between  them,'  at  their  surface  of  contact,  is  an  internal  or 
bursting  pressure  for  the  outside  cylinder,  and  an  external 
or  collapsing  pressure  for  the  inside  cylinder.  The  original 
and  final  temperatures  being  known,  we  are  able  to  make 
use  of  the  foregoing  equations  [(6)  to  (16)]  to  compute  all 
stresses  and  strains  thus  induced  before  the  fluid  is  intro- 
duced into  the  interior  of  the  smaller  cylinder.  When  the 
internal  pressure  is  eventually  produced,  the  hoop  stresses 
in  the  smaller  cylinder,  initially  compressive,  will  be  con- 
verted into  moderate  tensions  and  the  tensile  stresses  in  the 
external  cyhnder  will  be  increased;  but  the  maximum  ten- 
sion is  not  so  great  as  if  the  complete  cylinder  had  been  origi- 
nally continuous.  (See  Prof.  Ewing's  Strength  of  Materials). 
In  the  case  of  thick  hollow  cylinders  subjected  to  the  severe 
internal  pressures  needed  in  the  manufacture  of  lead  pipe,  to 
produce  "flow"  of  the  metal,  it  is  well  known  (Cotterill) 
that  a  permanent  increase  in  the  internal  diameter  takes  place, 
showing  that  in  the  inner  layers  of  the  cylinder  the  elastic 
limit  has  been  passed.  In  this  way  an  approach  is  made  to 
equalization  in  the  hoop  stresses  of  all  the  layers  and  the  above 
formulae  no  longer  hold;  but  the  cylinder  as  a  whole  is  not 
injured,  having  simply  adapted  itself  better  to  its  function. 
Cast-iron  hydraulic  press  cylinders  are  sometimes  subjected 
to  the  high  internal  pressure  of  3  tons/in.^  If  the  cyhnder 
is  short,  its  resistance  is  doubtless  much  increased  by  connec- 
tion with  the  end  plates,  or  "domes." 

4051  Bquatlon  of  Continuity  for  Thick  Hollow  Cylinder  under  Stress. — (Cotterill.) 
InFig.  450ewehavein.(lBCDtheform  and  position  of  a  "  cubical "  element  (of 
an  elementary  hoop)   between  the  two  radial  planes  ABO  and  DCO,  in  its  con- 
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dition  of  no  stress.  After  it  is  subjected  to  stress  it  will  still  be  ioand'between 
the  same  radial  planes  and  wiH  occupy  some  position  A'B'C'D'.  The  radial 
thickness  AB  =  dr,  or  t, 
will  have  changed  to  t', 
BC  has  changed  to  B'C, 
etc.  With  axes  1  and  2 
as  shown,  1  being  radial, 
and  2  tangential  (or  cir-  ■ 
cumferential),  we  note 
that  the  whole  circumfer- 
ence of  which  BC  is  a  part 
has  shortened  from  a 
length  2nr  to  2t:s,  so  that  27rs=2^r(l— £2),  ^2  being  the  value  of  the  tan- 
gential strain,  or  "hoop"  strain,  at  distance  r  from  center  O;  and  similarly 
2)is' =  2^/(1— e'2),  where   e^'  ^  ^^^  hoop  strain  at  distance  r'   (i.e.,  r+dr) 

from  0.     But  s^  varies  with  r,  so  $2'—  h  +  t  ■  -r-     Hence,  subtracting. 


V—"        3>  f'  Fig.  450e. 


le., 


«'=<■ 


'-«=(r'-r)(l-0 
d 


-r't-T^. 
dr 


-iH-r't--^: 


de. 


or,     t{l-e^)  =  t-te,-r't-r-; 


dr  ' 


£,-  e,=r 


dji 
dr' 


(17) 
(18) 
.(19) 


vfhence 

which  is  the  "equation  of  continuity  of  substance,"  of  the  cylinder. 

Since  in  the  foregoing  cases  of  thick  hollow  cylinder,  under  bursting  or 
collapsing  fluid  pressure,  both  s^  and  £2  ™^y  be  expressed  as  functions  of 
r,  it  is  a  simple  matter  for  the  student  to  show  that  (19)  is  verified  in  those 
cases,  and  that  hence  the  solutions  given  are  adequate. 

Evidently  eq.  (19)  also  holds  in  the  case  of  the  thick  hollow  sphere,  where 
there  is  a  hoop  strain  £3,  T  to  paper  in  Fig.  450,  equal  to  that,  £2,  along  axis  2. 

405g.  Thick  HoUow  Sphere  under  Internal  Fluid  Pressure.  —  (For  thin- 
walled  spheres  see  p.  536).  As  thick  hollow  spheres  are  sometimes  used 
to  hold  fluids  under  high  pressure,  and  the  halves  of  such  spheres  fre- 
quently form  the  ends  of  thick  hollow  cylinders,  the  following  treatment 
will  be  of  practical  value.  In  Fig.  450/  we  have  a  cross-section  of  the  sphere 
through  the  center.  The  inner  radius  is  ?•„;  the 
outer,  nr„  (where  n  is  a  ratio) ;  while  the  (variable) 
r  is  the  inner  radius  of 
any  thin  spherical  shell, 


Fig.  450ft.    'I'd 


Fig.  450/  Fig.  450^. 

of  thickness  dr,  an  infinite  number  of  which  make  up  the  complete  sphere. 
Though  each  of  these  shells  is  under  a  "hoop  tension,"  when  the  internal 
fluid  pressure  is  in  action,  we  shall  at  first  deal  with  this  stress  as  if 
compressive,  for  uniformity  in  applying  the  principles  of  §  450a. 
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Consider  as  a  free  body  amy  hemispherical  shell  as  shown  in  Fig.  450ff. 
The  pressure  (radial)  on  the  inside,  from  the  adjacent  shell,  is  p  Ibs./in.'; 
and  that  from  the  adjacent  shell  on  the  outside  is  p  +  dp,  or  p'.  The  radius 
of  the  outside  will  be  called  r',  {^r  +  dr).  The  "hoop  compression"  on  the 
thin  edge  of  the  shell  is  q  Ibs./in.^  These  three  quantities,  p,  r,  and  q, 
are  variables,  i.e.,  refer  to  any  infinitesimal  shell  of  the  sphere.  The  stresses 
affecting  any  small  "cubical"  block  in  any  shell  are  p,  radial;  q,  tangential; 
and  ?3,    —q,  along  a  tangent  T  to  the  first  mentioned. 

Taking  an  axis  X  through  the  center  and  T  to  sectional  plane  AB,  and 
putting  2(X-components)=0,  for  equilibrium,  we  have 

jrr'^p'  — ;rr'p  — 2;rr  .  dr  .  5  =  0;         i.e.,         r'''p'—r^p  =  2qr  .  dr. 

But  the  difference,  r'^p'  —  r'p,  is  nothing  more  than  the  increment  accruing 
to  the  product  r'p  when  r  takes  the  increment  dr,  and  is  therefore  the 
differential  of  the  quantity  or  product  r'p ;   hence  we  may  write 

d(r'p)  =  2qr  .  dr;    or,     r' .  dp+2pr  .  dr=2qr  .  dr  .     .     .     (20) 

We  next  consider  the  relations  of  stress  and  strain  in  the  small  cubical 
element  shown  in  Fig.  450/j,  having  four  radial  and  two  tangential  faces. 
The  unit  stresses  on  the  faces  are  as  there  shown;  p  on  the  two  tan- 
gential, and  q  on  the  four  radial,  faces.  Radial  strain  =  cj  and  hoop  strain 
(tangential)  =  sj  =  same  for   any  tangent.     It  has   already  been  proved  in 

§405/  that  e,-L  =  r.^; (21) 

and  we  also  have,  from  §  405o,     E£i  =  p—2kq; (22) 

and  Ee2  =  q-kip+q) (23) 

From  the  four  equations,  (20),  (21),  (22)  and  (23),  containing  the  five 
variables  p,  q,  e,,  sji  ^i^d  r,  we  may  by  elimination  and  integration  finally 
determine  p  and  q,  each  as  a  function  of  r;  as  follows:  (C,  C",  Cj,  Cj,  etc., 
will  denote  constants  of  integration,  or,  constant  products  involving  E  and  k. 

From  (22)  and  (23)  we  obtain  a  value  for  £,—  £,  which  in  (21)  gives  rise 
to  an  expression  for  p—q.  Another  expression  for  p—q  is  obtained  from 
(20).  Equating  these  two  expressions  we  derive  —{l  +  k)dp  =  2Ede2;  i.e., 
by  integration,  -(l  +  k)p  =  2E  .  Si+Ci (24) 

By  elimination  of  Ej  between  (24)  and  (23)  we  obtain  q  in  terms  of  p  which 
substituted  in  (20)  produces         r^  .  dp  +  3pr  .  dr  =  C3r  .  dr       ....     (25) 

Eq.  (25)  is  made  integrable  by  multiplying  by  r  (integrating  factor); 
whence  r^ .  dp  +  3pr'  .  dr  =  C^r'  .  dr 

The  left-hand   member   is   evidently  d[r^p].     Therefore   d[r'p]=Cgr'' .  dr; 

C" 
or,  integrating,        r^p  =  ^Csr^  +  Ct;        that  is,        p  =C'-] — 5-,       .     .     (26) 

dv        3C"  C" 

whence,  also,  Ti-= j-;       which  in  (20)  gives  rise  to      q=C'  —  -^.    .     (27) 

We  may  now  determine  the  two  constants  C  and  C"  substituting  in  eq.  (26), 
first  p  =  Pi,  and  r  =  rf,;  and  then  p  =  0  with  r = nr,,.  The  values  of  C  and  C"  so 
obtained  are  placed  in  (26)  and  (27),  resulting  finally  in  the  relations 

V-^C^-^^     ■     (28)  and  .=  -^^fx(^-0-    •     ^^^ 

The  negative  sign  of  q  shows  that  it  is  a  tensile  stress,  or  "hoop  tension." 
It  is  evidently  a  maximum  for  r=r„,  this  maximum  value  being 

g„,  =gmax.,  =  -^^(^  +  l) (30) 

(For  a  numerical  example  see  foot  of  p.  506). 
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APPENDIX. 

Note. — This  appendix  contains  addenda  and  tables,  and  also  several 
pages  from  a  former  edition  of  the  book.  In  these  last  the  numbering  of 
the  articles  and  of  the  figures  has  been  left  unchanged. 

48a.  Addendum  to  §  66.  Uass. — In  Physics,  the  fundamental  units  are 
those  of 

Space,  involving  a  unit  of  length  (and  thence  of  area  and  volume); 
Time,         "         a  unit  of  time,  usually  the  second  ; 

Mass,  "  a  unit  of  mass,  which  (by  Government  decree)  may  be  the 

quantity  of  matter  in  a  specified  piece  of  platinum,  or  specified  volume  of  water, 
etc.  (a  beam-balance  being  used  to  determine  equal  quantities  of  mass) ;  while 
FoKCE  involves  a  derived  unit,  being  measured  by  its  effect  in  accelerating 
the  velocity  of  a  moving  mass,  since  it  is  proportional  both  to  the  mass  and  the 
acceleration.  The  unit  force  (called  absolute  unit)  is  the  force  necessary  to  pro- 
duce unit  acceleration  in  a  unit  of  mass;  so  that  to  produce  an  acceleration  =p  in 
a  mass  =  m  requires  a  force  =  P=  mp,  and  the  force  thus  obtained  is  in  absolute 
units.    This  is  called  the  dynamic  measure  of  a  force. 

Mxample. — In  the  C.G.S.  system  of  units,  required  the  constant  force  necessary 
to  cause  a  mass  of  400  grams  to  gain  200  velocity  units  in  2  sec  ;  i.e.,^  =  100 
centims.  per  sec,  per  sec.     From  F=  mp  we  have 

i?=  400  X  100  =  40000  abs.  units  of  force  (or  dynes,  in  C.G.S.  system). 
In  the  ft. -lb. -sec.  system  the  absolute  unit  is  called  apowndal. 

In  Mechanics  of  Engineering,  however,  it  is  more  convenient  to  regard  the 
fundamental  units  to  be  those  of 

Space,  as  ft.,  metre,  etc.,  area  and  volume  corresponding ; 

Time,    as  seconds,  hours,  etc. ; 

Force,  as  lbs.,  grams,  kilograms,  tons,  etc.,  indicated  by  a  spring  balance; 
while  for 

Mass  we  assume  a  derived  unit,  a  mode  of  measuring  it  being  developed  as 
follows: 

If  by  experiment  (block  on  smooth  table,  for  instance)  we  find  that  a  constant 
force  P  (lbs.,  tons,  kilos.)  will  maintain  an  acceleration  =p  in  the  rectilinear 
motion  (in  line  of  force)  of  a  body  whose  weight  (by  previous  trial  with  a  spring 
balance)  is  O  (lbs.,  tons,  or  other  unit);  and  if  in  a  second  experiment,  by  allow- 
ing the  force  Q  to  act  on  the  same  body  in  vacuo,  a  free  vertical  fall  with  accelera- 
tion =  S'  is  the  result, — we  find  that  the  proportion  (Newton's  2d  Law)  P:0::p:g 

is  verified.    This  may  be  written  P=  —  .  p,  and  may  then  be  read:  Force  =  mass 

X  acceleration,  if  we  call  the  quotient  0-*-g  the  Mass  of  the  body  whose  weight 
(by  spring  balance)  is  =  (?  at  a  locality  where  the  acceleration  of  gravity  =  g\  for 
this  quotient  will  be  the  same  at  all  localities  on  the  earth's  surface. 

Example  (same  as  above). — If  a  body  whose  Weight  &  =  400  grams  (force)  is  to 
have  its  velocity  increased,  in  3  sec. ,  from  300  centims.  per  sec.  to  500  centims. 
per  sec,  at  a  uniform  rate,  we  must  provide  a  constant  force 

-P=  SST  X  100  =  ^^  =  40.77  grams;  or  .040  kilos. 

This  is  called  the  gravitation  measure  of  a  force.  Hence  it  is  evident  that  to  re- 
duce absolute  units  (called  dynes  and  poun^dals)  in  the  C.G.S.  and  ft. -lb. -sec. 
systems,  respectively)  to  ordinary  practical  units  of  force  (lbs.,  tons,  kilos.,  etc., 
of  a  spring  balance),  we  divide  by  the  value  of  g  proper  to  the  system  of  units  em- 
played;  and  vice  versa. 
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(Addendum  to  §  49a  of  page  49.)  Numerical  Example.— A  set  of  light 
screens  is  set  up  at  intervals  of  100  feet  apart  in  the  horizontal  path  of  a 
cannon-ball,  with  the  object  of  determining  its  velocity,  and  also  the  rate  of 
change  (or  negiitive  acceleration)  of  that  velocity,  as  due  to  the  resistance 
of  Iho  air. 

By  electrical  connection  the  time  of  passing  each  screen  is  noted,  and 
the  mtervdla  of  time  are  given  in  this  diagram  for  four  of  the  screens, 
A,  B,  0,  and  D. 


.100'. 


.0.0621  sec... 


....100'.... 
.0.0633  sec. 


.100'. 


..0.0643  sec. 


A  \  B  %  G  %  B 

From  these  data  it  is  required  to  compute,  as  nearly  as  the  circumstances 
allow,  the  velocity  and  acceleration  (negative)  of  the  ball  at  various  points 
(the  ball  moves  from  left  to  right). 

Solution. — In  passing  from  AU)  B  the  ball  has  an  average  velocity  of 
1610  ft.  per  second,  obtained  by  dividing  the  distance  of  100  feet  by  the 
time  of  passage,  0.0621  second.  Similarly  we  find  the  average  velocity 
between  B  and  G  to  be  1583  ft.  per  second,  and  that  between  (7  and  D  to 
be  1554  ft.  per  second. 

As  the  velocity  is  not  changing  very  rapidly,  we  may  claim  that  the  ball 
actually  possesses  the  velocity  Vi  =  1610  ft.  per  second  at  the  point  1,  mid- 
way between  A  and  B,  or  very  near  that  point ;  and  similarly  the  velocity 
Dj  =  1583  ft.  per  second  at  point  3,  midway  between  B  and  C;  and 
Vi  —  1554  ft.  per  second  at  point  3,  midway  between  C  and  D. 

Hence  the  total  gain  of  velocity  from  1  to  3  is  1583-1610  =  —  38  ft.  per 
second;  and  the  time  in  which  this  gain  is  made  is  one  half  of  the  0  1621 
second  plus  one  half  of  the  0.0683  second,  i.e.,  0.0636  second.  Therefore 
an  appro.ximate  value  for  the  average  acceleration  between  points  1  and  3 
is  found  by  dividing  the  —  28  ft.  per  second  gain  in  velocity  by  the 
time  0.0626  second  occupied  in  acquiring  the  gain.  This  gives  —  447  ft. 
per  second  per  second  average  acceleration  for  portion  1. .  .3  of  path,  and 
since  screen  B  lies  at  the  middle  of  this  portion,  the  actual  acceleration  ot 
the  ball's  motion  as  it  passes  the  screen  jB  is  very  nearly  equal  to  this,  viz.: 
—  447  ft.  per  second  per  second  (or  "  ft.  per  square  second  ")■ 

By  a  similar  process  the  student  may  compute  the  acceleration  at  screen 
G.  Of  course  tiie  reason  why  these  results  are  merely  approximate  is  that 
the  spaces  and  times  concerned,  though  relatively  small ,  are  not  infinitesimal. 

[A  recent  English  writer  calls  a  unit  of  velocity  a  "speed;"  and  a  unit 
of  acceleration,  a  "  hurr)i,"\ 
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TABLE  OF  HYPERBOLIC  SINES  AND  COSINES  (See  p.  48). 


u 

eosh  ,. 

BJnb  u 

u 

cosh  u 

sinh  u 

0.00 

1.0000 

0. 

0.05 

1.0013 

0.0500 

2.05 

3.9484 

3.8196 

.10 

1.0050 

.1002 

2.10 

4.1443 

4.0219 

.15 

1.0112 

.1506 

2.15 

4.3507 

4.2342 

.20 

1 .0201 

.2013 

2.20 

4.5679 

4.4571 

.25 

1.0314 

.2526 

2.25 

4.7966 

4.6912 

0.30 

1.0453 

0.3045 

2.30 

5.0372 

4.9369 

.35 

1.0619 

.3572 

2.35 

5.2906 

6.1952 

.40 

1.0811 

.4108 

2.40 

6.6569 

5.4662 

.45 

1 , 1030 

.4653 

2.46 

5.8373 

5.7610 

.50 

1.1276 

.5211 

2.50 

6.1323 

6.0602 

0.55 

1 . 1551 

0.5782 

2.66 

6.4426 

6.3646 

.60 

1.1855 

.6367 

2.60 

6.7690 

6.6947' 

.65 

1.2188 

.6967 

2.65 

7  1123 

7.0417 

.70 

1.2552 

.7586 

2.70 

7.4735 

7.4063 

.75 

1.2947 

.8223 

2.76 

7'.  8533 

7.7894 

0.80 

1.3374 

0.8881 

2.80 

8.2627 

8  1919 

.85 

1.3835 

0.9561 

2.86 

8  6728 

8.6150 

.90 

1.4331 

1.0265 

2.90 

9.1146 

9.0596 

.95 

1.4862 

1.0995 

2.96 

9.6791 

9.6268 

1.00 

1.5431 

1.1752 

3.00 

10.0677 

10.0179 

1.05 

1.6038 

1.2539 

3.06 

10.5814 

10.6340 

1.10 

1.6685 

1.3356 

3.10 

11  1215 

11.0765 

1.15 

1.7374 

1.4208 

3.15 

11.6895 

11.6466 

1.20 

1.8107 

1.5097 

3.20 

12.2866 

12,2459 

1.25 

1.8884 

1.6019 

3.25 

12.9146 

12.8768 

1.30 

1.9709 

1.6984 

3.30 

13,5748 

13.5379 

1.35 

2.0583 

1.7991 

3.35 

14.2689 

14.2338 

1.40 

2.1509 

1.9043 

3.40 

14.9987 

14.9654 

1.45 

2.2488 

2.0143 

3.45 

15.7661 

16.7343 

1.60 

2.3524 

2.1293 

3.50 

16.5728 

16.5426 

1.55 

2.4619 

2.2496 

3.55 

17.4210 

17.3923 

1.60 

2.5775 

2.3757 

3.60 

18.3128 

18.2865 

1.65 

2.6995 

2.5075 

3.65 

19.2503 

19.2243 

1.70 

2.8283 

2.6466 

3.70 

20.2360 

20.2113 

1.75 

2.9642 

2.7904 

3.76 

21.2723 

21.2488 

1.80 

3.1075 

2.9422 

3.80 

22.3618 

22.3394 

1.85 

3.2583 

3.1013 

3.85 

23.5072 

23.4859 

1.90 

3.4177 

3.2682 

3.90 

24.7113 

24.6911 

1.95 

3.5855 

3.4432 

3.95 

25.9773 

25.9681 

2,00 

3.7622 

3.6269 

4.00 

27.3082 

27.2899 

wdx    fjt  a J 


ILL 


N      N 
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266.  The  Four  z-Derivatives  of  the  Ordinate  of  the  Elastic  Cnrva 
— If  y  =  funo.  (a;)  is  the  equation  of  the  elastic  curye  foi 
any  portion  of  a  loaded  beam,  on  which  portion  the  load 
per  unit  of  length  of  the  beam  is  w;  =  either  zero,  (Fig. 
234)  or  =  constant,  (Fig.  235),  or  =  a  continuous  func.  {x) 
(as  in  the  last  §),  we  may  prove,  as  fol- 
lows, that  w  —  the  x-derivatiYe  of  the 
shear.  Fig.  269.  Let  N  and  N'  be  twc 
consecutive  cross-sections  of  a  loaded 
beam,  and  let  the  block  between  them, 
bearing  its  portion,  wdx,  of  a  distributed 
load,  be  considered  free.  The  elastic 
forces  consist  of  the  two  stress-couples 
Fio.  269.  (tensions  and  compressions)  and  the  two 

shears,  J"  and  J  -j-  dJ,  dJheing  the  shear-increment  conse- 
quent upon  X  receiving  its  increment  dx.  By  putting 
2'(vert.  components)  =  0  we  have 

J-\-dJ- — wdx — 1^=0  .*.  t<;=__ 

dx 

Q.  E.  D.     But  J"  itself  ==  dM -~  dx,  (§  240)  and 

M  =  [d'y  -i-  dx']  EI.    By  substitution,  then,  we  have  tha 

following  relations : 

2/=func.(a;)  =  ordinate  at  any  point  of  the  elastic  curve  (1) 
-#=  «  =  slope  at  any  point  of  the  elastic  curve     .     .      (2) 

EI  -T^=  M  =  ordinate  (to  scale)  of  the  moment  curve  (3) 

EI  g  =  il,,.W,  /=  I  ftZtt  ii°ail"  !••(*) 

I  the  load  per  unit  of  length   \ 
EI  -M  =  ■«)  =  ^  of  beam  =  ordinate  (to  scale)  V      .     (5) 
^2'*  (  of  a  curve  of  loading.  ) 

If,  then,  the  equation  of  the  elastic  curve  (the  neutral  line 
of  the  beam  itself ;  a  reality,  and  not  artificial  like  the 
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other  curves  spoken  of)  is  given ;  we  may  by  successive 
differentiation,  for  a  prismatic  and  homogeneous  beam  so 
that  both  E  and  /  are  constant,  find  the  other  four  quan- 
tities mentioned. 

As  to  the  converse  process,  (i.e.  having  given  tt;  as  a 
function  of  x,  to  find  expressions  for  J,  M  and  y  as  func- 
tions of  x)  this  is  more  difficult,  since  in  taking  the 
j;-anti-derivative,  an  unknown  constant  must  be  added  and 
determined.  The  problem  just  treated  in  §  264,  however, 
offers  a  very  simple  case  since  w  is  the  same  function  of 
X,  along  the  ivJiole  beam,  and  there  is  therefore  but  one  elas- 
tic curve  to  be  determined. 

We  .•.  begin,  numbering  backward,  with 

ETT  d^V  7,    (  since  w  =  rhx,  see  )  /-_» 

^^  dl  =  "''^''i  last  land  Pig.  268  f      '        '        '     ^^^ 

[N.  B. — This  derivative  (dJ-^dx)  is  negative  since  dJ and 
dx  have  contrary  signs.] 

.'.  (shear=)I!  I^ r  b  ~+ConsL 

dof  2 

But  writing  out  this  equation  for  a3=0,  i.e.  for  the  point 
0,  where  the  shear=.Bo>  we  have  Iif=  0+ Const. .:  Const.  = 
Bo,  and  hence  write 

EI  ^=—rK+^'>    ■    (<Shear)     .    {4a) 

A-gain  taking  the  x-anti-derivative  of  both  sides 

{Momenta)  E I  ^=—rli-\-RoX^{Const.=0)   .    (3a) 
dxr  6 

[At  0,  07=0  also  M,  .•.   Const.=Q)\.     Again, 

dx  24  2 

At  0,  where  a;=0  c?y-=-da;=ao=the  unknown  slope  of  the 
•elastic  line  at  0,  and  hence  0'=EI  Of, 

.'.EI^=-rht+R,^+EIa^    .    .    .     (2a) 
ax  -  24:  2 
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Passing  now  to  y  itself,  and  remembering  tliat  at  0,  t)otn 
y  and  x  are  zero,  so  that  the  constant,  if  added,  would= 
aero,  we  obtain  (inserting  the  value  of  B^  from  last  §) 

Ely- ri{^-^rhl'^  +  EIa^x  .     (la) 

the  equation  of  the  elastic  curve.  This,  however,  containo 
the  unknown  constant  a„-=the  slope  at  0.  To  determine 
«„  write  out  eq.  (la)  for  the  point  B,  Pig.  268,  where  x  is 
known  to  be  equal  to  I,  and  «/  to  be  =  zero,  solve  for  a,„ 
and  insert  its  value  both  in  (la)  and  (2a).  To  find  the 
point  of  max.  y  (i.e.,  of  greatest  deflection)  in  the  elastic 
curve,  write  the  slope,  i.e.  dy  -^  dx,  =  zero  [see  eq.  2a]  and 
solve  for  x ;  four  values  will  be  obtained,  of  which  the  one 
lying  between  0  and  I  is  obviously  the  one  to  be  taken. 
This  value  of  x  substituted  in  (la)  will  give  the  maximum 
deflection.     The  location  of   this  maximum   deflection  is 


neither   at  the   centre   of   action   of  the   load 


(^10 


nor  at  the  section  of  max.  moment  (a;  =Z-^v'3-) 

The  qualities  of  the  left  hand  members  of  equations  (1) 
to  (5)  should  be  carefully  noted.  E.  g.,  in  the  inch-pound- 
Becond  system  of  units  we  should  have  :  v 

1.  y  (a.  linear  quantity)  =  (so  many)  inches. 

2.  dy-T-dx  (an  abstract  number)  =  (so  many)  abstract 
units. 

3.  Jf  (a  moment)  =  (so  many)  inch -pounds. 

4.  J  {a,  shear,  i.e.,  force)  =  (so  many)  pounds. 

5.  w  (force  per  linear  unit)  — =  (so  many)  poand»>  per  run- 
mng  inch  of  beam's  length. 

As  to  the  quantities  E,  and  I,  individually,  E  m  pounds 
per  sq.  in.,  and  /has  four  linear  dimensions,  i.e.  (.so  ssx'oij) 
bi-quadratic  inches. 
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287.  Cantilevers  of  TTuiform  StrengtL — Beams  built  in  at 
one  end,  horizontally,  and  projecting  from  the  wall  with- 
out support  at  the  other,  should  have  the  forms  given  be- 
low, for  the  given  cases  of  loading,  if  all  cross-sections  are 
to  be  Rectangular  and  the  weight  of  beam  neglected.  Sides 
of  sections  horizontal  and  vertical.  Also,  the  sections  are 
symmetrical  about  the  axis  of  the  piece,  b  and  h  are  the 
dimensions  at  the  wall.     1=  length.     No  proofs  given. 


FiQ.  290. 


Width    constant.  i 
Vertical    outline 
parabolic.       Single 
end  load. 


Fig.  290,  (a).      {y,vf={y2hy^  (i) 


Height  constant. 
Single  end  load. 
Horizontal  outline 
triangular. 

Constant  ratio  of-, 
height  V  to  width  u. 
Both    outlines    cu- 
bic parabolas. 


Fig.  290,  (5).         (>^«)=(>^6^     ,  (2) 


Fig.  290.  (c). 


{x4vf={y,hf 


I 


(3) 


■   {y2uf={y2bf^  .(3j 
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Uniform    Load.! 
■Width  constant.  I  _,.     „„^    ,  ,         /,/  >    /-./i^^         ,a\ 
Yertical  outline  tri-r^^g- 2^1' (">        (^^)=(>^'^)T     *  (*^ 


J 


angular. 

Uniform  Load. 
Height  constant. 
Horiz.  outline  is 
two  parabolas  meet- 
ing at  0  (vertex) 
with  geomet.  axes 
II  to  walL 

Uniform  L  o  a  d .  i 
Both  outlines  semi- 
cubic     parabolas. 
Sections    similar 
rectangles. 


Fig.  291,(6).        ^t«=(>^S)^     .    .(5j 


Fig.  291,  (c). 


{V^uyH'A^y  J    (6) 


(>^«/=(>i/0>      (6)' 


289. — Beams  and  cantilevers  of  circular  cross-sections 
may  be  dealt  with  similarly,  and  the  proper  longitudinal 
outline  given,  to  constitute  them  "  bodies  of  uniform 
strength."  As  a  consequence  of  the  possession  of  this 
property,  with  loading  and  mode  of  support  of  specified 
character,  the  following  may  be  stated ;  that  to  find  the 
equation  of  safe  loading  any  cross-section  whatever  may  be 
employed.  This  refers  to  tension  and  compression.  As 
regards  the  shearing  stresses  in  different  parts  of  the  beam 
the  condition  of  "  uniform  strength  "  is  not  necessarily  ob- 
tained at  the  same  time  with  that  for  normal  stress  in  the 
outer  fibres. 


DEFLECTION      OF      BEAMS     OF      UNIFORM 
STRENGTH. 

290.  Case  of  §  283,  the  double  wedge,  but  symmetrical, 
i.e.,  li=l„-^l,  Fig.  292.     Here  we  shall  find  the  use  of  the 
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Fia.  892. 


form 


EI 


(of  tlie  three  forms  for  tlie  moment  of  the  stress 
r 
couple,  see  eqs.  (5),  (6)  and  (7),  §§  229  and  231)  of  the  most 

direct  service  in  determining  the  form  of  the  elastic  curve 
OB,  which  is  symmetrical,  and  has  a  common  tangent  at 
B,  with  the  curve  BC.  First  to  find  the  radius  of  curva- 
ture, p,  at  any  section  n,  we  have  for  the  free  body  nO, 
2'(moms.n=0),  whence 

^^ ,     /T,       r.    -i     lS  from  eq.    )  m    ,,       ,  -r    . ,     m 

— — +>4i^a;=0 ;  but  |  (3)  §  283   j"  ^=  j /^'  ^^^  7=Vi3mA* 

we  have  712  -   ««■*=  }{P  -r  and  .-.  ()=  H  'T  •  y        (}■) 

from  which  all  variables  have  disappeared  in  the  right 
hand  member;  i.e.,  p  is  constant,  the  same  at  all  points  of 
the  elastic  curve,  hence  the  latter  is  the  arc  of  a  circle, 
having  a  horizontal  tangent  at  B. 

To  find  the  deflection,  d,  at  B,  consider  Fig.  292,  (6j 
where  d=KB,  and  the  full  circle  of  radius  BH='p  ist 
drawn. 

The  triangle  KOBis,  similar  to  JOB, 
sind.:KB  :OB::OB  lYB 
But  0B='}41,  KB=d  and  r^=2^ 


.'.d= 


2p 


,  and  .•.  ,  from  eq.  (1),  c?- 


,  PP 

'^'WE 


(21 


From  eq.  (4)  §238  we  note  that  for  a  beam  of  the  same 

material  but  prismatic  (parallelopipedical  in  this  case,) 

having  the  same  dimensions,  h  and  h,  at  all  sections  as  at 

^       1    PP       ,PP 
themiddle,  deflects  an  amount  =jg- ^?2^^g^5^  under  a 


844 


APPENDIX. 


load  P  in  the  middle  of  the  span.  Hence  the  tapering 
beam  of  the  present  §  has  only  ^  the  stiffness  of  the  pris- 
matic beam,  for  the  same  b,  h,  I,  E,  and  P. 

291.  Case  of  §  281  (Parabolic  Body),  WithZi=Zo,  i.e.,  Symmet- 
ricaL — Fig.  293,(a).     Required  the  equation  of  the  neutral 


line  OB. 


PiQ.  293. 

For  the  free  body  nO,  J'(moms.n)=0  gives  as 

-cPy 


^^-d^=-y^p- 


(ly 


Fig.  293,  (J),  shows  simply  the  geometrical  relations  of  the 
problem,  position  of  origin,  axes,  etc.  OnB  is  the  neutral 
line  or  elastic  curvf^  whose  equation,  and  greatest  ordinate 
d,  are  required.  (The  right  hand  member  of  eq.  (1)"  is  made 
negative  because  d'y-hdx'  is  negative,  the  curve  being  con- 
cave to  the  axis  X  in  this,  the  first  quadrant.) 

Now  if  the  beam  were  prismatic,  I,  the  "  moment  of  in- 
ertia "  of  the  cross-section  would  be  constant,  i.e.,  the  same 
for  all  values  of  x,  and  we  might  proceed  by  taking  the  x- 
anti-derivative  of  each  member  of  (1)"  and  add  a  constant ; 
but  it  is  variable  and  is 

=^^^=i^-TS('  ^^'  (fromeq.  3,  §281,  putting  Jl,=J^O 
henoe  (1)"  becomes 


a;2 


doi? 


■}4Px 


ay 


.<py. 


To  put  this  into  the  form  Const.  X  -y- ,=func.  of  (x),  we  need 

dor 
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i 
only  divide  through  by  x^  ^(and  for  brevity  denote 

^  Eh¥i-^  (>^r)T  by  A)  and  obtain 

^-S=->^^^"*  •  •  •  •    >i) 

We  can  now  take  the  x-anti-derivative  of  each  member,  and 
have 

^^=__^P(2x+>^)+C    ....      (2)' 
ax 

To  determine  the  constant  C,  we  utilize  the  fact  that  at  B, 
where  x^yzl,  the  slope  dy-i-dx  is  zero,  since  the  tangent 
line  is  there  horizontal,  whence  from  (2)' 

.:  (2/  becomes  A    ^  =P[^'}4i-x  ^] (2) 

Ay=PlVj4i.x-yixh+iG'=0]    ...     (3) 

(C"=0  since  for  x=0,  y=0).  We  may  now  find  the  deflec- 
tion d  (Fig.  293(6))  by  writing  33=  ^Z  and  y=d,  whence,  after 
restoring  the  value  of  the  constant  A, 


Pf 
'■EWi 


^=y^4L w 


and  is  twice  as  great  [being=2.  _———.]*  as  if  the  isrirder 


1     5 

*  3ee  8  233,  putting  /  —^  bh  in  eq.  (4). 


were  parallelopipedical.     In  other  words,  the  present  girdei 
is  only  half  as  stiff  as  the  prismatic  one. 

292.    Special  Problem.    (I.)     The  symmetrical  beam^in  Fig. 
294  is  of  rectangular  cross-section  and  constant  width  =  6. 
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but  the  height  is  constant  only  over  the  extreme  qaartei 
spans,  being  =^i=>^^,  i.  e.,  half  the  height  h  at  mid-span. 
The  convergence  of  the  two  truncated  wedges  forming  the 
middle  quarters  of  the  beam  is  such  that  the  prolongations 


FlQ.  294. 

of  the  tipper  and  lower  surfaces  wovM  meet  over  the  supports 
(as  should  be  the  case  to  make  h=-'2h^.  Neglecting  the 
weight  of  the  beam,  and  placing  a  single  load  in  middle,  it 
is  required  to  find  the  equation  for  safe  loading ;  also  the 
equations  of  the  four  elastic  curves ;  and  finally  the  deflec- 
tion. 

The  solutions  of  this  and  the  following  problem  are  left 
to  the  student,  as  exercises.  Of  course  the  beam  here 
given  is  not  one  of  uniform  strength. 

293j  Special  Problem.  (II).  Fig.  295.  Kequired  the  man- 
ner in  which  the  width  of  the  beam  must  vary,  the  height 
being  constant,  cross-sections  rectangular,  weight  of  beam 


Fig.  295. 


neglected,  to  be  a  beam  of  uniform  strength,  if  the  ]otA  Vt 
nniformlj  diattibuted  ? 


HORIZONTAL    STRAIGHT    GIRDERS. 
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Note. — The  following  five  pages  originally  formed  the  concluding  part  of 
the  chapter  on  "  Arch-ribs"  of  this  book;  and  gives  a  graphic  treatment 
of  straight  girders  considered  as  a  particular  case  of  curved  beams  (or 
arch  ribs). 


HORIZONTAL  STRAIGHT  GIRDERS. 

389.  Ends  ^ree  to  Turn. — This  corresponds  to  an  arch- 
rib  with  hinged  ends,  but  it  must  be  understood  that  there 
is  no   hindrance  to  horizontal  motion.     (Fig.  439.)     In 


Via.  439. 


treating  a  straight  beam,  slightly  bent  under  vertical  force* 
only  (as  in  this  case  with  no  horizontal  constraint),  as  a 
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particular  case  of  an  arch-rib,  it  is  evident  that  since  the 
pole  distance  must  be  zero,  the  special  equil.  polygon  will 
have  all  its  segments  vertical,  and  the  corresponding  force 
diagram  reduces  to  a  single  vertical  line  (the  load  line). 
The  first  and  last  segments  must  pass  through  A  and  B 
[points  of  no  moment)  respectively,  but  being  vertical  will 
not  intersect  Pi  and  Pj  J  i-e.,  the  remainder  of  the  special 
equilibrium  polygon  lies  at  an  in^nite  distance  above  the 
span  AB.     Hence  the  actual  spec,  equil.  pol.  is  useless. 

However,  knowing  that  the  shear,  J,  and  the  moment 
M  {oi  stress  couple)  are  the  only  quantities  pertaining  to 
any  section  m  (Fig.  439)  which  we  wish  to  determine  (since 
there  is  no.  thrust  along  the  beam),  and  knowing  that  an 
imaginary  force  H'',  applied  horizontally  at  each  end  of  the 
beam,  would  have  no  influence  in  determining  the  shear 
and  moment  at  m  as  due  to  the  new  system  of  forces,  we 
may  therefore  obtain  the  shears  and  moments  graphically 
from  this  neio  system  (viz.:  the  loads  Pi,  etc.",  the  vertical 
reactions  Fand  F„,  and  the  two  equal  and  opposite  H"'a). 
[Evidently,  since  I¥'  has  no  moment  about  the  neutral 
nxis  (or  gravity  axis  here),  of  m,  the  moment  at  m  will  be 
unaffected  by  it ;  and  since  H"  has  no  component "]  to  the 
beam  at  m,  the  shear  at  m  is  the  same  in  the  new  system 
of  forces,  as  in  the  old,  before  the  introduction  of  the 
//"s.] 

Hence,  lay  off  the  load-line  1  .  .  2.  .  3,  Fig.  439,  and  con- 
«truct  an  equil.  polyg.  which  shall  pass  through  A  and  B 
and  have  any  convenient  arbitrary  H"  (force)  as  a  pole 
distance.  This  is  done  by  first  determining  n'  on  the  load- 
line,  using  the  auxiliary  polygon  A'a'B,  to  a  pole  0'  (arbi- 
trary), and  drawing  O'n'  ||  to  A'B'.  Taking  0"  on  a  hori- 
zontal through  n,  making  0"n'=H",  we  complete  the 
force  diagram,  and  equil.  pol.  AaB.  Then,  z  hemg  the  ver- 
tical intercept  between  m  and  the  equil.  polygon,  we  have: 
Moiaeat  at  m—M=H"z  (or= JEfa'  also),  and  shear  at  m,  or 
/,=2 . .  n',  i.e.,  =  projection  of  the  proper  ray  P,,  or 
O"  .  .  2,  upon  the  vertical  through  m.  Similarly  we  ob- 
iiain  M and  J  at  any  other  sect" rn  for  the  given  load.    (See 
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1 5  329,  337  and  367).     The  moment  of  inertia  need  not  be 
constant  in  this  case. 

390.  Straight  Horizontal  Prismatic  Girder  of  Fixed  Ends  at  Same 
Level. — '■'No  horizontal  constraint,  hence  no  thrust.  /  con- 
stant. Ends  at  same  level,  with  end-tangents  horizontal. 
We  may  consider  the.  whole  beam  free  (cutting  close  to  the 
walls)  putting  in  the  unknown  upward  shears  Jo  and  0^. 


and  the  two  stress  couples  of  unknown  moments  Jf„  and 
ilfn  at  these  end  sections.  Also,  as  in  §  388,  an  arbitrary 
H"  horizontal  and  in  line  of  beam  at  each  extremity.  Now 
(See  Pig.  33)  the  couple  at  0  and  the  force  H"  are  equiv- 
alent to  a  single  horizontal  H"  at  an  unknown  vertical  dis- 
tance c  below  0 ;  similarly  at  the  right  hand  end.  The 
special  polygon  FG  is  to  be  determined  for  this  new  sys- 
tem, since  the  moment  and  shear  will  be  the  same  at  any 
section  under  this  new  system  as  under  the  real  system. 
The  conditions  for  determining  it  are  as  follows  :  Since 
the  end -tangents  are  fixed,  -31-ds=0  .'.  I^z^s—0  and  since 
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O'b  displacement  relatively  to  B'b  tangent  is  zero  we  IwiTe 
I'MxJs^O  .:  IH"3xAs=0  .:  IxzAs=0.  See  §  374.  Hence 
for  E^ual  As'b,  I{z)=Q  and  l{x%)=0.  Now  for  any  pole  0'" 
draw  an  equil.  pol.  F"'G"'  and  in  it  (by  §  377;  see  Note) 
locate  v"'m"'  so  as  to  make  I{z"')^Q  and  I{xz"')=Q. 
Draw  verticals  through  the  intersections  E'"  and  L'",  to 
determine  E  and  L  on  the  beam,  these  are  the  points  of 
inflection  (i.e.,  of  zero  moment),  and  are  points  in  the  re- 
quired special  polygon  FG. 

Draw  0"'n"  |  to  v"'m"'  to  fix  n".  Take  a  pole  0"  oa 
the  horizontal  through  n",  making  C/'iif'^R"  (arbitrary), 
draw  the  force  diagram  0"  1234  and  a  corresponding 
equilibrium  polygon  beginning  at  E.  It  should  cut  L, 
and  will  fulfil  the  two  requirments  2'^(a)=0  and  I,l{x%)—Q, 
with  reference  to  the  axis  of  the  beam  O'B'.  The  moment  of 
the  stress-couple  at  any  section  m  will  be  M—H"z,  and  the 
shear  J  =  the  projection  of  the  "  proper  ray  "  of  the  force 
diagram  0"  .  .  1,  2,  etc.,  upon  the  vertical  (not  in  the  trial 
diagram  0'".  .  1,  2,  etc.).  As  far  as  the  moment  is  concern- 
ed the  trial  polygon  F"'  G'"  will  serve  as  well  as  the  special 
polygon  FG ;  i.e.,  M=H"'z"'  as  well  as  H"z,  H'"  being  the 
pole-distance  of  0'"  ;  but  for  the  shear  we  must  use  the 
rays  of  the  final  and  not  the  trial  diagram. 

The  peculiarity  of  this  tijeatment  of  straight  beams, 
considered  as  a  particular  case  of  curved  beams,  consists 
in  the  substitution  of  an  imaginary  system  of  forces  in- 
volving the  two  equal  and  opposite,  and  arbitrary  H'&,  for 
the  real  system  in  which  there  is  no  horizontal  force  and 
consequently  no  "  special  equilibrium  polj'gon,"  and  thus 
determining  all  that  is  desired,  i.e.,  the  moment  and  shear 
at  any  section. 

In  the  polygon  FG  the  student  will  recognize  the  "  mo- 
ment-diagram "  of  the  problems  in  Chaps.  Ill  and  IV. 

He  will  also  see  why  the  shear  is  proportional  to  the 

slope  -J-  of  the  moment  curve   in  those  chapters.     For 

example,  the  "  slope  "  of  the  second  segment  of  the  poly- 
gon FG,  that  segment  being  ||  to  0"  2,  is 
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tang,  of  angle  20"«"=2»i"-HO"m"=shear  ^  H" 

and  similarly  for  anj  other  segment ;  i.e.,  the  tangent  ol 
the  inclination  of  the  "  moment  curve,"  or  line,  is  propor- 
tional to  the  shear. 

It  is  also  interesting  to  notice  with  the  present  problem 
oi  a  straight  beam,  that  in  the  conditions 

2"'(3Js)=0  and  I{zAs)x=Q, 

lor  locating  the  polygon  FG^  each  ds  is  T  tc  its  «,  and 
Aat  consequently  each  %As  is  the  area  of  a  small  vertical 
strip  of  area  between  the  beam  and  the  polygon,  and 
't%As)x  is  the  "  moment"  of  this  strip  of  area,  about  0'  the 
origin  of  x.  Hence  these  conditions  imply  ;  first,  that  the 
area  EWL  between  the  polygon  and  the  axi»  of  the  beam 
an  one  side  is  equal  to  that  (0'-f^+i/^'6r)  on  the  other 
side,  and,  secondly,  that  the  centre  of  gravity  of  EWL  lies 
in  the  same  vertical  as  that  of  O'FE  and  LB'  G  combined. 
Another  way  of  stating  the  same  thing  ib  that,  if  we  join 
FG,  the  area  of  the  trapezoid  FO'B'  G  is  equal  to  that  of  the 
figure  FEWLG,  and  their  centres  of  gravity  lie  in  the  same 
vertical.  A  corresponding  statement  may  be  made  (if  we  join 
F"'G"')  for  the  trapezoid  F"'v"'m'"G"'  and  figure 
P"E"'W"L"'Q"\ 


LOGAKITHMS  (BEIGGS'). 

N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Dif. 

10 

0000 

0043 

0086 

0138 

0170 

0212 

0353 

0394 

0334 

0374 

43 

11 

0414 

0453 

0492 

0531 

0569 

0607 

0645 

0683 

0719 

0755 

88 

12 

0792 

0838 

0864 

0899 

0934 

0969 

1004 

1038 

1073 

1106 

35 

13 

1139 

1173 

1206 

1339 

1271 

1303 

1385 

1367 

1399 

1480 

32 

14 

1461 

1493 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1733 

30 

15 

1761 

1790 

1818 

1847 

1875 

1903 

1981 

1959 

1987 

3014 

28 

16 

2041 

3068 

2095 

3123 

2148 

2175 

2201 

2227 

3253 

3279 

36 

17 
18 

2304 

3330 

2355 

2380 

3405 

2430 

2455 

2480 

2504 

2539 

35  1 

2553 

2577 

2601 

3635 

2648 

2672 

3695 

2718 

2743 

3765 

34 

19 

2788 

3810 

2833 

2856 

3878 

2900 

2923 

2945 

2967 

2989 

33 

20 

3010 

3033 

3054 

3075 

3096 

3118 

3139 

3160 

3181 

3301 

31 

21 

3223 

3343 

3363 

3284 

3304 

3334 

8345 

3365 

8885 

3404 

30 

23 

3424 

3444 

3464 

3483 

3502 

3533 

3541 

3560 

3579 

3598 

19 

23 

3617 

3636 

8655 

3674 

3693 

3711 

3729 

3747 

8766 

3784 

19 

24 

3802 

3820 

3838 

3856 

3874 

8892 

3909 

3927 

3945 

3962 

18 

25 

3979 

3997 

4014 

4031 

4048 

4065 

4083 

4099 

4116 

4133 

17 

26 

4150 

4166 

4183 

4200 

4316 

4333 

4349 

4365 

4381 

4298 

16 

27 

4314 

4330 

4346 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

16 

28 

4473 

4487 

4503 

4518 

4533 

4548 

4564 

4579 

4594 

4609 

15 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4718 

4728 

4742 

4757 

15 

30 

/  4771 

4786 

4800 

4814 

4829 

4848 

4857 

4871 

4886 

4900 

14 

31 

4914 

4928 

4943 

4955 

4969 

4983 

4997 

5011 

5024 

5038 

14 

32 

5051 

5065 

5079 

5092 

5105 

5119 

5182 

5145 

5159 

5173 

13 

83 

5185 

5198 

5211 

5224 

5337 

5350 

5263 

5276 

5389 

5303 

13 

34 

5315 

5328 

5340 

5353 

5366 

5878 

5391 

5408 

5416 

5438 

13 

35 

5441 

5453 

5465 

5478 

5490 

5503 

5514 

5527 

5539 

5551 

13 

36 

5563 

5575 

5587 

5599 

5611 

5623 

5635 

5647 

5658 

5670 

12 

87 

5682 

5694 

5705 

5717 

5739 

5740 

5752 

5768 

5775, 

5786 

12 

38 

5798 

5809 

5821 

5833 

5848 

5855 

5866 

5877 

5888 

5899 

11 

39 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

11 

40 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

11 

41 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6312 

6333 

10 

42 

6232 

6243 

6253 

6263 

6374 

6384 

6294 

6304 

6314 

6325 

10 

43 

6335 

6345 

6355 

6365 

6375 

6385 

6395 

6405 

6415 

6425 

10 

44 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6523 

10 

45 

6533 

6543 

6551 

6561 

6571 

6580 

6590 

6599 

6609 

6618 

10 

46 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

6713 

9 

47 

6731 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

9 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

9 

49 

6903 

6911 

6920 

6938 

6937 

6946 

6955 

6964 

6973 

6981 

9 

60 

6990 

6998 

7007 

7016 

7034 

7038 

7043 

7050 

7059 

7067 

9 

51 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7185 

7148 

7152 

9 

52 

7160 

7168 

7177 

7185 

7193 

7303 

7210 

7318 

7336 

7235 

8 

58 

7343 

7251 

7359 

7267 

7375 

7384 

7393 

7300 

7808 

7816 

8 

54 

7324 

7333 

7340 

7348 

7356 

7364 

7373 

7380 

7388 

7896 

8 

N 

.  B.— Naporian  log  = 

=  Briggs'  los 

X   2.802. 

Base  of  Naperian  systt 

im  =  e 

=  2.71828. 

___ 

LOGAEITHMS  (BEIGGS').               | 

N 

0 

1 

2 

3 

i 

5 

6 

7 

8 

9 

Dif. 

55 

7404 

7413 

7419 

7427 

7435 

7448 

7451 

7459 

7466 

7474 

8 

56 

7482 

7490 

7497 

7505 

7513 

7520 

7538  - 

7536 

7543 

7551 

8 

57 

7559 

7566 

7574 

7582 

7589 

7597 

7604 

7613 

7619 

7637 

8 

58 

7634 

7643 

7649 

7657 

7664 

7672 

7679 

7686 

7694 

7701 

7 

59 

7709 

7716 

7723 

7731 

7738 

7745 

7752 

7760 

7767 

7774 

7 

60 

7783 

7789 

7796 

7803 

7810 

7818 

7835 

7833 

7839 

7846 

7 

61 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

7 

63 

7924 

7931 

7938 

7945 

7952 

7959 

7966 

7973 

7980 

7987 

7 

63 

7993 

8000 

8007 

8014 

8021 

8028 

8035 

8041 

8048 

8055 

7 

64 

8063 

8069 

8075 

8082 

8089 

8096 

8102 

8109 

8116 

8133 

7 

65 

8129 

8136 

8143 

8149 

8156 

8162 

8169 

8176 

8183 

8189 

7 

66 

8195 

8202 

8309 

8215 

8222 

8328 

8235 

8341 

8348 

8354 

7 

67 

8361 

8267 

8374 

8280 

8287 

8393 

8299 

8306 

8312 

8819 

6 

68 

8335 

8331 

8338 

8344 

8351 

8357 

8363 

8370 

8376 

8382 

6 

69 

8388 

8895 

8401 

8407 

8414 

8430 

8426 

8433 

8439 

8445 

6 

70 

8451 

8457 

8463 

8470 

8476 

8483 

8488 

8494 

8500 

8506 

6 

71 

8513 

8519 

8525 

8531 

8537 

8543 

8549 

8555 

8561 

8567 

6 

73 

8573 

8579 

8585 

8591 

8597 

8603 

8609 

8615 

8631 

8637 

6 

*  73 

8633 

8639 

8645 

8651 

8657 

8663 

8669 

8675 

8681 

8686 

6 

74 

8693 

8698 

8704 

8710 

8716 

8733 

8727 

8733 

8739 

8745 

6 

75 

8751 

8756 

8763 

8768 

8774 

8779 

8785 

8791 

8797 

8803 

6 

76 

8808 

8814 

8820 

8825 

8881 

8837 

8842 

8848 

8854 

8859 

6 

77 

8865 

8871 

8876 

8882 

8887 

8893 

8899 

8904 

8910 

8915 

6 

78 

8931 

8937 

8933 

8938 

8943 

8949 

8954 

8960 

8965 

8971 

6 

79 

8976 

8983 

8987 

8998 

8998 

9004 

9009 

9015 

9030 

9035 

5 

80 

9081 

9036 

9048 

9047 

9053 

9058 

9063 

9069 

9074 

9079 

5 

81 

9085 

9090 

9096 

9101 

9106 

9113 

9117 

9132 

9138 

9183 

5 

83 

9138 

9143 

9149 

9154 

9159 

9165 

9170 

9175 

9180 

9186 

5 

83 

9191 

9196 

9201 

9206 

9212 

9317 

9322 

9327 

9232 

9238 

5 

84 

9343 

9348 

9358 

9253 

9263 

9269 

9274 

9379 

9384 

9389 

5 

85 

9294 

9299 

9804 

9309 

9315 

9320 

9825 

9330 

9385 

9340 

5 

86 

9345 

9350 

9355 

9360 

9365 

9370 

9375 

9380 

9385 

9390 

5 

87 

9395 

9400 

9405 

9410 

9415 

9420 

9425 

9430 

9485 

9440 

5 

88 

9445 

9450 

9455 

9460 

9465 

9469 

9474 

9479 

9484 

9489 

5 

89 

9494 

9499 

9504 

9509 

9513 

9518 

9523 

9528 

9533 

9538 

5 

90 

9542 

9547 

9552 

9557 

9562 

9566 

9571 

9576 

9581 

9586 

5 

91 

9590 

9595 

9600 

9605 

9609 

9614 

9619 

9624 

9628 

9633 

5  1 

5  1 

93 

9638 

9643 

9647 

9652 

9657 

9661 

9666 

9671 

9675 

9680 

93 

9685 

9689 

9694 

9699 

9703 

9708 

9718 

9717 

9733 

9727 

5 

94 

9781 

9736 

9741 

9745 

9750 

9754 

9759 

9768 

9768 

9773 

5 

95 

9777 

'J783 

9786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

5 

96 

9823 

9827 

9833 

9836 

9841 

9845 

9850 

9854 

9859 

9863 

4 

97 

9868 

,9872 

9877 

9881 

9886 

9890 

9894 

9899 

9903 

9908 

4 

98 

9913 

3917 

9931 

9926 

9930 

9934 

9989 

9943 

9948 

9952 

4 

99 

9956 

9961 

9965 

9969 

9974 

9978 

9983 

9987 

9991 

9996 

4 

N.  B.— 

Naperian  log 

=  Briggs'  log 

X  2.303. 

Base  of  Naperian  Sys 

tern  = 

e  =  2.71838. 

— -r» 
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Trigonometric   Ratios   (Natural);  including  "arc,"  by  which  is  meant 
"radians,"  or  "w-measure,"  or  "  circular  measure ; "  e.g.,  arc  100°  =  1.7453293, 

=  7«n  Ot  jr. 


arc 

de- 
gree 

sin 

coseo 

tan 

cot  an 

sec 

cos 

90 

0 

0 

D 

infin. 

0 

infin. 

1.0000 

1.0000 

1.5708 

0.0175 

1 

0.0175 

57.299 

0.0175 

57.290 

J. 0001 

0.9998 

89 

1.5533 

.0349 

2 

.0349 

28.654 

.0349 

28.636 

1.0006 

.9994 

88 

1.5359 

.0524 

3 

.0523 

19.107 

.0524 

19.081 

1.0014 

.9986 

87 

1.5184 

.0698 

4 

.0698 

14.336 

.0699 

14.301 

1.0024 

.9976 

86 

1.5010 

.0873 

5 

.0872 

11.474 

.0875 

11.430 

1.0038 

.9962 

85 

1.4835 

0.1047 

6 

0.1045 

9.5668 

0.1051 

9.5144 

1.0055 

0.9945 

84 

1.4661 

.1222 

7 

.1219 

8.2055 

.1228 

8.1443 

1.0075 

.9925 

83 

1.4486 

.1396 

8 

.1392 

7.1853 

.1405 

7.1154 

1.0098 

.9903 

82 

1.4312 

.1571 

9 

.1564 

6.3925 

.1584 

6.31.38 

1.0125 

.9877 

81 

1.4137 

.1745 

10 

.1736 

5.7588 

.1763 

5.6713 

1.0154 

.9848, 

80 

1.3963 

0.1920 

11 

0.1908 

5.2408 

0.1944 

5.1446 

1.0187 

0.9816 

79 

1.3788 

.2094 

12 

.2079 

4.8097 

.2126 

4.7046 

1.0223 

.9781 

78 

1.3614 

.2269 

13 

.2250 

4.4454 

.2309 

4.3315 

1.0263 

.9744 

77 

■  1.3439 

.2443 

14 

.2419 

4.1336 

.2493 

4.0108 

1.0306 

.9703 

76 

1.3264 

.2618 
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73 

1.2741 

.3142 

18 
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72 

1.2566 

.3316 
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.3443 
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71 

1.2392 

.3491 
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.3420 
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.3640 
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.9397 
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1.2217 

0.3665 
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0.3584 

2.7904 

0.3839 

2.6051 

1.0712 
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1.2043 

.3840 
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.3746 
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1.1868 

.4014 
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.3907 

2.5593 

.4245 

2.3559 
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1.1694 
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.4067 

2.4586 
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2.2460 
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2.3662 
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2.1445 

1.1034 
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1.1346 
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Aberration  of  Light 90 

Absolute  Velocity 89 

Abutment-Line 414 

Abutments  of  Arches 430,  435 

Acceleration,  Angular 109 

Acceleration,  Linear 49 

Acceleration,  Normal 75,  77 

Acceleration  of  Gravity .  .  51, 160, 179 
Acceleration,  Tangential .  .. .  74,  80 

Action  and  Reaction 1,  63 

Angular,  or  Rotary  Motion  . .  .  109 

Angular  Velocity 109 

Anti-Derivative 253,  254, 

256,  257,  322,  328,  839,  845 

Anti-Resultant 402 

Anti-Stress  Resultant 411 

Apparent  "Weight 78,  79 

Arches,  Linear 386,  396 

Arches  of  Masonry 421,  437 

Arch-Ribs 438,  483 

Arch-Ribs,  Classification  of  .  .  .  458 
Arch-Rib  of  Three  Hinges. 458,  460 
Arch-Rib  of  Hinged  Ends,   ■ 

440,  458,  461 
Arch-Rib  ofFixed  Ends  .439,459,465 
Arch  Truss,  or  Braced  Arch  .  . .  478 
Autographic  Testing  Machine.  240 
Beams,  Rectangular,  Compar- 
ative Strength  and  Stiffness 

272,  273,  277 

Belting,  Pressure  of 181 

Belting,  Slip  of 182 

Bent  Lever  with  Friction  ....   173 

Boat-Rowing 160 

Bow's  Notation 407 

Box-Girder 275,  292 

Braced  Arch 438,  478 

Brake,  Pony ' 158 

Brakes,  Railroad 190 

Bridges,  Arch 430 

Bridge-Pier 141 

Bridge,  Suspension 46 

Bridge  Truss,  Warren 35 

Buckling  of  Web-Plates 383 

Built    Beams,   designing   Sec- 
tions of 295 

Built  Columns 378 
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Burr,  Prof.,  Citations  from.224,  229 

Butt-Joint 226 

Cantilevers 260,  276,  841 

Cantilever,  Oblique 352,  354 

Catenary,  Common 46 

Catenary,  Inverted 387 

Catenary,  Transformed 395 

Cast  Iron 220,  279 

Centre  of  Gravity,  18, 19,  etc. . .  336 

Centre  of  Oscillation 119 

Centre  of  Percussion  of  Rod  .  .    113 

Centrifugal  Action 125 

Centrifugal  Force 77,  78 

Centripetal  Force 77,  78,  79 

Centrobaric  Method 24 

Cheval-Vcmeur 136 

Circle  as  Elastic  Curve 262,  368 

Circular  Arc  as  Linear  Arch  .  .  391 

Clinometers,  Torsion 241 

Closing  Line 414 

Coblenz,  Bridge  at 459,  478 

Columns,  Long 360 

Composition  of  Forces.  .4,  8,  31,  38 
Compression  of  Short  Blocks  . .  218 

Concrete-Steel  Beams 339 

Concurrent  Forces 6,  8,  397 

Cone  of  Friction 168 

Conical  Pendulum 78 

Connecting-Rod 59,  69,  70 

Conservation  of  Energy 156 

Conservation  of  Momentum  .  .      66 
Continuous  Girders,  by  Analy- 
sis   320-332 

Continuous   Girders,   by  Geo- 
metric Method 485-506 

Copying-Press 71 

Cords,  Flexible 42 

Cords,  Rigidity  of 192 

Couples 27,  30 

Cover-Plates 226 

Crane 357 

Crank-Shaft,  Strength  of' 314 

Creeping  of  Belts 186 

Crushing,  Modulus  of 219,  424 

Curvilinear  Motion 72 

Cylinder,  Thick  Hollow 509 

Dangerous  Section 262,  332 
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Dash-Pot  .  i 158 

Deck-Beam 275 

Deflections,  (Flexure) ,  252-262,  488 

Derived  Quantities 2 

Deviating  Force 77 

Diagrams,  Strain  . 209,  241 

Displacement  of  Point  of  Arch 

Rib 447 

Dove-Tail  Joint 269 

Duchayla's  Proof  of  the  Paral- 
lelogram of  Forces 4 

Dynamometers 157,  158,  159 

Eddy,  Prot,  Graphic  Methods, 

(See  Preface) 426 

Elastic  Curve  a  Circle  ....  262,  368 
Elastic  Curves.  .  .245,  252-262,  362 
Elastic  Curves,  the  Foui  i-De- 

rivatives  of 838 

Elasticity-Line 241 

Elasticity,  Modulus  of 203,  227 

Elastic  Limit 202 

Elevation  of  Outer  Rail  on  Rail- 
road Curves 78 

Ellipse  of  Inertia 94 

Ellipse  of  Stress 205 

Ellipsoid  of  Inertia 104 

Elliptical  Beam 338 

Elongation    of    Wrought-Iron 

Rod 207 

Elongation  Theory  of  Safety. .   508 

Energy 137 

Energy,  Conservation  of 156 

Energy,  Kinetic  .  .137, 144, 147, 150 

Energy,  Potential 155 

Equations,  Homogeneous  ....  2 
Equator,  Apparent  Weight  at 

the 78 

Equilibrium 4,  33,  39 

Equilibrium  Polygon 401,  450 

Equilibrium  Polygon  Through 

Three  Points 418,  419 

Equivalent  Systems.  .  .  .7,  105,  145 
Exaggeration   of   Vertical   Di- 
mensions in  Arch-Ribs 470 

Examples  in  Flexure 280-284 

Examples  in  Shearing 231,  232 

Examples  in  Tension  and 

Compression 222,  223 

Examples  in  Torsion 241-243 

Experiments    of    an    English 

Railroa,d  Commission 314 

Experiments  of  Prof.  Lanza  .  .  280 
Experiments  on  Building  Stone  424 

Experiments  on  Columns 366 

Extrados 421 

Euler's  Formula  for  Columns . .   364 

Factor  of  Safety 223 

Falling  of  Bodies 51 
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Fatigue  of  Metals 224 

Flexural  Stiffness  . . ' 250 

Flexure 244-386 

Flexure  and  Torsion  Combined.  314 
Flexure,    Beams    of    Uniform 

Strength 335 

Flexure,  Common  Theory  ....  244 
Flexure,  Eccentric  Load. .  .  256,  301. 
Flexure,  Elastic  Curves  in, 

245,  251,  252-262 

Flexure,  Examples  in 280-284 

Flexure,     Geometrical    Treat- 
ment    485 

Flexure,  Moving  Loads 298 

Flexure,  Non-Prismatic  Beams, 

332,  335 
Elexure  of  Long  Columns  ....  363 
Flexure   of   Prismatic    Beams 

Under  Oblique  Forces 352 

Flexure  of  Reinforced  Concrete 

Beams 33S 

Flexure,  Safe  Loads  in 262-284 

Flexure,  Safe  Stress  in 279 

Flexure,    Shearing    Stress    in, 

284-295 
Flexure,  Special  Problems  in, 

295-319 

Flexure,  Strength  in 249 

Flexure,  the  Elastic  Forces  .  . .  246 

Flexure,  the  "Moment" 249 

Flexure,  the  " Shear" 248 

Flexure,  Uniform  Load .  .  258,  267, 
302,  305,  307,  324,  329,  340 

Flow  of  Solids 212 

Fly-Wheel 121,  151 

Fly-Wheel,  Stresses  in. . .  .126,  127 

Force 1 

Force  Diagram 400 

Force  Polygons ' 397 

Forces,  Concurrent 6,  8 

Forces,  Distributed 197 

Forces,  Non-Concurrent 6,  31 

Forces,  Parallel 13 

Forces,  Parallelogram  of 4 

Forces,  Varieties  of 7 

Free  Axes 129 

Free-Body  Method,  the 11,  105 

Friction 164-194,  422,  423 

Frictional  Gearing 172 

Friction  of  Journals 192 

Friction  Axle 175 

Friction  Brake 158 

Friction,  Cone  of 168 

Friction  in  Machinery 191 

Friction,  Sliding 164-168 

Friction  of  Pivots 179 

Friction,  Rolling 186 

Friction-Wheels 177 
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Friction,  Work  Spent  in 149 

General    Properties    of    Mate- 
rials     204 

Governor  Ball 78 

Graphic  Representations  of  Uni- 

formally  Accelerated  Motion.  67 
Graphic  Treatment  of  Arch  ...  431 
Gravity,  Acceleration  of,  51,  79,  160 

Gravity,  Centre  of 18,  336,  453 

Gravity- Vertical 453 

Graphical  Statics,  Elements  of, 

397^20 
Graphical  Statics   of   Vertical 

Forces 412-420 

Guide  Curve 83 

Gyroscope 132 

Harmonic  Motion 58,  81,  117 

Heat  Energy 156 

Heaviness,  Table,  Etc 3 

Height  Due  to  Velocity 52,  84 

Homogeneous  Equations 2 

Hooke's  Law 201,  203,  207 

Hooks,  Strength  of 356 

Horizontal  Straight  Girders  by 

Graphics 847 

Horse-Power 136,  239,  242 

Hyperbolic  Functions 47,  837 

I-Beam 275,292,295 

Ice-Boat,  Speed  of 90 

Impact 63 

Impact,  Loss  of  Energy  in  . .  .    141 

Inclined  Beam 354 

Inclined  Plane,I83, 135, 151, 166, 169 

Indicator 159 

Inertia 53 

Inertia  of  Piston-Rod 59 

Instantaneous  Rotation,  Axis 

of 112 

Intrados 421 

Isochronal  Axes 120 

Isotropes 204 

Kinetic  Energy. .  137,  144,  147,  150 

Kinetics,  Defiiiition 4 

Kinetics  of  a  Rigid  Body 105 

Kinetics  of  a  Material  Point .  .    49 

Knot,  Fixed 43 

Knot,  SHp 43 

Lanza,  Experiments  of  Prof.  . .   280 

Lateral  Contraction 211,  229 

Lateral  Security  of  Girders,  280,  298 

Lever 18,  71 

Lever,  Bent,  with  Friction .  173,  174 
Linear  Arches  .  .  .386-396,  417,  425 

Live  Loads 298,430 

Load-Line 413 

Locomotive  on  Arch 430 

Locomotive  on  Girder 298 

Locomotive,  Parallel-Rod  of  . .   131 
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2,53 

Material  Point 3 

Mechanical  Equivalent  of  Heat  156 

Mechanics,  Definition  of 1 

Mechanics,  Divisions  of 4 

Middle  Third 423 

Modulus  of  Elasticity 203,  227 

Modulus  of  Resilience 213 

Modulus  of  Ruptiu-e  (Flexure) .  278 

Modulus  of  Tenacity 212 

Modulus,  Young's 204 

Moduli  of  Compression 219 

Moment-Area 491 

Moment  of  a  Force 14 

Moment-Diagram 263 

Moment  of  Flexure  .  .  248,  348,  351 

Moment  of  Inertia 91 

Moment  of  Inertia  by  Graphics  464 
Moment    of   Inertia   of   Box- 
Girder  276 

Moment   of   Inertia   of   Built 

Beam 296 

Moment    of    Inertia    of   Built 

Column 375 

Moment   of   Inertia   of   Plane 

Figures 91-98,  249,  274 

Moment   of   Inertia   of   Rigid 

Bodies 98,  103 

Moment  of  Inertia  of  Truss  . .  .  478 

Moment  of  Torsion 236 

Momentum 66 

Mortar 422 

Motion,  Curvilinear 72 

Motion,  Rectilinear 50 

Motion,  Rotary 107 

Moving  Loads  (Flexure) 298 

Naperian  Base 183,  357,  387 

Naperian  Lorarithms 47 

Navier's  Principle 422,  436 

Neutral  Axis  ....  245,  247,  347,  355 
Neutral  Line  (see  Elastic  Curve). 

Newton's  Laws 1,  53 

Non-Concurrent    Forces   in   a 

Plane 31,  399 

Non-Concurrent  Forces  in  Space   37 

Normal  Acceleration 75,  76,  77 

Normal  Moment  Diagram  ....   494 

Normal  Stress 200 

Oblique  Section  of  Rod  m  Ten- 
sion     200 

Parabola  as  Linear  Arch 391 

Parabolic  Cord 45 

Parabolic  Working-Beam. .  336,  844 

Parallel  Forces 13 

Parallel-Rod  of  Locomotive  -  .    131 

Parallelogram  of  Forces 4 

Parallelogram  of  Motions 72 

Parallelogram  of  Velocities  ...     72 
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rendulum,  Compound 118 

Pendulum,  Conical 78 

Pendulum,  Cycloidal 80 

Pendulum,  Simple  Circular.  .  .      81 

Phoenix  Columns] 374 

Pier  Reactions 404 

Piers  of  Arches 430,  435 

Pile-Driving 140 

Pillars  (see  Columns). 
"Pin-and-Square"  Columns  .      361 

Planet,  Velocity  of 82 

Plates 310 

Poisson's  Ratio 507 

Polar  Moment  of  Inertia  .  .  .97,  238 

Pole  (in  Graphics) 401 

Pole-Distance 416,417 

Practical  Notes 223 

Potential  Energy 155 

Power 134 

Power  of  Motors 153,  i57,  158 

Power,    Transmission    of,    by 

Belting 184 

Power,    Transmission    of,    by 

Shafts    238,318 

Principal  Axes 104,  129 

ProjectUe  in  Vacuo 83,  84-87 

Prony  Friction  Brake 158 

Pulley 43,  103 

Punching  Rivet  Holes 229 

Quantity,  Kinds  of 1 

Quantities,  Derived 2 

Radius  of  Curvature .  75, 76, 2.50, 843 
Radius  of  Gyration, 

91,  92,  115,  313,  372 
Rankine's    Formula    for    Col- 
umns    369 

Rays  of  Force  Diagram 401 

Reaction 1,  18,  36,  53,  404 

Reduced  Load-Contour 429 

Regulation  of  Machines 153 

Reinforced  Concrete  Beams .  .  .  339 
Relative  and  Absolute  Veloci- 
ties       89 

ResUience  .  .204,  213,  237,  251,  313 
Resultant  of  Parallel  Forces,  13,  15 
Resultant    of    Two    or    More 

Forces 4,  6 

Rigid  Body 4 

Rigidity  of  Ropes 192 

Riveting  of  Built  Beams 292 

Rivets  and  Riveted  Plates,  225,  292 

Rod  in  Tension 198,  200 

Rolling  Friction 186 

Rolling  Motion 130 

Roof  Truss 37,405 

Rotary  Motion 68,  107,  129 

flotation  and  Translation  Com- 
bined  130,  150 
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Rupture 202 

Safe  Limit  in  Stress 202 

Safe  Loads  in  Flexure  . . .  .262,  284 

St.  Louis  Bridge 459,  467,  478 

Schiele's  "Anti-Friction"  Pivots  181 
Set,  Permanent,  202,  209,  208,  241 

Shafts 233-239 

Shafts,  Non-Circular 239 

Shear  Diagram  (Flexure) 265 

Shearing •.225-232 

Shearing  Distortion 227 

Shear,  Distribution  of  in  Flex- 
ure     287 

Shearing  Forces 7,  225 

Shearing  Stress, 

7,  200,  201,  225,  234,  284 
Shear,  the  First  i-Derivative 

of  Moment  (Flexure) 264 

Skidding 190 

Slip  (of  Oar,  etc.) 161 

Slope  (in  Flexure) 253 

Soffit 421 

Spandrel 421 

Special   Equilibrium   Polygon, 

409,  424,  440 

Specific  Gravity 3 

Sphere,  Thick  HoUow 513 

Statics,  Definition  of 4 

Statics,  Graphical 397-420 

Statics  of  a  Material  Point ...       8 

Statics  of  a  Rigid  Body 27 

Statics  of  Flexible  Cords 42 

Steam  Engine  Problems, 

59,  61,  69,  70,  121,  131,  151 

Steam  Hammer 138 

Stiffening  of  Web-Plates 383 

Stone,  Strength  of 221,  424 

Stress     Diagrams     for    Arch- 
Ribs 471 

Stresses   due  to  Rib  Shorten- 
ing    476 

Strain  Diagrams 209,  241 

Strains,  two  kinds  only 196 

Stress 197,  198 

Stress    and    Strain,     Relation 

Between ' 201 

Stress-Couple 253,  348 

Stress,  Normal  and  Shearing  . .  200 

Strength  of  Materials 195 

Stretching  of  a  Prism   Under 

its  Own  Weight 215 

"Sudden"    Application    of   a 

Load 214,255 

Summation    of    Products    by 

Graphics 451 

Suspension  Bridge 46 

Table  for  Flexure 279 

Table  for  Shearing 228 
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Tables  for  Tension  and  Com- 
pression    221 

Tackle 43 

Temperature  Stresses,  217, 222,  473 

Tenacity,  Moduli  of 212 

Testing  Machine,  Autographic .  240 
Theorem  of  Three  Moments  . . .  497 

Thrust  (in  Flexure) 348,  350 

Torsion 233-243 

Torsion,  Angle  of 233 

Torsion  Clinometers 241 

Torsion,  Helix  Angle  in 233 

Torsion,  Moment  of 236 

Torsional  Resilience 237 

Torsional  Stiffness 236 

Torsional  Strength 235 

Tractrix,  The 181 

Transformed  Catenary 395 

Transmission     of    Power     by 

Belting 184 

Transmission     of     Power    by 

Shafting 238,318 

Translation,  Motion  of, 

68,  107,  133,  137 
Uniformly  Accelerated  Motion, 

54,  107 
Uniform  Motion 48,  107,  129 
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Uniform  Strength,  Beams  of.  .   335 
Uniform  Strength,  Solid  of,  in 

Tension 216 

Units,  Proper  Use ....  see  §  6,  p.  2 

Velocity,  Absolute 89 

Velocity,  Angular 109 

Velocity,  Linear  . 49 

Velocity,  Relative 89 

Virtual  Moment 67 

Virtual  Velocities 67 

Voussoir 386,  421 

Warren  Bridge  Truss 35 

Water,  Jets  of 87 

Web  of  I-Beam 274 

Web  of  I-Beam,  Buckling  of  . .  383 

Web  of  I-Beam,  Shear  in 290 

Wedge,  with  Friction 171 

Weight 2,  3,  7,  79 

Weight,  Apparent 78,  79 

Wind,  and  Sail-Boat 89,  90 

Work 133, 134,  etc. 

Work  and  Energy  in  Machines, 

146,  147,  etc. 

Working-Beam 336,  344 

Working  Strength 202 

Yield-Point 210 

Young's  Modulus , , , .   204 
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Hawley  and  Hawes's  Practical  Forestry  for  New  England.     (In  Press.)  < 

*  Herrick's  Denatured  or  Industrial  Alcohol 8vo,  4  00 

*KempandWaugh's  Landscape  Gardening.  (New  Edition,  Rewritten.)  12mo,  1  50 

*  McKay  and  Larsen's  Principles  and  Practice  of  Butter-making "Svo,  1  50 

Maynard's  Landscape  Gardening  as  Applied  to  Home  Decoration 12mo,  1  50 

Record's  Identification  of  the  Economic  Woods  of  the  United  States.    (In  Press. ) 

Sanderson's  Insects  Injurious  to  Staple  Crops 12mo,  1  50 

*  Insect  Pests  of  Farm,  Garden,  and  Orchard Large  12mo.  3  00 

*  Schwarz's  Longleaf  Pine  in  Virgin  Forest 12mo,  1   25 

*  SolotarofE's  Field  Book  for  Street-tree  Mapping 12mo,  0  75 

In  lots  of  one  dozen 8  00 

*  Shade  Trees  in  Towns  and  Cities Svo,  3  00 

Stockbridge's  Rocks  and  Soils Svo,  2  50 

Winton's  Microscopy  of  Vegetable  Foods 8vo,  7  50 

WoU's  Handbook  for  Farmers  and  Dairymen 16mo,  1  50 

ARCHITECTURE. 

*  Atkinson's  Orientation  of  Buildings  or  Planning  for  Sunlight Svo,  2  00- 

Baldwin's  Steam  Heating  for  Buildings 12mo,  2  50 

Berg's  Buildings  and  Structures  of  American  Railroads 4to,  5  00 
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Birkmire's  Architectural  Iron  and  Steel Svo.  S3  50 

Compound  Riveted  Girders  as  Applied  in  Buildings Svo,  2  00 

Planning  and  Construction  of  High  Office  Buildings Svo,  3  50 

Skeleton  Construction  in  Buildings Svo,  3  00 

Briggs's  Modem  American  School  Buildings Svo,  4  00 

Byrne's  Inspection  of  Materials  and  Workmanship  Employed  in  Construction. 

16mo,  3  00 

Carpenter's  Heating  and  Ventilating  of  Buildings Svo,  4  00 

♦Corthell's  Allowable  Pressure  on  Deep  Foundations 12mo,  1  25 

*  Eckel's  Building  Stones  and  Clays Svo,  3  00 

Freitag's  Architectural  Engineering Svo,  3  50 

Fire  Prevention  and  Fire  Protection.     (In  Press.) 

Fireproofing  of  Steel  Buildings Svo,  2  50 

Gerhard's  Guide  to  Sanitary  Inspections.     (Fourth    Edition,    Entirely    Re- 
vised and  Enlarged.) 12mo,  1  60 

*  Modem  Baths  and  Bath  Houses Svo,  3  00 

Sanitation  of  Public  Buildings 12mo,  1  50 

Theatre  Fires  and  Panics .■ 12mo,  1  50 

♦  The  Water  Supply,  Sewerage  and  Plumbing  of  Modem  City  Buildings, 

;                                                                                                      Svo.  4  00 

Johnson's  Statics  by  Algebraic  and  Graphic  Methods Svo,  2  00 

Kellaway's  How  to  Lay  Out  Suburban  Home  Grounds. . Svo,  2  00 

Kidder's  Architects'  and  Builders'  Pocket-book 16mo,  mor.,  5  00 

Merrill's  Stones  for  Building  and  Decoration Svo,  5  00 

Monckton's  Stair-building. .'. 4to,  4  00 

Patton's  Practical  Treatise  on  Foundations Svo,  5  00 

Peabody's  Naval  Architecture Svc,  7  50 

Rice's  Concrete-block  Manufacture Svo,  2  00 

Richey's  Handbook  for  Superintendents  of  Construction 16mo,  mor.  4  00 

Building  Foreman's  Pocket  Book  and  Ready  Reference.  .  16mo,  mor.  5  00 
*  Building  Mechanics'  Ready  Reference  Series:            < 

*  Carpenters'  and  Woodworkers'  Edition 16mo,  mor.  1  50 

*  Cement  Workers'  and  Plasterers'  Edition 16mo,  mor.  1  50 

*  Plumbers',  Steam-Fitters',  and  Tinners'  Edition.  .  .  16mo,  mor.  1  50 

*  Stone-  and  Brick-masons'  Edition lOmo,  mor.  1  50 

Sabin's  House  Painting l2mo,  1  00 

Siebert  and  Biggin's  Modem  Stone-cutting  and  Masonry Svo,  1  50 

Snow's  Principal  Species  of  Wood Svo,  3  50 

Wait's  Engineering  and  Architectural  Jurisprudence Svo,  6  00 

Sheep,  6  50 

Law  of  Contracts Svo,  3  00 

Law  of   Operations  Preliminary  to  Construction   in  Engineering  and 

Architecture Svo,  5  00 

Sheep,  5  50 

Wilson's  Air  Conditioning 12mo,  1  50 

Worcester  and  Atkinson's  Small  Hospitals,  Establishment  and  Maintenance. 
Suggestions   for   Hospital   Architecture,  with    Plans  for  a    Small 

Hospital 12mo,  1  25 


ARMY   AND    WAVY. 

Bemadou's  Smokeless  Powder,  Nitro-cellulose,  and  the  Theory  of  the  Cellu- 
lose Molecule 12mo,  2  50 

Chase's  Art  of  Pattern  Making 12mo,  2  50 

Screw  Propellers  and  Marine  Propulsion Svo,  3  00 

*  Cloke's  Enlisted  Specialists'  Examiner Svo,  2  00 

*  Gunner's  Examiner Svo,  I  50 

Craig's  Azimuth 4tu,  3  50 

Crehore  and  Squier's  Polarizing  Photo-chronograph Svo,  3  00 

*  Davis's  Elements  of  Law gvo,  2  50 

*  Treatise  on  the  Military  Law  of  United  States Svo,  7  00 

*  Dudley's  Military  Law  and  the  Procedure  of  Courts-martial,  .  .Large  12mo,  2  50 
Durand's  Resistance  and  Propulsion  of  Ships 8vo.  5  00 

*  Dyer's  Handbook  of  Light  Artillery 12mo,  3  00 
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Eissler's  Modem  High  Explosives 8vo  $4  00 

*  Fiebeger's  Text-book  on  Field  Fortification Large  12mo,  2  00 

Hamilton  and  Bond's  The  Gunner's  Catechism 18mo,  1  00 

*  Hoff 's  Elementary  Naval  Tactics 8vo,  1  50 

Ingalls's  Handbook  of  Problems  in  Direct  Fire 8vo,  4  00 

*  Interior  Ballistics 8vo,  3  00 

*  Lissak's  Ordnance  and  Gunnery 8vo,  6  00 

*  Ludlow's  Logarithmic  and  Trigonometric  Tables 8vo,  1  00 

*  LyoAs's  Treatise  on  Electro^nagnetic  Phenomena.  Vols.  I.  and  II..8vo,each,  6  00 

*  Mahan's  Permanent  Fortifications.     (Mercur.) 8vo.  half  mor.  7  50 

Manual  for  Courts-martial 16mo.  mor.  1  50 

*  Mercur's  Attack  of  Fortified  Places 12mo,  2  00 

*  Elements  of  the  Art  of  War 8vo,  4  00 

Nixon's  Adjutants'  Manual 24mo,  1  00 

Peabody's  Naval  Architecture 8vo,  7  50 

*  Phelps's  Practical  Marine  Surveying. , 8vo,  2  50 

Putnam's  Nautical  Charts ' 8vo,  2  00 

Rust's  Ex-meridian  Altitude.  Azimuth  and  Star-Finding  Tables 8vo  5  00 

*  Selkirk's  Catechism  of  Manual  of  Guard  Duty 24mo,  0  50 

Sharpe's  Art  of  Subsisting  Armies  in  War 18mo,  mor.  1  50 

*  Taylor's  Speed  and  Power  of  Ships.     2  vols.   Text  Svo,  plates  oblong  4to,  7  50 

*  Tupes  and  Poole's  Manual  of  Bayonet  Exercises  and  Musketry  Fencing. 

24mo,  leather,  0  50 

*  Weaver's  Military  Explosives j 8vo,  3  00 

*  WoodhuU's  Military  Hygiene  for  Officers  of  the  Line Large  12mo,  1  50 

I 

ASSAYING. 

Betts's  Lead  Refining  by  Electrolysis 8vo,  4  00 

*Butler's  Handbook  of  Blowpipe  Analysis 16mo,  0  75 

Fletcher's  Practical  Instructions  in  Quantitative  Assaying  with  the  Blowpipe. 

16mo,  mor.  1  50 

Furman  and  Pardoe's  Manual  of  Practical  Assaying Svo,  3  00 

Lodge's  Notes  on  Assaying  and  Metallurgical  Laboratory  Experiments.. Svo.  3  00 

Low's  Technical  Methods  of  Ore  Analysis 8vo,  3  00 

Miller's  Cyanide  Process '. . .  12mo,  1  00 

Manual  of  Assaying 12mo,  1  00 

Minet's  Production  of  Aluminum  and  its  Industrial  Use.     (Waldo.).  ..12mo  2  50 

Ricketts  and  Miller's  Notes  on  Assaying Svo.  3  00 

Robine  and  Lenglen's  Cyanide  Industry.     (Le  Clerc.) 8vc  4  00 

*  Seamon's  Manual  for  Assayers  and  Chemists Large  12mo,  2  50 

Ulke's  Modem  Electrolytic  Copper  Refining Svo,  3  00 

Wilson's  Chlorination  Process 12mo,  1  50 

Cyanide  Processes 12mo,  1  50 

ASTRONOMY. 

Comstock's  Field  Astronomy  for  Engineers Svo,  2  50 

Craig's  Azimuth 4£o,  3  50 

Crandall's  Text-book  on  Geodesy  and  Least  Squares '. Svo,  3  00 

Doolittle's  Treatise  on  Practical  Astronomy 8 vo,  4  00 

Hayford's  Text-book  of  Geodetic  Astronomy Svo,  3  00 

Hosmer's  Azimuth 16mo,  mor.  1  00 

*  Text-book  on  Practical  Astronomy Svo,  2  00 

Merriman's  Elements  of  Precise  Surveying  and  Geodesy Svo,  2  50 

*  Michie  and  Harlow's  Practical  Astronomy 8vo,  3  00 

Rust's  Ex-meridian  Altitude,  Azimuth  and  Star-Fkiding  Tables Svo,  .5  00 

*  White's  Elements  of  Theoretical  and  Descriptive  Astronomy 12mo.  2  00 

CHEMISTRY. 

*  Abderhalden's   Physiological  Chemistry   in   Thirty   Lectures.     (Kail   and 

Defren.) Svo,  5  00 

*  Abegg's  Theory  of  Electrolytic  Dissociation,     (von  Ende.) 12mo,  1  25 

AlexeyefE's  General  Principles  of  Organic  Syntheses.     (Matthews.) Svo,  3  00 
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Allen's  Tables  for  Iron  Analysis Svo,  S3  00 

Armsby's  Principles  of  Animal  Nutrition 8vo,  4  00 

Arnold's  Compendium  of  Chemistry.     (Mandel.) Large  12mo.  3  50 

Association  of  State  and  National  Food  and  Dairy  Departments,  Hartford 

Meeting,  1906 8vo,  3  00 

Jamestown  Meeting,  1907 8vo.  3  00 

Austen's  Notes  for  Chemical  Stua^nts 12mo,  1  50 

Bemadou's  Smokeless  Powder. — Nitro-cellulose,  and  Theory  of  the  Cellulose 

Molecule a2mo,  2  50 

*  Biltz's  Introduction  to  Inorganic  Chemistry.   (Hall  and  Phelan.").  .  .  12mo.  1  25 

Laboratory  Methods  of  Inorganic  Chemistry.     (Hall  and  Blanchard.) 

8vo,  3  00 

*  Bingham  and  White's  Laboratory  Manual  of  Inorganic  Chemistry.  .  12mo.  1  00 

*  Blanchard's  Synthetic  Inorganic  Chemistry 12mo.  1  00 

*  Bottler's  German  and  American  Varnish  Making.     (Sabin.) .  .Large  12mo,  3  50 
Browne's  Handbook  of  Sugar  Analysis.     (In  Press,) 

*  Browning's  Introduction  to  the  Rarer  Elements 8vo,  1  50 

*  Butler's  Handbook  of  Blowpipe  Analysis 16mo,  0  75 

*Claassen's  Beet-sugar  Manufacture.     (Hali  and  Rolfe.) 8vo,  3  00 

Classen's  Quantitative  Chemical  Analysis  by  Electrolysis.     (Boltwood.).8vo,  3  00 

Cohn's  Indicators  and  Test-papers 12mo,  2  00 

Tests  and  Reagents 8vo,  3  00 

Cohnheim's  Functions  of  Enzymes  and  Ferments.     (In  Press.) 

*  Danneel's  Electrochemistry.     (Merriam.) 12mo,  1  25 

Dannerth's  Methods  of  Textile  Chemistry 12mo,  2  00 

Duhem's  Thermodynamics  and  Chemistry.     (Burgess.) 8vo,  4  00 

Effront's  Enzymes  and  their  Applications.     (Prescott.) 8vo,  3  00 

Eissler's  Modem  High  Explosives 8vo.  4  00 

*  Fischer's  Oedema 8vo,  2  00 

*  Physiology  of  Alimentation Large  12mo,  2  00 

Fletcher's  Practical  Instructions  in  Quantitative  Assaying  with  the  Blowpipe. 

16mo,  mor.  1  50 

Fowler's  Sewage  Works  Analyses 12mo,  2  00 

Fresenius's  Manual  of  Qualitative  Chemical  Analysis.     (Wells.) 8vo,  5  00 

Manual  of  Qualitative  Chemical  Analysis.  PartT!.  Descriptive.  (Wells.)8vo,  3  00 

Quantitative  Chemical  Analysis.     (Cohn.)     2  vols 8vc,  12  50 

When  Sold  Separately,  Vol.  I,  S6.     Vol.  II,  $8. 

Fuertes's  Water  and  Public  Health 12mo.  1  50 

?urman  and  Pardee's  Manual  of  Practical  Assaying 8vo,  3  00 

*  Getman's  Exercises  in  Physical  Chemistry 12mo,  2  00 

Gill's  Gas  and  Fuel  Analysis  for  Engineers 12mo,  1  25 

Gooch's  Summary  of  Methods  in  Chemical  Analysis.     (In  Press.) 

*  Gooch  and  Browning's  Outlines  of  Qualitative  Chemical  Analysis. 

Large  12mo,  1  25 

Grotenfelt's  Principles  of  Modem  Dairy  Practice.     (Woll.) 12nio,  2  00 

Groth's  Introduction  to  Chemical  Crystallography  (Marshall) 12mo,  1  25 

*  Hammarsten's  Text-book  of  Physiological  Chemistry.     (Mandel.) 8vo,  4  00 

Hanausek's  MicKoscopy  of  Technical  Products.     (Winton.) 8vo,  5  00 

*  Haskins  and  Macleod's  Organic  Chemistry 12mo,  2  00 

*  Herrick's  Denatured  or  Industrial  Alcohol 8vo,  4  00 

Hinds's  Inorganic  Chemistry 8vo,  3  00 

*  Laboratory  Manual  for  Students 12mo,  1  00 

*  Holleman's   Laboratory    Manual   of    Organic    Chemistry   for    Beginners. 

(Walker.) I2mo.  1  00 

Text-book  of  Inorganic  Chemistry.     (Cooper.) 8vo,  2  50 

Text-book  of  Organic  Chemistry.     (Walker  and  Mott.) 8vo,  2  50 

Holley's  Analysis  of  Paint  and  Varnish  Products.     (In  Press.) 

*  Lead  and  Zinc  Pigments.  .^ Large  12mo,  3  00 

Hopkins's  Oil-chemists'  Handbook 8vo  3  00 

Jackson's  Directions  for  Laboratory  Work  in  Physiological  Chemistry.  .8vo,  1  25 
Johnson's  Rapid  Methods  for  the  Chemical  Analysis  of  Special  Steels,  Steel- 
making  Alloys  and  Graphite Large  12mo,  3  00 

Landauer's  Spectrum  Analysis.     (Tingle.) 8vo,  3  00 

Lassar-Cohn's  Application  of  Some  General  Reactions  to  Investigations  in 

Organic  Chemistry.     (Tingle.) 12mo,  1  00 

Leach's  Inspection  and  Analysis  of  Food  with   Special   Reference  to  State 

Control 8vo,  7  50 
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Lob's  Electrochemistry  of  Organic  Compounds.     (Lorenz.) 8Vo, 

Lodge's  Notes  on  Assaying  and  Metallurgical  Laboratory  Experiments.. 8vo, 

Low's  Technical  Method  of  Ore  Analysis 8vo, 

Lowe's  Paint  for  Steel  Structures 12mo, 

Lunge's  Techno-cheraical  Analysis.     (Cohn.) 12mo, 

*  McKay  and  Larsen's  Principles  and  Practice  of  Butter-making Svo, 

Maire's  Modem  Pigments  ^nd  their  Vehicles 12mo. 

Mandel's  Handbook  for  Bio-chemical  Laboratory. 12mo, 

*  Martin's  Laboratory  Guide  to  Qualitative  Analysis  with  the  Blowpipe 

12mo, 

Mason's  Examination  of  Water.     (Chemical  and  Bacteriological.) 12mo, 

Water-supply.     (Considered  Principally  from  a  Sanitary  Standpoint.) 

Svo, 

*  Mathewson's  First  Principles  of  Chemical  Theory Svo, 

Matthews's  Laboratory  Manual  of  Dyeing  and  Textile  Chemistry Svo, 

Textile  Fibres.     2d  Edition,  Rewritten Svo, 

*  Meyer's    Determination   of    Radicles   in   Carbon    Compounds.     (Tingle.) 

Third  Edition. 12mo, 

Miller's  Cyanide  Process 12mo, 

Manual  of  Assaying 12mo, 

Minet's  Production  of  Aluminum  and  its  Industrial  Use.     (Waldo.).  ..12mo. 

*  Mittelstaedt's  Technical  Calculations  for  Sugar  Works.  (Bourbakis.)   12mo, 

Mixter's  Elementary  Text-book  of  Chemistry 12mo, 

Morgan's  Elements  of  Physical  Chemistry 12mo, 

*  Physical  Chemistry  for  Electrical  Engineers 12mo, 

*  Moore's  Experiments  in  Organic  Chemistry 12mo, 

*  Outlines  of  Organic  Chemistry 12nio, 

Morse' j  Calculations  used  in  Cane-sugar  Factories 16mo,  mor. 

*  Muir's  History  of  Chemical  Theories  and  Laws Svo, 

Mulliken's  General  Method  for  the  Identification  of  Pure  Organic  Compounds. 

Vol.  I.     Compounds  of  Carbon  with  Hydrogen  and  Oxygen.  Large  Svo, 

Vol.  II.     Nitrogenous  Conjpounds.     (In  Preparation.) 

Vol.  III.     The  Commercial  Dyestuffs Large  Svo, 

*  Nelson's  Analysis  of  Drugs  and  Medicines 12mo, 

Ostwald's  Conversations  on  Chemistry,     Part  One.      (Ramsey.) 12mo, 

Part  Two.      (Tumbull.) 12mo. 

*  Introduction  to  Chemistry.     (Hall  and  Williams.) Large  12mo, 

Owen  and  Standage's  Dyeing  and  Cleaning  of  Textile  Fabrics 12mo, 

*  Palmer's  Practical  Test  Book  of  Chemistry 12mo, 

*  Pauli's  Physical  Chemistry  in  the  Service  of  Medicine.     (Fischer.) .  .  12mo, 
Penfield's  Tables  of  Minerals,  Including  the  Use  of  Minerals  and  Statistics 

of  Domestic  Production Svo, 

Pictet's  Alkaloids  and  their  Chemical  Constitution.     (Biddle.) Svo, 

Poole's  Calorific  Power  of  Fuels Svo, 

Prescott  and  Winslow's  Elements  of  Water  Bacteriology,  with  Special  Refer- 
ence to  Sanitary  Water  Analysis 12mo, 

*  Reisig's  Guide  to  Piece-Dyeing Svo, 

Richards  and  Woodman's  Air,  Water,  and  Food  from  a  Sanitary  Stand- 
point  Svo. 

Ricketts  and  Miller's  Notes  on  Assaying Svo, 

Rideal's  Disinfection  and  the  Preservation  of  Food Svo, 

Riggs's  Elementary  Manual  for  the  Chemical  Laboratory Svo, 

Robine  and  Lenglen's  Cyanide  Industry.     (Le  Clerc.) Svo, 

Ruddiman's  Incompatibilities  in  Prescriptions Svo, 

Whys  in  Pharmacy 12mo, 

*  Ruer's  Elements  of  Metallography.     (Mathewson.) Svo, 

Sabin's  Industrial  and  Artistic  Technology  of  Paint  and  Varnish.  .....  .Svo, 

Salkowski's  Physiological  and  Pathological  Chemistry.     (Omdorff.) Svo, 

*  Schimpf's  Essentials  of  Volumetric  Analysis Large  12mo, 

Manual  of  Volumetric  Analysis.     (Fifth  Edition,  Rewritten) Svo, 

*  Qualitative  Chemical  Analysis Svo, 

*  Seamon's  Manual  for  Assayers  and  Chemists Large  12mo , 

Smith's  Lecture  Notes  on  Chemistry  for  Dental  Students Svo, 

Spencer's  Handbook  for  Cane  Sugar  Manufacturers 16mo,  mor. 

Handbook  for  Chemists  of  Beet-sugar  Houses 16mo,  mor. 

Stoclcbridge's  Rocks  and  Soils * Svo, 

Stone's  Practical  Testing  of  Gas  and  Gas  Meters Svo, 
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♦  Tillman's  Descriptive  General  Chemistry 8vo,  $3  00 

*  Elementary  Lessons  in  Heat 8vo,  1  50 

Treadwell's  Qualitative  Analysis.     (Hall.) 8vo,  3  GO 

Quantitative  Analysis,     (Hall.) .8vo.  4  GO 

Tumeaure  and  RusselPs  Public  Water-supples 8vo,  5  00 

Van  Deventer's  Physical  Chemistry  for  Beginners.     (Boltwood.) 12mo,  I  60 

Venable's  Methods  and  Devices  for  Bacterial  Treatment  of  Sewage 8vo,  3  GO 

Ward  and  Whipple's  Freshwater  Biology.     (In  Press.) 

Ware's  Beet-sugar  Manufacture  and  Refining.     Vol.  1 8vo,  4  00 

Vol.  II 8vo,  5  GO 

Washington's  Manual  of  the  Chemical  Analysis  of  Rocks 8vo,  2  00 

*  Weaver's  Military  Explosives 8vo,  3  GO 

Wells's  Laboratory  Guide  in  Qualitative  Chemical  Analysis 8vo,  1   50 

Short  Course  in  Inorganic  Qualitative  Chemical  Analysis  for  Engineering 

Students 12mo,  1  50 

Text-book  of  Chemical  Arithmetic 12mo,  1  25 

Whipple's  Microscopy  of  Drinking-water 8vo,  3  50 

Wilson's  Chlorination  Process .' 12mo,  1  50 

Cyanide  Processes 12mo,  1  50 

Winton's  Microscopy  of  Vegetable  Foods 8vo,  7  50 

Zsigmondy's  Colloids  and  the  Ultramicroscope.     (Alexander.).. Large  12mo,  3  GO 


CIVIL    ENGINEERING. 

BRIDGES   AND    ROOFS.     HYDRAULICS.     MATERIALS   OP   ENGINEER- 
ING.    RAILWAY   ENGINEERING. 

*  American  Civil  Engineers'  Pocket  Book.     (Mansfield  Merriman.  Editor- 

in-chief.)  16mo,  mor. 

Baker's  Engineers'  Surveying  Instruments 12mo, 

Bixby's  Graphical  Computing  Table J*aper  19i-  X  24i  inches. 

Breed  and  Hosmer's  Principles  and  Practice  of  Surveying.     Vol.  I.  Elemen- 
tary Surveying 8vo, 

Vol.  1 1.     Higher  Surveying 8vo, 

*  Burr's  Ancient  and  Modem  Engineering  and  the  Isthmian  Canal 8vg, 

Comstock's  Field  Astronomy  for  Engineers 8vo, 

*  Corthell's  Allowable  Pressure  on  Deep  Foundations 12mo, 

Crandall's  Text-book  on  Geodesy  and  Least  Squares 8vo, 

Davis's  Elevation  and  Stadia  Tables 8vo, 

*  Eckel's  Building  Stones  and  Clays 8vo, 

Elliott's  Engineering  for  Land  Drainage 12mo, 

*  Fieb'eger's  Treatise  on  Civil  Engineering 8vo, 

Flemer's  Phototopographic  Methods  and  Instruments 8vo, 

Folwell's  Sewerage.      (Designing  and  Maintenance.) 8vo, 

Freitag's  Architectural  Engineering 8vo, 

French  and  Ives's  Stereotomy 8vo, 

Gilbert,  Wightman,  and  Saunders's  Subways  and  Tunnels  of  New  York. 

(In  Press.) 

*  Hauch  and  Rice's  Tables  of  Quantities  for  Preliminary  Estimates.. .  12mo, 

Hayford's  Text-book  of  Geodetic  Astronomy 8vo, 

Hering's  Ready  Reference  Tables  (Conversion  Factors.) 16mo,  mor. 

Hosmer's  Azimuth 16mo,  mor. 

*  Text-book  on  Practical  Astronomy 8vo, 

Howe's  Retaining  Walls  for  Earth I2mo, 

*  Ives's  Adjustments  of  the  Engineer's  Transit  and  Level 16mo,  bds. 

Ives  and  Hilts's    Problems   in   Surveying,  Railroad  Surveying  and  Geod- 
esy  16mo,  mor. 

*  Johnson  (J.B.)  and  Smith's  Theory  and  Practice  of  Surveying.  Large  12mo, 
Johnson's  (L.  J.)  Statics  by  Algebraic  and  Graphic  Methods 8vo, 

*  Kinnicutt,  Winslow  and  Pratt's  Sewage  Disposal 8vo, 

*  Mahan's  Descriptive  Geometry 8vo, 

Merriman's  Elements  of  Precise  Surveying  and  Geodesy 8vo, 

Merriman  and  Brooks's  Handbook  for  Surveyors 16mo,  mor. 

Nugent's  Plane  Surveying. 8vo, 

Ogden's  Sewer  Construction: gvo, 

Sewer  Design 12mo, 
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Ogden  and   Cleveland's  Practical   Methods  of  Sewage   Disposal  for  Resi- 
dences, Hotels,  and  Institutions,     (In  Press.) 

Parsons's  Disposal  of  Municipal  Refuse 8vo,  S2  00 

,  Patton's  Treatise  on  Civil  Engineering 8vo,  half  leather,  7  50 

Reed's  Topographical  Drawing  and  Sketching 4to,  5  00 

Riemer's  Shaft-sinking  under  Difficult  Conditions,  (Corning  and  Peele.)-8vo.  3  00 

Siebert  and  Biggin's  Modem  Stone-cutting  and  Masonry 8vo,  1  50 

Smith's  Manual  of  Topographical  Drawing.     (McMillan.) 8vo,  2  50 

Soper's  Air  and  Ventilation  of  Subways 12mo,  2  50 

*  Tracy's  Exercises  in  Surveying 12mo,  mor.  1  00 

Tracy's  Plane  Surveying 16nio,  mor.  3  00 

Venable's  Garbage  Crematories  in  America 8vo,  2  00 

Methods  and  Devices  for  Bacterial  Treatment  of  Sewage 8vo,  3  00 

Wait's  Engineering  and  Architectural  Jurisprudence 8vo,  6  00 

Sheep,  6  50 

Law  of  Contracts 8vo,  3  GO 

Law  of  Operations  Preliminary  to  Construction  in  Engineering  and 

Architecture 8vo,  5  00 

Sheep,  5  50 

Warren's  Stereotomy — Problems  in  Stone-cutting 8vo,  2  50 

*  Waterbury's  Vest-Pocket   Hand-book  of  Mathematics  for   Engineers. 

2^X51  inches,  mor.  100 

*  Enlarged  Edition,  Including  Tables mor,  1  50 

Webb's  Problems  in  the  Use  and  Adjustment  of  Engineering  Instruments. 

16mo,  mor."  1  25 

Wilson's  Topographic  Surveying 8vo,  3  50 

BRIDGES   AND  ROOFS. 

Boiler's  Practical  Treatise  on  the  Construction  of  Iron  Highway  Bridges..8vo,  2  00 

*  Thames  River  Bridge '. Oblong  paper,  5  00 

Burr  and  Falk's  Design  and  Construction  of  Metallic  Bridges 8vo,  5  00 

Influence  Lines  for  Bridge  and  Roof  Computations 8vo,  3  00 

Du  Bois's  Mechanics  of  Engineering.     Vol.  II Small  4to,  10  00 

Foster's  Treatise  on  Wooden  Trestle  Bridges 4to,  5  00 

Fowler's  Ordinary  Foundations 8vo,  3  50 

Greene's  Arches  in  Wood,  Iron,  and  Stone 8vo,  2  50  ' 

Bridge  Trusses 8vo,  2  50 

Roof  Trusses 8vo,  1  25 

Grimm's  Secondary  Stresses  in  Bridge  Trusses : . .  8vo,  2  50 

Heller's  Stresses  in  Structures  and  the  Accompanying  Deformations. .  .  ^Svo,  3  00 

Howe's  Design  of  Simple  Roof- trusses  in  Wood  and  Steel 8vo.  2  00 

Symmetrical  Masonry  Arches •. 8vo,  2  50 

Treatise  on  Arches 8vo,  4  00 

*  Hudson's  Deflections  and  Statically  Indeterminate  Stresses Small  4to,  3  50 

*  Plate  Girder  Design 8vo,  1  50 

*  Jacoby's  Structural  Details,  or  Elements  of  Design  in  Heavy  Framing,  8vo,  2  25 
Johnson,  Bryan  and  Tumeaure's  Theory  and  Practice  in  the  Designing  of 

»M              Modem  Framed  Structures Small  4to,  10  00 

♦'Johnson,  Bryan  and  Tumeaure's  Theory  and  Practice  in  the  Designing  of 

Modem  Framed  Structures.     New  Edition.     Part  1 8vo,  3  00 

*  Part  II.     New  Edition .' 8vo,  4  00 

Merriman  and  Jacoby's  Text-book  on  Roofs  and  Bridges: 

Part  I.      Stresses  in  Simple  Trusses 8vo»  2  50 

Part  II.    Graphic  Statics 8vo,  2  50 

Part  III.     Bridge  Design 8vo,  2  50 

Part  IV.  Higher  Structures 8vo.  2  50 

Ricker's  Design  and  Construction  of  Roofs.     (In  Press.) 

Sondericker's  Graphic  Statics,  with  Applications  to  Trusses,  Beams,  and 

Arches " 8vo,  2  00 

Waddell's  De  Pontibus,  Pocket-book  for  Bridge  Engineers 16mo,  mor.  2  00 

*  Specifications  for  Steel  Bridges 12mo,  50 

Waddell  and  Harrington's  Bridge  Engineering.     (In  Preparation.) 

HYDRAULICS. 

Barnes's  Ice  Formation 8vo,  3 .  00 

Bazin's  Experiments  upon  the  Contraction  of  the  Liquid  Vein  Issuing  from 

an  Orifice.     (Trautwine.) 8vo,  2  00 
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Bovey's  Treatise  on  Hydraulics 8vo,  S  J  0 J 

Church's  Diagrams  of  Mean  Velocity  of  Water  in  Open  Channels. 

Oblong  4to,  paper,  1  50 

Hydraulic  Motors      8vo,  2  00 

Mechanics  of  Fluids  (Being  Part  IV  of  Mechanics  of  Engineering) .  .  Svo,  3  00 

Coffin's  Graphical  Solution  of  Hydraulic  Problems 16mo,  mor.  2  50 

Plather's  Dynamometers,  and  the  Measurement  of  Power 12mo,  3  00 

Polwell's  Water-supply  Engineering Svo,  4  00 

Frizell's  Water-power 8vo,  5  00 

Fuertes's  Water  and  Public  Health 12mo,  1  50 

Water-filtration  Works 12mo,  2  50 

Ganguillet  and  Kutter's  General  Formula  for  the  Uniform  Flow  of  Water  in 

Rivers  and  Other  Channels.     (Hering  and  Trautwine.) Svo,  4  00 

Kazan's  Clean  Water  and  How  to  Get  It Large  12mo,  1  50 

Filtration  of  Public  Water-sapplies Svo,  3  00 

Hazelhurst's  Towers  and  Tanks  for  Water-works Svo,  2  50 

Herechel's  115  Experiments  on  the  Carrying  Capacity  of  Large,  Riveted,  Metal 

Conduits Svo,  2  00 

Hoyt  and  Grover's  River  Discharge Svo,  2  00 

Hubbard   and   Kiersted's  Water-works  Management  and   Maintenance: 

Svo.  4  00 
•Lyndon's  Development  and   Electrical   Distribution   of   Water    Power. 

Svo,  3  00 
Mason's  Water-supply,     (Considered    Principally  from   a   Sanitary   Stand- 
point.)   Svo,  4  00 

*  Merriman's  Treatise  on  Hydraulics.     9th  Edition,  Rewritten Svo,  4  00 

*  MoUtor's  Hydraulics  of  Rivers,  Weirs  and  Sluices Svo,  2  00 

*  Morrison  and  Brodie's  High  Masonry  Dam  Design Svo,  1  50 

*  Richards's  Laboratory  Notes  on  Industrial  Water  Analysis Svo,  50 

Schuyler's  Reservoirs  for  Irrigation,  Water-power,  and  Domestic  Water- 
supply.     Second  Edition,  Revised  and  Enlarged Large  8vo,  6  00 

*  Thomas  and  Watt's  Improvement  of  Rivers 4to,  6  00 

Tumeaure  and  Russell's  Public  Water-supplies Svo,  5  00 

*  Wegmann's  Design  and  Construction  of  Dams.     6th  Ed.,  enlarged — 4to,  6  T)0 

Water-Supply  of  the  City  of  New  York  from  1658  to  1895 4tb,  10  00 

Whipple's  Value  of  Pure  Water Large  12mo,  1  00 

Williams  and  Hazen's  Hydraulic  Tables Svo,  1  50 

Wilson's  Irrigation  Engineering. Svo,  4  00 

Wood's  Turbines Svo.  2  50 


♦MATERIALS   OF   ENGINEERING. 

Baker's  Roads  and  Pavements Svo,  5  00 

.Treatise  on  Masonry  Construction k Svo,  5  00 

Black's  United  States  Public  Works Oblong  4to.  5  00 

*  Blanchard   and    Drowne's    Highway    Engineering,    as    Presented   at    the 

Second  International  Road  Congress,  Brussels,  1910 Svo,  2  00 

Bloninger's^  Manufacture  of  Hydraulic  Cement.     (In  Preparation.) 

*  Bottler's  German  and, American  Varnish  Making.     (Sabin.) .  .  Large  12mo.  3  50 

Burr's  Elasticity  and  Resistance  of  the  Materials  of  Engineering Svo,  7  50 

Byrne's  Highway  Construction 8vo,  5  00 

Inspection  of  the  Materials  and  Workmanship  Employed  in  Construction. 

16mo,     3  00 

Church's  Mechanics  of  Engineering. Svo,     6  00 

Mechanics  of  Solids  (Being  Parts  I,  II,  III  of  Mechanics  of  Engineer- 
ing  Svo,     4  50 

Du  Bois's  Mechanics  of  Engineering. 

Vol,    I.  Kinematics,  Statics,  Kinetics ' Small  4to,     7  50 

Vol.  II.  The  Stresses  in  Framed  Structures,  Strength  of  Materials  and' 

Theory  of  Flexures Small  4to,  10  00 

*  Eckel's  Building  Stones  and  Clays 8vo.     3  00 

*  Cements,  Limes,  and  Plasters 8vo,  6  00 

Powler's  Ordinary  Foundations 8vo,  3  50 

*  Greene's  Structural  Mechanics 8vo,  2  50 

HoUey's  Analysis  of  Paint  and  Varnish  Products.     (In  Press.) 

*Lead  and  Zinc  Pigments Large  12mo,     3  00 
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*  Hubbard's  Dust  Preventives  and  Road  Binders gvo,  S3  00 

Johnson's  (C.  M.)  Rapid  Methods  for  the  Chemical  Analysis  of  Special  Steels,  ' 

Steel-making  Alloys  and.  Graphite. .  / Large  12rao,  3  00 

Johnson's  (J.  B.)  Materials  of  Construction Large  8vo,  6  00 

Keep's  Cast  Iron 8vo,  2  50 

Lanza's  Applied  Mechanics 8vo,  7  50 

Lowe's  Paints  for  Steel  Structures 12mo.  1  00 

Maire's  Modem  Pigments  and  their  Vehicles 12mo,  2  00 

*  Martin's  Text  Book  on  Mechanics.     Vol.  I,    Statics 12mo,  1  25 

*  Vol.  II.     Kinematics  and  Kinetics 12mo,  1  50 

*  Vol.  III.   Mechanics  of  Materials ]  2rao,  1  50 

Maurer's  Technical  Mechanics 8vo.  4  00 

Merrill's  Stones  for  Building  and  Decoration 8vo.  5  00 

Merriman's  Mechanics  of  Materials / 8vo,  5  00 

*  Strength  of  Materials 12mo,  1  00 

Metcalf 's  Steel.     A  Manual  for  Steel-users 12mo,  2  00 

Morrison's  Highway  Engineering 8vo,  2  50 

*  Murdock's  Strength  of  Materials 12mo,  2  00 

Patton's  Practical  Treatise  on  Foundations 8vo,  5  00 

Rice's  Concrete  Block  Manufacture 8vo,  2  00 

Ricliardson's  Modem  Asphalt  Pavement 8vo,  3  00 

Richey's  Building  Foreman's  Pocket  Book  and  Ready  Reference.  16mo,  mor.  5  00 

*  Cement  Workers'  and  Plasterers'  Edition  (Building  Mechanics'  Ready 

Reference  Series) 16ino,  mo: .  1  50 

Handbook  for  Superintendents  of  Construction 16mo,  mor.  4  00 

*  Stone    and    Brick    Masons'     Edition    (Building    Mechanics'    Ready 

Reference  Series) 16mo,  mor.  1  50 

*  Ries's  Clays;  Their  Occurrence,  Properties,  and  Uses 8vo,  5  00 

*  Ries  and  Leighton's  History  of  the  Clay-working  Industry  of  the  United 

States 8vo.  2  50 

Sabin's  Industrial  and  Artistic  Technology  of  Paint  and  Vamish 8vo,  3  00 

*  Smith's  Strength  of  Material 12mo,  1  25 

Snow's  Principal  Species  of  Wood 8vo,  3  50 

Spalding's  Hydraulic  Cement 12mo,  2  00 

Text-book  on  Roads  and  Pavements 12mo,  2  00 

*  Taylor  aid  Thompson's  Concrete  Costs '.  .  .Small  8vo,  5  00 

*  Extracts  on  Reinforced  Concrete  Design 8vo,  2  00 

Treatise  on  Concrete,  Plain  and  Reinforced 8vo,  5  00 

Thurston's  Materials  of  Engineering.     In  Three  Parts. 8vo,  8  00 

Part  I.     Non-metallic  Materials  of  Engineering  and  Metallurgy..  .  .8vo,  2  00 

Part  II.     Iron  and  Steel 8vo,  3  50 

Part  III.    A  Treatise  on  Brasses,  Bronzes,  and  Other  Alloys  and  their 

Constituents 8vo,  2  50 

Tillson's  Street  Pavements  and  Paving  Materials 8vo,  4  00 

Tumeaure  and  Maurer's  Principles  of  Reinforced  Concrete  Construction. 

Second  Edition,  Revised  and  Enlarged 8vo,  3  50 

Waterbury's  Cement  Laboratory  Manual 12mo,  1  00 

*  Laboratory  Manual  for  Testing  Materials  of  Construction 12mo,  1  50 

Wood's  (De  V.)^  Treatise  on  the  Resistance  of  Materials,  and  an  Appendix  on 

the  Preservation  of  Timber 8vo,  2  00 

Wood's  (M.  P.)  Rustless  Coatings:  Corrosion  and  Electrolysis  of  Iron  and 

Steel 8vo.  4  00 


RAILWAY   ENGINEERING. 

Andrews's  Handbook  for  Street  Railway  Engineers 3X5  inches,  mor,  1  25 

Berg's  Buildings  and  Structures  of  American  Railroads 4to,  5  00 

Brooks's  Handbook  of  Street  Railroad  Location 16mo,  mor.  1  50 

*  Burt's  Railway  Station  Service 12mo,  2  00 

Butts's  Civil  Engineer's  Field-book 16mo,  mor.  2  50 

Crandall's  Railway  and  Other  Earthwork  Tables 8vo,  1  50 

Crandall  and  Barnes's  Railroad  Surveying 16mo,  mor.  2  00 

*  Crockett's  Methods  for  Earthwork  Computations 8vo,  1  50 

Dredge's  History  of  the  Pennsylvania  Railroad.  (1879) Paper,  5  00 

Fisher's  Table  of  Cubic  Yards Cardboard,  25 

Godwin's  Railroad  Engineers'  Field-book  and  Explorers'  Guide. .  16mo,  mor.  2  50 
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Hudson's  Tables  for  Calculating  the  Cubic  Contents  ot  Excavations  and  Em- 
bankments  8vo,  $1  00 

Ives  and  Hilts's  Problems  in  Surveying,  Railroad  Surveying  and  Geodesy 

Ifimo,  mor. 

Molitor  and  Beard's  Manual  for  Resident  Engineers 16mo, 

Nagle's  Field  Manual  for  Railroad  Engineers 16mo,  mor. 

*  Orrock's  Railroad  Structures  and  Estimates 8vo, 

Philbrick's  Field  Manual  for  Engineers >. lemo,  mor. 

Raymond's  Railroad  Field  Geometry 16mo,  mor. 

Elements  of  Railroad  Engineering 8vo, 

Railroad  Engineer's  Field  Book.     (In  Preparation.) 

Roberts'  Track  Formulae  and  Tables 16mo,  mor. 

Searles's  Field  Engineering 16mo,  mor. 

Railroad  Spiral .^. 16mo,  mor. 

Taylor's  Prismoidal  Formula?  and  Earthwork 8vo, 

Webb's  Economics  of  Railroad  Construction Large  12mo, 

Railroad  Construction 16nio,  mor. 

Wellington's  Economic  Theory  of  the  Location  of  Railways Large  12mo, 

Wilson's  Elements  of  Railroad-Track  and  Construction 12mo, 

'DRAWING 

Barr  and  Wood's  Kinematics  of  Machinery Svo, 

*  Bartlett's  Mechanical  Drawing Svo^ 

*  "  "  "  Abridged  Ed Svo, 

*  Bartlett  and  Johnson's  Engineering  Descriptive  Geometry Svo, 

Blessing  and  Darling's  Descriptive  Geometry.     (In  Press.) 

Elements  of  Drawing.     (In  Press.) 

Coolidge's  Manual  of  Drawing Svo,  paper,     1  00 

CooHdge  and  Freeman's  Elements  of  General  Drafting  for  Mechanical  Engi- 
neers  Oblong  4to, 

Durley's  Kinematics  of  Machines Svo, 

Emch's  Introduction  to  Projective  Geometry  and  its  Application Svo, 

Hill's  Text-book  on  Shades  and  Shadows,  and  Perspective Svo, 

Jamison's  Advanced  Mechanical  Drawing Svo, 

Elements  of  Mechanical  Drawing Svo, 

Jones's  Machine  Design: 

Part  I.    Kinematics  of  Machinery Svo, 

Part  II.  Form,  Strength,  and  Proportions  of  Parts Svo, 

*  Kimball  and  Barr's  Machine  Design Svo, 

MacCord's  Elements  of  Descriptive  Geometry Svo, 

Kinematics;  or.  Practical  Mechanism Svo, 

Mechanical  Drawing 4to, 

Velocity  Diagrams Svo, 

McLeod's  Descriptive  Geometry Large  12mo, 

*  Mahan's  Descriptive  Geometry  and  Stone-cutting Svo, 

Industrial  Drawing.     (Thompson.) Svo, 

Moyer's  Descriptive  Geometry Svo, 

Reed's  Topographical  Drawing  and  Sketching 4to, 

*  Reid's  Mechanical  Drawing.     (Elementary  and  Advanced.) .'. .  .  .Svo, 

Text-book  of  Mechanical  Drawing  and  Elementary  Machine  Design.. Svo, 

Robinson's  Principles  of  Mechanism ^  ^ Svo, 

Schwamb  and  Merrill's  Elements  of  Mechanism Svo, 

Smith  (A.  W.)  and  Marx's  Machine  Design Svo, 

Smith's  (R.  S.)  Manual  of  Topographical  Drawing.     (McMillan.) Svo, 

*  Titsworth's  Elements  of  Mechanical  Drawing Oblong  Svo, 

Tracy  and  North's  Descriptive  Geometry.     (In  Press.) 

Warren's  Elements  of  Descriptive  Geometry,  Shadows,  and  Perspective. .  Svo, 

Elements  of  Machine  Construction  and  Drawing Svo, 

Elements  of  Plane  and  Solid  Free-hand  Geometrical  Drawing. . .  .  12mo, 

General  Problems  of  Shades  and  Shadows 8vo, 

Manual  of  Elementary  Prqblems  in  the  Linear  Perspective  of  Forms  and 

Shadow 12mo, 

Manual  of  Elementary  Projection  Drawing 12mo, 

Plane  Problems  in  Eflementary  Geometry 12mo, 

Weisbach's    Kinematics    and    Power    of    'Transmission.      (Hermann    and 

Klein.) Svo,     5  00 
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Wilson's  (H.  M.)  Topographic  Surveying 8vo,  $3  50 

*  Wilson's  (V.  T.)  Descriptive  Geometry 8vo,     1  50 

Free-hand  Lettering 8vo,     1  GO 

Free-hand  Perspective Svo,     2  50 

Woolf's  Elementary  Course  in  Descriptive  Geometry Large  Svo,     3  00 

ELECTRICITY    AND   PHYSICS. 

*  Abegg's  Theory  of  Electrolytic  Dissociation,     (von  Ende.) 12mo, 

Andrews's  Hand-book  for  Street  Railwa  y  Engineers 3X5  inches  mor. 

Anthony  and  Ball's  Lecture-notes  on  the  Theory  of  Electrical  Measure- 
ments  12mo, 

Anthony  and  Brackett's  Text-book  of  Physics.     (Magie.)- ■- -Large  12mo, 

Benjamin's  History  of  Electricity Svo, 

Betts's  Lead  Refining  and  Electrolysis Svo, 

*  Burgess  and  Le  Chatelier's  Measurement  of  High  Temperatures.     Third 

Edition Svo, 

Classen's  Quantitative  Chemical  Analysis  by  Electrolysis.     (Boltwood.).8vo, 

*  Collins's  Manual  of  Wireless  Telegraphy  and  Telephony i2mo, 

Crehore  and  Squier's  Polarizing  Photo-chronograph Svo, 

*  Danneel's  Electrochemistry.     (Merriam.) 12mo, 

Dawson's  "Engineering"  and  Electric  Traction  Pocket-book.  .  .  .  16mo,  mor, 
Dolezalek's  Theory  of  the  Lead  Accumulator  (Storage  Battery),     (von  Ende.) 

12mo, 

Duhem's  Thermodynamics  and  Chemistry.     (Burgess.) Svo, 

Flather's  Dynamometers,  and  the  Measurement  of  Power 12mo, 

*  Getman's  Introduction  to  Physical  Science 12mo/ 

Gilbert's  De  Magnete.     (Mottelay  ) Svo, 

*  Hanchett's  Alternating  Currents 12mo, 

Hering's  Ready  Reference  Tables  (Conversion  Factors) 16mo,  mor. 

*  Hobart  and  Ellis's  High-speed  Dynamo  Electric  Machinery Svo, 

Holman's  Precision  of  Measurements Svo, 

Telescope-Mi rror-scale  Method,  Adjustments,  and  Tests Large  Svo, 

*  Hutchinson's    High-Efficiency    Electrical    Illuminants  and   Illumination. 

Large  12mo, 

*  Jones's  Electric  Ignition Svo, 

Karapetoff's  Experimental  Electrical  Engineering: 

*  Vol.    I.  . ; ..Svo, 

*Vol.  II Svo, 

Kinzbrunner's  Testing  of  Continuous-current  Machines Svo, 

Landauer's  Spectrum  Analysis.     (Tingle.) Svo, 

Lob's  Electrochemistry  of  Organic  Compounds.     (Lorenz.) Svo, 

*  Lyndon's  Development  and  Electrical  Distribution  of  Water  Power.  .Svo, 

*  Lyons's  Treatise  on  Electromagnetic  Phenomena.  Vols,  I.  and  II.  Svo,  each, 

*  Michie's  Elements  of  Wave  Motion  Relating  to  Sound  and  Light Svo, 

*  Morgan's  Physical  Chemistry  for  Electrical  Engineers 12mo, 

*  Norris's  Introduction  to  the  Study  of  Electrical  Engineering Svo, 

Norris  and  Dennison's  Course  of  Problems  on  the  Electrical  Characteristics  of 

Circuits  and  Machines.     (In  Press.) 

*  Parshall  and  Hobart's  Electric  Machine  Design 4to,  half  mor,   12  50 

Reagan's  Locomotives:  Simple,  Compound,  and  Electric.     New  Edition. 

Large  12mo,     3  50 

*  Rosenberg's  Electrical  Engineering.     (Haldane  Gee — Kinzbrunner.) .  .Svo,     2  00 

*  Ryan's  Design  of  Electrical  Machinery: 

*  Vol.  I.  Direct  Current  Dynamos Svo,     1  50 

Vol.  II.  Alternating  Current  Transformers.     (In  Press.) 

Vol.  III.  Alternators,    Synchronous    Motors,    and   Rotary    Convertbrs. 
(In  Preparation.) 

Ryan,  Norris,  and.Hoxie's  Text  Book  of  Electrical  Machinery Svo,     2  50 

Schapper's  Laboratory  Guide  for  Students  in  Physical  Chemistry 12mo,      1  00 

*  Tillman's  Elementary  Lessons  in  Heat Svo,     1  50 

*  Timbie's  Elements  of  Electricity Large  12mo,     2  00 

*  Answers  to  Problems  in  Elements  of  Electricity .  . '. ;  .  12mo,  Paper  0  25 

Tory  and  Pitcher's  Manual  of  Laboratory  Physics Large  12mo,  2  00 

Ulke's  Modern  Electrolytic  Copper  Refining Svo,  3  00 

*  Waters's  Commercial  Dynamo  Design Svo,  2  00 
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*  Brennan's   Hand-book  of   Useful  Legal   Information,   for   Business  Men. 

IBmo,  mor. 

*  Davis's  Elements  of  Law 8vo, 

*  Treatise  on  the  Military  Law  of  United  States 8vo, 

*  Dudley's  Military  Law  and  the  Procedure  of  Courts-martial.  .Large  12mo, 

Manual  for  Courts-martial 16nio,  mor. 

Watt's  Engineering  and  Architectural  Jurisprudence 8vo, 

Sheep, 

Law  of  Contracts a  .  .  . 8vo, 

Law  of  Operations  Preliminary  to  Construction  in  Engineering  and 
Architecture 8vo, 

Sheep, 

MATHEMATICS. 

Baker's  Elliptic  Functions 8vo,  1  50 

Briggs's  Elements  of  Plane  Analytic  Geometry.      (B6cher.) 12mo,  1   00 

*  Buchanan's  Plane  and  Spherical  Trigonometry 8vo,  1  00 

Byerly's  Harmonic  Functions 8vo,  1  00 

Chandler's  Elements  of  the  Infinitesimal  Calculus 12mo,  2  00 

*  Coffin's  Vector  Analysis 12mo,  2  50 

Compton's  Manual  of  Logarithmic  Computations 12mo,  1  50 

*  Dickson's  College  Algebra Large  12mo,  1  50 

*  Introduction  to  the  Theory  of  Algebraic  Equations Large  12mo,  1  25 

Emch's  Introduction  to  Projective  Geometry  and  its  Application Svo,  2  50 

Fiske's  Functions  of  a  Complex  Variable Svo,  1  00 

Halsted's  Elementary  Synthetic  Geometry Svo,  1  50 

Elements,  of  Geometry Svo,  1  75 

*  Rational  Geometry 12mo,  1  50 

Synthetic  Projective  Geometry Svo,  1  00 

*  Hancock's  Lectures  on  the  Theory  of  Elliptic  Functions Svo,  5  00 

Hyde's  Grassmann's  Space  Analysis Svo,  1  00 

*  Johnson's  (J.  B.)  Three-place  Logarithmic  Tables:  Vest-pocket  size,  paper,  0  15 

*  100  copies,  5  00 

*  Mounted  on  heavy  cardboard,  8  X  10  inches,  0  25 

*  10  copies,  2  00 
Johnson's  (W.  W.)  Abridged  Editions  of  Differential  and  Integral  Calculus. 

Large  12mo,  1  vol.  2  50 

Curve  Tracing  in  Cartesian  Co-ordinates 12mo,  1  00 

Differential  Equations Svo,  1  00 

Elementai'y  Trealtise  on  Differential  Calculus Large  12mo,  1  50 

Elementary  Treatise  on  the  Integral  Calculus Large  12mo,  1  50 

*  Theoretical  Mechanics 12mo.  3  00 

Theory  of  Errors  and  the  Method  of  Least  Squares 12mo,  1  50 

Treatise  on  Differential  Calculus ,  .Large  12mo,  3  00 

Treatise  on  the  Integral  Calculus Large  12mo,  3  00 

*  Treatise  on  Ordinary  and  Pp-rtial  Differential  Equations.  .  .Large  12mo,  3  50 
Karapetoff's  Engineering  Applications  of  Higher  Mathematics: 

*  Part  I.  Problems  on  Machine  Design Large  12mo,  0  75 

Koch's  Practical  Mathematics.     (In  Press.) 

Laplace's  Philosophical'Essay  on  Probabilities.  (Truscott  and  Emory.) .  l^mo,  2  00 

*  Le  Messurier's  Key  to  Professor  W.  W.  Johnson's  Differential  Equations. 

Small  Svo,  1  75  . 

*  Ludlow's  Logarithmic  and  Trigonometric  Tables Svo,  1  00 

*  Ludlow  and  Bass's  Elements  of  Trigonometry  and  Logarithmic  and  Other 

Tables Svo,  3  00 

*  Trigonometry  and  Tables  published  separately. Each,  2  00 

Macfarlane's  Vector  Analysis  and  Quaternions Svo,  1  00 

McMahon's  Hyperbolic  Functions Svo,  1  00 

Manning's  Irrational  Numbers  and  their  Representation  by  Sequences  and 

Series .' 12mo,  1  25 

*  Martin's  Text  Book  on  Mechanics.     Vol.  I.  Statics 12mo.  1  25 

*  Vol.  II.     Kinematics  and  Kinetics 12mo,  1  50 

*  Vol.  III.   Mechanics  of  Materials 12mo,  1  SO 
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Mathematical   Monographs.     Edited   by   Mansfield   Merriman  and   Robert 

S.  Woodward Octavo,  each  $  1  00 

No.  1.  History  of  Modern  Mathematics,  by  David  Eugene  Smith. 
No.  2.  Synthetic  Projective  Geometry,  by  George  Bruce  Halsted 
No.  3.  Determinants,  by  Laenas  GifEord  Weld.  No.  4.  Hyper- 
bolic Functions,  by  James  McMahon.  No.  5.  Harmonic  Func- 
tions, by  William  E.  Byerly.  No.  6.  Grassmann's  Space  Analysis, 
by  Edward  W.  Hyde.  No.  7.  Probability  and  Theory  of  Errors, 
by  Robert  S.  Woodward.  No.  8.  Vector  Analysis  and  Quaternions, 
by  Alexander  Macfarlane.  No.  9.  Differential  Equations,  by 
William  Woolsey  Johnson.  No.  10.  The  Solution  of  Equations, 
by  Mansfield  Merriman.  No.  11.  Functions  of  a  Complex  Variable, 
by  Thomas  S.  Fiske. 

Maurer's  Technical  Mechanics 8vo,  4  00 

Merriman's  Method  of  Least  Squares 8vo,  2  00 

Solution  of  Equations 8vo,  1  00 

*  Moritz's  Elements  of  Plane  Trigonometry 8vo,  2  00 

Rice  and  Johnson's  Differential  and  Integral  Calculus.     2  vols,  in  one. 

Large  12mo,  1  50 

Elementary  Treatise  on  the  Differential  Calculus Large  12mo,  3  00 

Smith's  History  of  Modem  Mathematics 8vo,  1  00 

*  Veblen  and  Lennes's  Introduction  to  the  Real  Infinitesimal  Analysis  of  One 

Variable 8vo,  2  00 

*  Waterbury's  Vest  Pocket  Hand-book  of  Mathematics  for  Engineers. 

2tX5t  inches,  mor.  1  00 

*  Enlarged  Edition,  Including  Tables mor.  1  50 

Weld's  Determinants 8vo,  1  00 

Wood's  Elements  of  Co-ordinate  Geometry 8vo,  2  00 

Woodward's  Probability  and  Theory  of  Errors 8vo,  1  00 

MECHANICAL   ENGINEERING. 

MATERIALS   OF   ENGINEERING,  STEAM-ENGINES   AND    BOILERS. 

Bacon's  Forge  Practice 12mo,  1  50 

Baldwin's  Steam  Heating  for  Buildings 12mo,  2  50 

Barr  and  Wood's  Kinematics  of  Machinery 8vo,  2  50 

*  Bartlett's  Mechanical  Drawing .' .  .  .8vo,  3  00 

*  "  "  "       Abridged  Ed 8vo,  1  50 

*  Bartlett  and  Johnson's  Engineering  Descriptive  Geometry Svo,  1  50 

*  Burr's  Ancient  and  Modem  Engineering  and  the  Isthmian  Canal Svo.  3  50 

Carpenter's  Heating  and  Ventilating  Buildings '. Svo,  4  00 

*  Carpenter  and  Diederichs's  Experimental  Engineering Svo,  6  00 

*  Clerk's  The  Gas,  Petrol  and  Oil  Engine 8vo,  4  00 

Compton's  First  Lessons  in  Metal  Working 12mo,  1  50 

Compton  and  De  Groodt's  Speed  Lathe 12mo,  1  50 

Coolidge's  Manual  of  Drawing 8vo,  paper,  1  00 

Coolidge  and  Freeman's  Elements  of  General  Drafting  for  Mechanical  En- 
gineers  Oblong  4to,  2  50 

Cromwell's  Treatise  on  Belts  and  Pulleys 12mo,  1  50 

Treatise  on  Toothed  Gearing 12mo,  1  50 

Dingey's  Machinery  Pattern  Making 12mo,  2  00 

Durley's  Kinematics  of  Machines Svo,  4  00 

Flanders's  Gear-cutting  Machinery Large  12mo,  3  00 

Flather's  Dynamometers  and  the  Measurement  of  Power 12mo,  3  00 

Rope  Driving 12mo,  2  QQ 

Gill's  Gas  and  Fuel  Analysis  for  Engineers 12mo,  1  25 

Goss's  Locomotive  Sparks Svo,  2  qq 

*  Greene's  Pumping  Machinery Svo,  4  00 

Hering's  Ready  Reference  Tables  (Conversion  Factors) 16mo,  mor.  2  50 

*  Hobart  and  Ellis's  High  Speed  Dynamo  Electric  Machinery Svo,  6  00 

Hutton's  Gas  Engine Svo,  5  00 

Jamison's  Advanced  Mechanical  Drawing Svo,  2  00 

Elements  of  Mechanical  Drawing Svo,  2  50 

Jones's  Gas  Engine Svo,  4  00 

Machine  Design: 

Part  I.     Kinematics  of  Machinery Svo,  1  50 

Part  II.     Form,  Strength,  and  Proportions  of  Parts Svo,  3  00 
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*  Kaup's  Machine  Shop  Practice Large  12mo  Si  25 

*  Kent's  Mechanical  Engineer's  Pocket-Book 16mo,  mor.  6  00 

Kerr's  Power  and  Power  Transmission 8vo,  2  00 

*  Kimball  and  Barr's  Machine  Design 8vo,  3  00' 

*  King's  Elements  of  the  Mechanics  of  Materials  and  of  Power  of  Trans- 

mission  8vo,  2  SO' 

*  Lanza's  Dynamics  of  Machinery 8vo,  2  50 

Leonard's  Machine  Shop  Tools  and  Methods i8vo,  4  00 

*  Levin's  Gas  Engine 8vo,  4  00- 

*  Lorenz's  Modem  Refrigerating  Machinery.   (Pope,  Haven,  and  Dean),.8vo,  4  OO 
MacCord's  Kinematics;  or,  Practical  Mechanism 8vo,  5  00 

Mechanical  Drawing 4to,  4  00 

Velocity  Diagrams 8vo,  1  60 

MacFarland's  Standard  Reduction  Factors  for  Gases 8vo,  1  50 

Mahan's  Industrial  Drawing.     (Thompson.) 8vo,  3  50 

Mehrtens's  Gas  Engine  Theory  and  Design Large  12mo,  2  50 

Miller,  Berry,  and  Riley's  Problems  in  Thermodynamics  and  Heat  Engineer- 
ing   8vo,  paper.  0  75 

Oberg's  Handbook  of  Small  Tools Large  12mo,  2  60 

*  Parshall  and  Hobart's  Electric  Machine  Design.  Small  4to.  half  leather,  12  50 

*  Peele's  Compressed  Air  Plant.    Second  Edition,  Revised  and  Enlarged .  8vo,  3  50 

*  Perkins's  Introduction  to  General  Thermodynamics 12mo.  1  50 

Poole's  Calorific  Power  of  Fueis 8vo,  3  00 

*  Porter's  Engineering  Reminiscences,  1855  to  1882 8vo,  3  00 

Randall's  Treatise  on  Heat.     (In  Press.) 

*  Reid's  Mechanical  Drawing.     (Elementary  and  Advanced.) 8vo,  2  00 

Text-book  of  Mechanical  Drawing  and  Elementary  Machine  Design.Svo,  3  00 

Richards's  Compressed  Air 12mo,  1  50 

Robinson's  Principles  of  Mechanism 8vo,  3  00" 

Schwamb  and  Merrill's  Elements  of  Mechanism 8vo,  3  00 

Smith  (A.  W.)  and  Marx's  Machine  Design 8vo,  3  00 

Smith's  (O.)  Press-working  of  Metals ,  ,8vo,  3  00 

Sorel's  Carbureting  and  Combustion  in  Alcohol  Engines.     (Woodwar4  and 

Preston.) Large  l2mo,  3  00 

Stone's  Practical  Testing  of  Gas  and  Gas  Meters 8vo,  3  50 

Thurston's  Animal  as  a  Machine  and  Prime  Motor,  and  the  Laws  of  Energetics. 

12mo,  1  00 

Treatise  on  Friction  and  Lost  Work  in  Machinery  and  Mill  Work.  .  .8vo,  3  00 

*  Tillson's  Complete  Automobile  Instructor 16mo,  1  50 

*  Titsworth's  Elements  of  Mechanical  Drawing Oblong  Svo,  1  25 

Warren's  Elements  of  Machine  Construction  and  Drawing 8vo,  7  60 

*  Waterbury's  Vest  Pocket  Hand-book  of  Mathematics  for  Engineers. 

2jX5f  inches,  mor.  1  00 

*  Enlarged  Edition,  Including  Tables ' mor.  1  50 

Weisbach's    Kinematics   and    the   Power   of   Transmission.     (Herrmann — - 

Klein.) 8vo,  5  00 

Machinery  of  Transmission  and  Governors.     (Hermann — Klein.) ..  Svo,  5  00 

Wood's  Turbines 8vo,  2  50 

MATERIALS   OF   ENGINEERING. 

Burr's  Elasticity  and  Resistance  of  the  Materials  of  Engineering Svo,  7  50 

Church's  Mechanics  of  Engineering 8vo,  6  00 

Mechanics  of  Solids  (Being  Parts  I,  II,  III  of  Mechanics  of  Engineering). 

Svo,  4  50 

*  Greene's  Structural  Mechanics Svo,  2  50 

HoUey's  Analysis  of  Paint  and  Varnish  Products.     (In  Press.) 

*  Lead  and  Zinc  Pigments Large  12mo,  3  00 

Johnson's  (C.  M.)  Rapid    Methods   for    the   Chemical    Analysis    of   Special 

Steels,  Steel-Making  Alloys  and  Graphite Large  12moi  3  00 

Johnson's  (J.  B.)  Materials  of  Construction Svo,  6  00 

Keep's  Cast  Iron Svo,  2  50 

*  King's  Elements  of  the  Mechanics  of  Materials  and  of  Power  of  Trans- 

mission   Svo,  2  50 

Lanza's  Applied  Mechanics Svo,  7  50 

I^we's  Paints  for  Steel  Structures 12mo,  1  00 

Maire's  Modem  Pigments  and  their  Vehicles 12mo,  2  00 
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Maurer's  Technical  Mechanics 8vo,  : 

Merriman's  Mechanics  of  Materials 8vo, 

*  Strength  of  Materials 12mo, 

Metcalf's  Steel.     A  Manual  for  Steel-users 12mo, 

*  Murdock's  Strength  of  Materials 12nio, 

Sabin's  Industrial  and  Artistic  Technology  of  Paint  and  Varnish 8vo, 

Smith's  (A.  W.)  Materials  of  Machines 12mo, 

*  Smith's  (H.  E.)  Strength  of  Material , 12mo, 

Thurston's  Materials  of  Engineering 3  vols.,  8vo, 

Part  I.     Non-metallic  Materials  of  Engineering, 8vo, 

Part  II.     Iron  and  Steel 8vo, 

Part  III.     A  Treatise  on  Brasses,  Bronzes,  and  Other  Alloys  and  their 

Constituents 8vo,     2  50 

Waterbury's  Laboratory  Manual  for  Testing  Materials  of  Construction. 

(In  Press.) 

Wood's  (De  V.)  Elements  of  Analytical  Mechanics 8vo,     3  00 

Treatise  on    the    Resistance   of    Materials   and   an    Appendix   on    the 

Preservation  of  Timber 8vo,     2  00 

"Wood's  (M.  P.)  Rustless  Coatings:    Corrosion  and  Electrolysis  of  Iron  and 

Steel 8vo,     4  00 

STEAM-ENGINES    AND   BOILERS. 

Berry's  Temperature-entropy  Diagram.     Third    Edition   Revised  and  En- 
larged  12mo,  2  50 

Camot's  Reflections  on  the  Motive  Power  of  Heat.     (Thurston.) 12mo,  1   50 

Chase's  Art  of  Pattern  Making ; 12mo,  2  50 

Creighton's  Steam-engine  and  other  Heat  Motors 8vo,  6  00 

Dawson's  "Engineering"  and  Electric  Traction  Pocket-book.  .. .  l6mo,  mor.  5  00 

*  Gebhardt's  Steam  Power  Plant  Engineering 8vo,  6  00 

Goss's  Locomotive  Performance 8vo,  5  00 

Hemenway's  Indicator  Practice  and  Steam-engine  Economy 12mo,  2  00 

Hirshfeld  and  Barnard's  Heat  Power  Engineering.     (In  Press.) 

Hutton's  Heat  and  Heat-engines 8vo,  5  00 

Mechanical  Engineering  of  Power  Plants 8vo,  5  00 

Kent's  Steam  Boiler  Economy 8vo,  4  00 

Kneass's  Practice  and  Theory  of  the  Injector. 8vo,  1  50 

MacCord's  Slide-valves 8vo,  2  00 

Meyer's  Modem  Locomotive  ConstriKtion 4to,  10  00 

Miller,  Berry,  and  Riley's  Problems  in  Thermodynamics 8vo,  paper,  0  75 

Moyer's  Steam  Turbine -. 8vo,  4  00 

Peabody's  Manual  of  the  Steam-engine  Indicator 12mo,  1  50 

Tables  of  the  Properties  of  Steam  and  Other  Vapors  and  Temperature- 
Entropy  Table 8vo,  1  00 

Thermodynamics  of  the  Steam-engine  and  Other  Heat-engines.  .  .  .8vo,  5  00 

*  Thermodynamics  of  the  Steam  Turbine Svo,  3  00 

Valve-gears  for  Steam-engines 8vo,  2  50 

Peabody  and  Miller's  Steam-boilers Svo,     4  00 

*  Perkins's  Introduction  to  General  Thermodynamics 12mo.     1  50 

Pupin's  Thermodynamics  of  Reversible  Cycles  in  Gases  and  Saturated  Vapors. 

(Osterberg.) 12mo,  1  25 

Reagan's  Locomotives:  Simple,  Compound,  and  Electric.     New  Edition. 

Large  12mo,  3  50 

Sinclair's  Locomotive  Engine  Running  and  Management 12mo,  2  00 

Smart's  Handbook  of  Engineering  Laboratory  Practice.  ., 12mo,  2  50 

Snow's  Steam-boiler  Practice .^ 8vo,  3  00 

Spangler's  Notes  on  Thermodynamics 12mo,  1  00 

Valve-gears Svo,  2  50 

Spangler,  Greene,  and  Marshall's  Elements  of  Steam-engineering Svo,  3  00 

Thomas's  Steam-turbir^es Svo,  4  00 

Thurston's  Handbook  of  Engine  and  Boiler  Trials,  and  the  Use  of  the  Indi- 
cator and  the  Prony  Brake Svo,  5  00 

Handy  Tables Svo.  1  50 

Manual  of  Steam-bv  lers,  their  Designs,  Construction,  and  Operation  Svo,  6  00 

Manual  of  the  Steam-eng'-^ 2  vols.,  Svo,  10  00 

Part  I.     History,  Struci,ure,  and  Theory Svo,  6  00 

Part  II.     Design,  Construction,  and  Operation Svo,  6  00 

15 


Wehrenfennig's  Analysis  and  Softening  of  Boiler  Feed-water.     (Patterson  ) 

8vo,  $4  00 

Weisbach's  Heat,  Steam,  and  Steam-engines.     (Du  Bois.) 8vo,  5  00 

Whitham's  Steam-engine  Design 8vo,  5  00 

Wood's  Thermodynamics,  Heat  Motors,  and  Refrigerating  Machines.  .  .Svo,  4  00 

MECHANICS    PURE   AND    APPLIED. 

Church's  Mechanics  of  Engineering Svo, 

Mechanics  of  Fluids  (Being  Part  IV  of  Mechanics  of  Engineering). .  Svo, 

*  Mechanics  of  Internal  Work Svo, 

Mechanics  of  Solids  (Being  Parts  I,  II,  III  of  Mechanics  of  Engineering). 

Svo, 

Notes  and  Examples  in  Mechanics j . .  Svo, 

Dana's  Text-book  of  Elementary  Mechanics  for  Colleges  and  Schools  .12mo, 
Du  Bois's  Elementary  Principles  of  Mechanics: 

Vol.    I.     Kinematics Svo, 

,  Vol.  II.     Statics Svo, 

Mechanics  of  Engineering.     Vol.    I Small  4to, 

Vol.  II Small  4to, 

*  Greene's  Structural  Mechanics Svo, 

*  Hartmann's  Elementary  Mechanics  for  Engineering  Students 12mo, 

James's  Kinematics  of  a  Point  and  the  Rational  Mechanics  of  a  Particle. 

Large  12mo. 

*  Johnson's  (W.  W.)  Theoretical  Mechanics 12mo, 

*  King's  Elements  of  the  Mechanics  of  Materials  and  of  Power  of  Trans- 

missioh Svo, 

Lanza's  Applied  Mechanics Svo, 

*  Martin's  Text  Book  on  Mechanics,  Vol.  I,  Statics 12mo, 

*  Vol.  II.     Kinematics  and  Kinetics 12mo, 

*  Vol.  III.   Mechanics  of  Materials 12mo, 

Maurer's  Technical  Mechanics Svo. 

*  Merriman's  Elements  of  Mechanics 12mo, 

Mechanics  of  Materials Svo, 

*  Michie's  Elements  of  Analytical  Mechanics Svo, 

Robinson's  Principles  of  Mechanism Svo, 

Sanborn's  Mechanics  Problems Large  12mo, 

Schwamb  and  Merrill's  Elements  of  Mechanism Svo, 

Wood's  Elements  of  Analytical  Mechanics , Svo, 

Principles  of  Elementary  Mechanics 12mo, 

MEDICAL. 

*  Abdferhalden's  Physiological  Chemistry  in  T'hirty   Lectures.     (Hall   and 

Defren.) Svo,  5  GO 

von  Behring's  Suppression  of  Tuberculosis.     (Bolduan.) 12mo,  1  00 

*  Bolduan's  Immune  Sera 12mo,  1  50 

Bordet's  Studies  in  Immunity.     (Gay.) Svo,  6  00 

*  Chapin's  The  Sources  and  Modes  of  Infection Large  12mo,  3  00 

Davenport's  Statistical  Methods  with  Special  Reference  to  Biological  Varia- 
tions  16mo,  mor.  1  50 

Ehrlich's  Collected  Studies  on  Immunity.     (Bolduan.) Svo,  6  00 

*  Fischer's  Nephritis Large  12mo,  2  50 

*  Oedema Svo,  2  00 

*  Physiology  of  Alimentation Large  12mo,  2  00 

*  de  Fursac's  Manual  of  Psychiatry.     (Rosanoff  and  Collins.) . .  .  Large  12mo.  2  50 

*  Hammarsten's  Text-book  on  Physiological  Chemistry.     (Mandel.)..  .  .Svo,  4  00 
Jacksorl's  Directions  for  Laboratory  Work  in  Physiological  Chemistry ,  .Svo,  1  25 

Lassar-Cohn's  Praxis  of  Urinary  Analysis.     (Lorenz.) 12mo,  1  00 

Mandel's  Hand-book  for  the  Bio-Chemical  Laboratory 12mo,  1  50 

*  Nelson's  Analysis  of  Drugs  and  Medicines l2mo.  3  00 

*  Pauli's  Physical  Chemistry  in  the  Service  of  Medicine.      (Fischer.)..  12mo,  1  25 

*  Pozzi-Escot's  Toxins  and  Venoms  and  their  Antibodies.     (Cohn.).  .  12mo,  1  00 

Rostoski's  Serum  Diagnosis.     (Bolduan.) 12mo,  1  00 

Ruddiman's  IncompatibiUties  in  Prescriptions Svo,  2  00 

Whys  in  Pharmacy 12mo,     1  00 

Salkowski's  Physiological  and  Pathological  Chemistry.     (Omdorff.)  ..  ..Svo,     2  50 
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*  Satterlee's  Outlines  of  Human  Embryology 12mo,  $1  25 

Smith's  Lecture  Notes  on  Chemistry  for  Dental  Students 8vo,  2  50 

*  Whipple's  Tyhpoid  Fever Large  12mo,  3  00 

*  Woodhull's  Military  Hygiene  for  Officers  of  the  Line Large  12mo,  1  50 

*  Personal  Hygiene 12mo,  1  00 

Worcester  and  Atkinson's  Small  Hospitals  Establishment  and  Maintenance, 
and  Suggestions  for  Hospital  Architecture,  with  Plans  for  a  Small 

Hospital 12mo,  1  25 

METALLURGY. 

Betts's  Lead  Refining  by  Electrolysis 8vo,  4  00 

BoUand's  Encyclopedia  of  Founding  and  Dictionary  of  Foundry  Terms  used 

in  the  Practice  of  Moulding 12mo,  3  00 

Iron  Founder. 12mo,  2  50 

"            '*          Supplement 12mo,  2  50 

*  Borchers's  Metallurgy.      (Hall  and  Hayward.) 8vo,  3  00 

*  Burgess  and  Le  Chatelier's  Measurement  of  High  Temperatures.     Third 

Edition 8vo,  4  00 

Douglas's  Untechnical  Addresses  on  Technical  Subjects 12mo,  1  00 

Goesel's  Minerals  and  Metals:  A  Reference  Book 16mo,  mor.  3  00 

*  Iles's  Lead-smelting 12mo,  2  50 

Johnson's    Rapid    Methods   for   the   Chemical   Analysis   of   Special    Steels, 

Steel-making  Alloys  and  Graphite Large  12mo,  3  GO 

Keep's  Cast  Iron 8vo,  2  50 

Metcalf's  Steel.     A  Manual  for  Steel-users 12mo,  2  00 

Minet's  Production  of  Aluminum  and  its  Industrial  Use.     (Waldo.).  .  12mo,  2  50 

*  Palmer's  Foundry  Practice Large  12mo,  2  00 

*  Price  and  Meade's  Technical  Analysis  of  Brass 12mo;  2  00 

*  Ruer's  Elements  of  Metallography.     (Mathewson.) 8vo,  3  00 

Smith's  Materials  of  Machines 12mo,  1  00 

Tate  and  Stone's  Foundry  Practice 12mo,  2  00 

Thurston's  Materials  of  Engineering.     In  Three  Parts 8vo,  8  00 

Part  I.      Non-metallic  Materials  of  Engineering,  see  Civil  Engineering, 
page  9. 

Part  II.    Iron  and  Steel 8vo,  3  50 

Part  III.  A  Treatise  on  Brasses,  Bronzes,  and  Other  Alloys  and  their 

Constituents 8vo,  2  50 

Ulke's  Modem  Electrolytic  Copper  Refining 8vo,  3  00 

West's  American  Foundry  Practice 12rao,  2  50 

Moulders'  Text  Book 12mo.  2  50 


MINERALOGY. 

*  Browning's  Introduction  to  the  Rarer  Elements 8vo,  1  50 

Brush's  Manual  of  Determinative  Mineralogy.      (Penfield.) 8vo,  4  00 

Butler's  Pocket  Hand-book  of  Minerals 16mo,  mor.  3  00 

Chester's  Catalogue  of  Minerals 8vo,  paper,  1  00 

Cloth,  1  25 

*  Crane's'Gold  and  Silver 8vo,  5  00 

Dana's  First  Appendix  to  Dana's  New  "System  of  Mineralogy".  .Large  8vo,  1  00 
Dana's  Second  Appendix  to  Dana's  New  "  System,  of  Mineralogy." 

Large  8vo,  1  50 

Manual  of  Mineralogy  and  Petrography 12mo,  2  00 

Minerals  arid  How  to  Study  Them 12nio,  1  50 

System  of  Mineralogy Large  8vo,  half  leather,  12  50 

Text-book  of  Mineralogy 8vo,  4  00 

Douglas's  Untechnical  Addresses  on  Technical  Subjects 12mo,  1  00 

Eakle's  Mineral  Tables 8vo,  1  25 

*  Eckel's  Building  Stones  and  Clays 8vo,  3  00 

Goesel's  Minerals  and  Metals:  A  Reference  Book 16mo,  mor.  3  00 

*  Groth's  The  Optical  Properties  of  Crystals.     (Jackson.) 8vo,  3  50 

Groth's  Introduction  to  Chemical  Crystallography  (Marshall) .12mo,  1  25 

*  Hayes's  Handbook  for  Field  Geologists 16mo,  mor.  1  50 

Iddings's  Igneous  Rocks 8vo,  5  00 

Rock  Minerals 8vo,  5  00 
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Johannsen's  Determination  of  Rock-forming  Minerals  in  Thin  Sections.  8vo, 

With  Thumb  Index  55  00 

*  Martin's  Laboratory    Guide    to    Qualitative    Analysis    with    the    Blow- 

pipe  < 12mo,  0  60' 

MerriU'a  Non- metallic  Minerals:  Their  Occurrence  and  Uses 8vo,  4  00 

Stones  for  Building  and  Decoration 8vo,  5  00 

*  Penfield's  Notes  on  Determinative  Mineralogy  and  Record  of  Mineral  Tests. 

8vo,  paper,  0  50 
Tables  of  Minerals,   Including  the  Use  of  Minerals  and  Statistics  of 

Domestic  Production 8vo,  1  00 

*  Pirsson's  Rocks. and  Rock  Minerals 12mo,  2  50 

*  Richards's  Synopsis  of  Mineral  Characters 12mo,  mor.  1  25 

*  Ries's  Clays:  Their  Occurrence,  Properties  and  Uses 8vo,  5  00 

*  Ries  and  Leighton's  History  of  the  Clay-working  mausxry  of  the  United 

States 8vo,  2  50 

*  Rowe's  Practical  Mineralogy  Simplified 12mo,  1  25 

*  Tillman's  Text-book  of  Important  Minerals  and  Rocks 8vo,  2  00 

Washington's  Manual  of  the  Chemical  Analysis  of  Rocks 8vo,  2  00 

MINING. 

*  Beard's  Mine  Gases  and  Explosions Large  12mo,     3  00 

*  Crane's  Gold  and  Silver 8vo,     5  00 

*  Index  of  Mining  Engineering  Literature 8vo,     4  00 

*  8vo,  mor.  5  00 

*  Ore  Mining  Methods 8vo,  3  00 

*  Dana  and  Saunders's  Rock  Drilling 8vo,  4  00 

Douglas's  Untechnical  Addresses  on  Technical  Subjects 12mo,  1  00 

Eissler's  Modem  High  Explosives 8vo,  4  00 

Goesel's  Minerals  and  Metals:  A  Reference  Book 16mo,  mor.  3  00 

Ihlseng's  Manual  of  Mining , 8vo,  5  00 

*  Iles's  Lead  Smelting 12rao,  2  50 

*  Peele's  Compressed  Air  Plant 8vo,  3  50 

Riemer's  Shaft  Sinking  Under  Difficult  Conditions.     (Coming  and  Peele.)8vo.  3  00 

*  Weaver's  Military  Explosives 8vo,  3  00 

Wilson's  Hydraulic  and  Placer  Mining.     2d  edition,  rewritten 12mo,  2  50 

Treatise  on  Practical  and  Theoretical  Mine  Ventilation 12mo,     1  25 

SANITARY   SCIENCE. 

Association  of  State  and  National  Food  and  Dairy  Departments,  Hartford 

Meeting,  1906 t 8vo, 

Jamestown  Meeting,  1907 8vo, 

*  Bashore's  Outlines  of  Practical  Sanitation 12mo, 

Sanitation  of  a  Country  House 12mo, 

Sanitation  of  Recreation  Camps  and  Parks. 12mo, 

*  Chapin's  The  Sources  and  Modes  of  Infection Large  12mo, 

Folwell's  Sewerage.     (Designing,  Construction,  and  Maintenance.) 8vo, 

Water-supply  Engineering 8vo, 

Fowler's  Sewage  Works  Analyses 12mo, 

Fuertes's  Water -filtration  Works 12mo, 

Water  and  Public  Health 12mo, 

Gerhard's  Guide  to  Sanitary  Inspections 12mo, 

*  Modem  Baths  and  Bath  Houses 8vo, 

Sanitation  of  Public  Buildings 12mo, 

*  The  Water  Supply,  Sewerage,  and  Plumbing  of  Modem  City  Buildings. 

8vo, 

Hazen's  Clean  Water  and  How  to  Get  It Large  12mo, 

Filtration  of  Public  Water-supplies 8vo, 

*  Kinnicutt,  Winslow  and  Pratt's  Sewage  Disposal 8vo, 

Leach's  Inspection  and  Analysis  of  Food  with  Special  Reference  to  State 

Control 8vo, 

Mason's  Examination  of  Water.     (Chemical  and  Bacteriological) 12mo, 

Water-supply.      (Considered  principally  from  a  Sanitary  Standpoint). 

Svo, 

*  Mast's  Light  and  the  Behavior  of  Organisms Large  12mo, 
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*  Merriman's  Elements  of  Sanitary  Engineering 8vo, 

Ogden*s  Sewer  Construction V 8vo, 

Sewer  Design • 12mo, 

Parsons's  Disposal  of  Municipal  Refuse , 8vo, 

Prescott  and  Winslow's  Elements  of  Water  Bacteriology,  wi^h  Special  Refer- 
ence to  Sanitary  Water  Analysis 12nio, 

*  Price's  Handbook  on  Sanitation 12mo, 

Richards's  Conservation  by  Sanitation 8vo, 

Cost  of  Cleanness 12mo, 

Cost  of  Food.     A  Study  in  Dietaries 12mo. 

Cost  of  Living  as  Modified  by  Sanitary  Science 12mo, 

Cost  of  Shelter 12mo, 

Richards  and  Woodman's  Air,  Water,  and  Food  from  a  Sanitary  Stand- 

*  Richey's     Plumber«y '  Steam-fitters',    and     Tinners'     Edition     (Building 

Mechanics'  F^ady  Reference  Series) 16mo,  mor. 

Rideal's  Disinfectj^.^^d  the  Preservation  of  Food 8vo. 

Sooer's  Air  ar^^^^^*"^*^^'^  °'  Subways 12mo, 

«,  1^  -^id  Russell's  Public  Water-supplies 8vo, 

Vp  ah'-^'-''^-'^^^*^®  Crematories  in  America 8vo, 

,^*yrethod  and  Devices  for  Bacterial  Treatment  of  Sewage Svo, 

_  Ward  and  Whipple's  Freshwater  Biology.     (In  Press.) 

Whipple's  Microscopy  of  Drinking-water.  , 8vo, 

*  Typhoid  Fever Large  12mo, 

Value  of  Pure  Water Large  12mo, 

Winslow's  Systematic  Relationship  of  the  Coccacese Large  12mo, 

.     »  MISCELLANEOUS. 

*  Burt's  Railway  Station  Service 12mo, 

*  Chapin's  How  to  Enamel 12mo. 

Emmons's  Geological  Guide-book  of  the  Rocky  Mountain  Excursion  of  the 

International  Congress  of  Geologists,  .  .■ Large  Svo, 

Ferrel's  Popular  Treatise  on  the  Winds Svo, 

Fitzgerald's  Boston  Machinist : ISmo, 

*  Fritz,  Autobiography  of  John Svo, 

Gannett's  Statistical  Abstract  of  the  World,  r. 24mo, 

Haines's  American  Railway  Management.  .  .V 12mo, 

Hanausek's  The  Microscopy  of  Technical  Products.     (Winton) Svo, 

Jacobs's  Betterment    Briefs,     A   Collection   of    Published    Papers    on    Or- 
ganized Industrial  Efficiency.  . Svo, 

Metcalfe's  Cost  of  Manufactures,  and  the  Administration  of  Workshops.. Svo, 

*  Parkhurst's  Applied  Methods  of  Scientific  Management Svo, 

Putnam's  Nautical  .Charts Svo, 

Ricketts's  History  of  Rensselaer  Polytechnic  Institute  1824-1894. 

Large  12mo, 

*  Rotch  and  Palmer's  Charts  of  the  Atmosphere  for  Aeronauts  and  Aviators. 

Oblong  4to, 

Rotherham's  Emphasised  New  Testament .Large  Svo, 

Rust's  Ex-Meridian  Altitude,  Azimuth  and  Star-finding  Tables Svo 

Standage's  Decoration  of  Wood,  Glass,  Metal,  etc < 12mo 

Thome's  Structural  and  Physiological  Botany.     (Bennett) 16mo, 

Westermaier's  Compendium  of  General  Botany.     (Schneider) Svo, 

Winslow's  Elements  of  Applied  Microscopy 12mo, 

HEBREW  AND   CHALDEE   TEXT-BOOKS. 

Gesenius's  Hebrew  and  Chaldee  Lexicon  to  the  Old  Testament  Scriptures. 

(Tregelles.) Small  4to,  half  mor,     5  00 

Green's  Elementary  Hebrew  Grammar 12mo      1  25 
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